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frequent, are the derived quantities obtained by dividing one funda- 
mental quantity by another. The quotient of distance travelled by 
an object divided by the time of transit gives the derived quantity 
known as speed. If the mass of a body is divided by its volume, we 
obtain the derived quantity of density. The quantity of electric 
charge passing a given point in a wire divided by the time it takes to 
pass provides the derived quantity of electric current. Further, to 
quote a simple example from the economic sphere, a sum of money 
divided by the number of units of a commodity bought with the 
sum gives the price of the commodity. 

From their definition it follows that derived quantities can be 
measured, but only in terms of two or more standard units. A scale 
unit for each fundamental quantity used in defining a derived 
quantity must be chosen before the latter can be expressed m 
numerical terms. This is made clear by the way in which derived 
quantities are commonly specified ; speeds are indicated by measures 
such as 30 miles per hour or 25 feet per second, densities by so many 
pounds per cubic inch and prices by so many pence per pound. The 
measures of derived quantities, like those of the frmdamental quan- 
tities, are numbers which are taken as continuously variable. 

It will be seen later that derived quantities include two distinct 
types, the “ average ” type and the “ marginal ” type. Average 
speed illustrates the first type ; if a train travels 45 miles in an hour 
and a half, then we say that its speed, on the average, is 30 miles per 
hour. The second type is illustrated by velocity or instantaneous 
speed ; if the velocity of a train is 30 miles per hour at any moment, 
this implies that the distance travelled in a very short time-interval 
from the given moment, divided by the time-interval, is approxi- 
mately equivalent to 30 miles in an hour. The price of a commodity, 
as usually defined, is an average price. The corresponding marginal 
concept can be defined, however, and given the name “ marginal 
revenue ”, a concept of considerable importance in economic theory. 
Both corresponding types of derived quantities are measured in the 
same way and in terms of the same pair of scale units. 

The various scales necessary for the measure of a derived quantity 
are at choice and, if any one unit is changed, then the numerical 
measure of the derived quantity is changed. But the change is 
governed by a rule of proportions similar to that already described. 
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FOREWORD 

This book, which is based on a series of lectures given at the London 
School of Economics annually since 1931, aims at providing a course 
of pure mathematics developed in the directions most useful to 
students of economics. At each stage the mathematical methods 
described are used in the elucidation of problems of economic theory. 
Illustrative examples are added to all chapters and it is hoped that the 
reader, in solving them, will become familiar with the mathematical 
tools and with their applications to concrete economic problems. 
The method of treatment rules out any attempt at a systematic 
development of mathematical economic theory but the essentials of 
such a theory are to be found either in the text or in the examples. 

I hope that the book wiU be useful to readers of different types. 
The earlier chapters are intended primarily for the student with no 
mathematical equipment other than that obtained, possibly many 
years ago, from a matriculation, course. -• Such a student may need to 
accustom himself to the ag|5^eation of the el^entary methods 
before proceeding to the more powerful processes described in the 
later chapters. The more ad«g,n.ced yeadpr may use the early 
sections for purposes of revision and pass on quicklj^ to the later 
work. The experienced Inathematicai economist inay fed the book 
as a whole of service for Reference' and discover qew p^Sints in some 
of the chapters. 

I have received helpful advice and criticism from many mathe- 
maticians and economists. I am particularly indebted to Professor 
A. L. Bowley and to Dr. J. Marschak and the book includes numerous 
modifications made as a result of their suggestions on reading the 
original manuscript. I am als^indebted to j\Ir. G. J. Nash who has 
read the proofs and has detected a nuiiber of slips in my construction 
of the examples. 

R. G. D. ALLEN 

The London School of Economics 
October, 1937 
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THE USE OF GREEK LETTERS IN MATHEMATICAL 

ANALYSIS 


The English alphabet provides insufficient material for the notation of 
mathematical analysis and greater range and flexibility are acquired by 
using letters from the Greek alphabet. There are no fixed rules governing 
the mathematical use of Greek letters but the following table indicates a 
practice which is fairly general. It should be noticed that the English 
letters given are those which correspond to the Greek letters in mathe- 
matical, not literal, usage. 


Greek 

English 

General usage 

a alpha 

a 
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P beta 
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constants 

y gamma 
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K kappa 

k 



A lambda 

1 



p mu 
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constants, parameters 

V nu 

n 



$ xi 
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■I 


rj eta 
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variables 

^ zeta 
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TT pi 
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special constants or variables (e.g. w 

p rho 
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as the constant ratio of the circum- 

a sigma 

s 
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ference to the diameter of a circle and 

T tau 
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p as a rate of interest) 

<f> phi 
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1 


0 cap. phi 

F 



ip psi 
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functional operators 

W cap. psi 

0 
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S delta 

d 

] 1 

["operators indicating increments in 

A cap. delta 

D 

(1 

^variables 

Z cap. sigma 

S 


summation sign 

c epsilon 
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a small positive constant 

6 theta 

- 


a positive fraction 


In trigonometry, a, y can denote constant angles and 6, ifj variable 
angles. 



CHAPTER I 


NUMBERS AND VARIABLES 


1.1 Introduction. 

It is conventional to divide mathematics into two separate studies, 
geometry and analysis. In geometry, the study of space and of 
spatial relationships, we investigate the nature and properties of 
curves, surfaces and other configurations of points in space. Mathe- 
matical analysis, including arithmetic and algebra, deals with 
numbers, the relationships between numbers and the operations 
performed on these relationships. The distinction between the two 
studies lies in the difference between the basic “ raw materials ”, 
the spatial points of geometry and the numbers of analysis. 

As the mathematical technique is developed, however, we find 
that the distinction between geometry and analysis becomes less 
clear and less relevant. The intended applications remain very 
different but the methods are seen to be abstract and essentially 
similar in nature. Mathematics involves the definition of symbols 
of various kinds and describes the operations to be performed, in 
definite and consistent ways, upon the symbols. The distinction 
between geometrical and analytical s 3 mibolism is more or less arbi- 
trary. Further, we shall see that it is a simple matter to devise a 
method of connecting points of space and numbers, geometry and 
analysis. That such a connection is possible is seen by the use of 
graphical methods in algebra and by the fact that elementary 
trigonometry is an application of algebraic methods to a study of 
spatial configurations. 

The mathematical technique is abstract and must be developed 
apart from its applications. It is also essentially logical in character. 
Elementary geometry, for example, is largely an exercise in formal 
logic, the deduction of the consequences of consistently framed 
assumptions. The development of mathematical methods, however. 
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soon necessitates the introduction of a concept foreign to forrnal 
logic, the concept of “ infinity ”, the infinitely large and the in- 
definitely continuous. It can be said, speaking broadly, that the 
methods of mathematics form a branch of formal logic extended in 
a particular direction to include the infinite as well as the finite. 
The only requirements of mathematics, additional to those of logical 
reasoning, are connected with the introduction of the infinite. 

The popular belief that logical and mathematical methods are in 
conflict has, therefore, no foundation. Mathematics, as a symbolised 
and extended form of logic, can only be regarded as an alternative 
to logic in a special sense. Some problems are adequately treated 
by relatively simple logical reasoning and the introduction of 
mathematical symbofism is then only destructive of clarity. But 
formal logic, with its limited range, is clearly insufficient for the 
elucidation of a vast number of problems and this provides the case 
for the development and apphcation of mathematics. 

Though an abstract development, mathematics is not just a 
fascinating game of chess played in n-dimensional space with pieces 
of fantastic design and according to rules laid down in an arbitrary 
way. The methods of mathematics are designed primarily for actual 
or prospective apphcation in the field of science, in the interpretation 
of phenomena as observed, abstracted and classified. The nature 
of the apphcation must not, however, be exaggerated. The patterns 
of scientific phenomena, the laws obeyed and the uniformities dis- 
played, are not provided by mathematics. They are assumed into 
the system and mathematics can only express and interpret them, 
help us to deduce their consequences, or to forecast what will happen 
if they hold, and teh us where to look for verification or contradiction 
of our h3q)otheses. 

The methods of mathematics apply as soon as spatial or numerical 
attributes are associated with our phenomena, as soon as objects 
can be located by points in space and events described by properties 
capable of indication or measurement by numbers. The main object 
of the fohowing development is the description of certain mathe- 
matical methods. At most points, however, the nature and field of 
apphcation of the various methods will be noticed and discussed, 
the apphcability of mathematical methods in economic theory 
receiving special consideration. 
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In concluding these introductory remarks, we can note that the 
fundamental bases of the mathematical technique have received 
much attention in recent years. It is indeed a fascinating set of 
questions that are posed in what can be described, for want of a 
better phrase, as mathematical pliilosophy. The nature of some of 
these questions can be observed at various stages in the following 
treatment, but the temptation to pursue them must be resisted. The 
further we probe into the fundamentals of mathematics, the more 
shaky does the whole familiar structure appear. This need not 
worry us unduly ; the crazy system works as no other system can. 

1.2 Nmnbers of various types. 

Niunbers are usually taken as self-evident or imdefinable entities 
which do not require examination. It is easily seen, however, that 
the number system is far from simple and that nmnbers of very 
different kinds are freely used in arithmetic and algebra. It is con- 
venient, therefore, to spend a little time sorting out the various types 
of numbers and showing how they have developed side by side with, 
and by reason of, the growth of mathematical analysis from the 
simplest notions of arithmetic. Some light is then thrown on the 
nature and applicability of mathematical analysis in its present 
highly developed form. 

We aU begin, in arithmetic, with some idea of the integers, the 
natural or whole numbers, as concepts intimately connected -with 
the process of counting or enumeration. It is not generally recog- 
nised that counting, and hence the integers, involves two quite 
distinct notions, the ordinal and the cardinal notions. The funda- 
mental property of integers is that they can be written down in 
succession without end ; 

1, 2, 3, 4:, 5, ... • 

The integers can thus be used to indicate any order or sequence and 
this is one of the objects of counting. We have here the ordinal 
aspect of counting and of the integers. But the integers do more 
than indicate order, for we can speak of four men, of four hats and 
of four sticlcs without any notion of order being necessarily involved. 
We simply mean that we have a collection of men, a collection of 
hats and a collection of sticks, and that the collections have some- 
thing in common expressed by the number four. There is, in fact, 
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a complete correspondence between the members of the tliree collec- 
tions ; each man, for example, may be wearing a hat and carrying 
a stick. This is the cardinal aspect of counting and of the integers, 
an aspect which enables us to say how many men, hats or sticks 
there are and which will later provide us with the basis of measure- 
ment. 


Developing the arithmetic of integers, we define the processes of 
addition and multiphcation, the sum and product of two or more 
integers being themselves integers. Our first difficulty arises when 
we consider the converse process to multiplication. The division of 
one integer by another does not, in the vast majority of cases, pro- 
duce an integer. We can only say, for example, that “ three mto 
seven won’t go exactly ” or that we “ put down two and carr}’’ one ”. 
In order to introduce uniformity, the number S 3 'stem is extended b}' 
defining the fraction as a new tj'pe of number. The wider set of 
numbers, integers and fractions, is termed the system of rational 
numbers. Like the integers, the rational numbers can be written 
down in a limitless sequence of ascending magnitude, the order being 
indicated most clearlyin the decimal method of writing the numbers.* 
The ordered rational numbers, however, displaj’- a property not 
shown by the ordered integers. The sequence of rationals is not 
only of limitless extent but also of limitless “ density ”. As manj' 
fractions as we hke can be written dow’n to lie between anj*^ two 
numbers of the order, betw^een I and 1 for example. The processes 
of addition, multiphcation and division can be extended to appl}-^ 
to the whole system of rational numbers. 

Even with the rational numbers, however, it is found that the 
processes of arithmetic still lack uniformity. Consider the process 
of extracting the square root of a given number. The square roots 
of a few numbers, such as 36, 169 and 6^, are found at once as 
rational numbers. But, if rational numbers are alone admitted, we 
can only say that the square roots of most numbers, e.g. 2, 3 and 6, 
do not exist and we have again reached the unsatisfactor}^ situation 
in which we have to own that a simple arithmetic process brealcs 
down. For uniformity, therefore, a further type of number is intro- 
duced, the irrational number. Irrational numbers include the square 


* A certain amount of duplication must be eliminated by writinc? * ’ 
tor example, in the simplest equivalent form i. fa •». o. 
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roots of numbers which are not “ perfect squares ” and also the 
solutions of many equations and such numbers as those denoted 
by TT and e which play extremely important parts in mathematical 
analysis. The definition and nature of irrational numbers will not 
be discussed here but it can be assumed that they fit into their 
appropriate places iu the order of numbers according to magnitude.* 
Further, with some difficulty, we find it possible to extend the 
arithmetical processes to apply to irrational as well as to rational 
numbers. 

The next extension of the number system is useful in arithmetic 
but only becomes vital when algebra is developed. We have not yet 
referred to subtraction, the process converse to addition. When a 
smaller (rational or irrational) number is taken from a larger one, 
the result is an ordinary number of the same kind. This is not true 
when the numbers are reversed. In arithmetic it is desirable, and 
in algebra essential, that the diflference between any two numbers 
should be a niunber of the same system. This uniformity can only 
be achieved by “ doubling ” the number system so far described by 
the distinction between ‘positive and negative numbers and by adding 
a new number zero indicating “ nothing The difference between 
any two numbers is now a number (positive, negative or zero) and 
subtraction is a uniform process. By the adoption of further con- 
ventions, all arithmetic processes can be made to apply to positive 
and negative numbers and (with the exception of division) to the 
number zero. 

An important practical fact can be noticed in passing. The last 
extension of the number system makes possible a great simplification 
of algebraic work. In algebra we deal frequently with equations such 
as the following : 

a;2 4-2x+l=0; a:^ = 2a;+3; dz = 2x^ +1 

We recognise these as examples of the same “ form ” of equation 
and (with the aid of zero and negative numbers) we can include all 
of them in one uniform expression. We write the equations : 

a;2+2x-i-l=:0; +( -2)* +( -3) = 0 ; 2*2 H-( -3)® +1=0 ; 

x® +(0)x +( -5) = 0. 


• See 4.1 (footnote) below. 
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In the s3TnboKsm of algebra aU equations of these kinds can be 
included in the general quadratic form : 

oa;® +bx +c = 0 

where a, b and c stand for some dei&nite numbers (positive, negative 
or zero). The use of symbolic letters, such as the a, b and c in the 
quadratic equation above, will be described more fully at a later 
stage. 


1.3 The real number system. 

The number system as now extended consists of the neutral 
number zero and of aU positive and negative numbers, rational or 
irrational. This is the system of real numbers, as commonly used in 
algebra and mathematical analysis. The rational and irrational 
numbers can be arranged in an order of hmitless extent and density. 
The same is true of the real numbers except that the order is of 
limitless extent in two directions instead of one. All negative 
numbers appear before the positive numbers in the order of magni- 
tude (with zero separating them) and we can proceed through larger 
and larger negative numbers as well as through larger and larger 
positive numbers. The real number system has also another pro- 
perty, i.e. the property that there are no “ gaps ” left in the order 
of the numbers. There are “ gaps ” in the order of the rationale but 
these are completely fiUed by the insertion of irrational numbers.* 

The familiar rules of arithmetic and algebra apply, therefore, to a 
system of real numbers with the properties : 

(1) The numbers can be arranged in a definite order, the order of 
magnitude, of greater and less. 


(2) The number order is of limitless extent in both directions, 
i.e. the numbers form a doubly infinite system. 

(3) The number order is of limitless density and without “ gaps ”, 
i.e. the numbers form a perfectly continuous system. 

The development of the real number system from the basic idea 
of a sequence of integers marks the end of a certain line of evolution 
and provides a convenient stopping place. One guiding principle 
stands out in what we have said. The introduction of each new 
number type was designed to impose uniformity where uniformity 


a statement we cannot justify here. It is based on the work of 
Dedekmd and Cantor ; see Hardy, Pure Mathematics (3rd Ed., 1921), pp. l-3i. 
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■was pre'vdously lacking and, at the same time, to preserve all the 
essential rules of arithmetic and algebra. This is a most important 
principle which "will be found at work throughout the development 
of mathematical analysis, the constant stri-ving after generality, 
uniformity and simplicity. Herein lies much of the fascination of 
the study of mathematics. 

Even with the real number system, however, rmiformity is not 
completely attained and, sooner or later, analysis reaches a stage 
where new extensions of the number system are required. The pro- 
cess of di-vdsion, for example, stiU fails in one case since a real number 
di-vdded by zero does not give a real number. We must turn a more 
or less bhnd eye to this deficiency though it -will be partly side- 
tracked later when the idea of a “ limit ” is introduced. A more 
important lack of uniformity occurs when the solution of quadratic 
equations is considered in algebra (see 2.8 below). If real numbers 
are alone admitted, some quadratic equations have two solutions 
(distinct or coincident) and others have no solution at aU. It is 
clearly desirable, from the point of view of imiformity, to be able 
to say that all quadratic equations have two solutions. This 
uniformity is, in fact, achieved by introducing what are termed 
“ complex ” or “ imaginary ” numbers, a step which opens up entirely 
new fields of mathematical analysis. But we content ourselves here 
■with the real number system which is sufficient for most of the 
mathematical methods ■with which we are concerned. 

Finally, the fact that the real number system is of limitless extent 
and density makes it only too easy to speak of infinitely large 
numbers and of numbers whose differences are infinitely small. 
Right at the beginning of our development, therefore, we find our- 
selves approaching the difficult country of the “ infinite ”, of the 
infinitely large and the indefinitely small and continuous. A more 
determined expedition into this dangerous country must be left 
imtn a somewhat later stage ; it is sufficient here to remark on the 
need for such an expedition, 

1 .4 Continuous and discontinuo^as variables. ' 

The generalisation of arithmetic into algebra and of algebra into 
modem analysis is largely dependent on the extension of the 
symbolism. The number system remains the basic element but its 
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uses are made more flexible by the symbolism. The first and most 
obvious distinction between algebra and analysis on the one hand 
and arithmetic on the other hes in the use of “ variable ” numbers, 
denoted by symbohc letters, instead of particular numbers. 

A variable number is any number, an unspecified number, from a 
certain given set of real numbers and it is always S3unbolised by a 
letter such as x, y or t. Particular numbers for which the variable 
can stand are called the values of the variable, and the whole set of 
possible values makes up the range of the variable. The use of a 
variable number necessarily implies a range of variation, a set of 
numbers from which the values of the variable can be selected at 
will. Many variables have a range including aU real numbers and, 
in this case, no explicit reference to it need he made. Other variables 
have more restricted ranges, e.g. the range of positive numbers, of 
numbers between zero and unity or of integers only. Here the range 
should be clearly indicated in the definition of the variable. 

One particifiar case merits separate notice. If a variable x can 
take, as its values, all real numbers lying between two given numbers 
a and 6, then its range is called the interval {a, b). We write a<cx<ib 
or a < a; < 6 according as the values a and b themselves are excluded 
or included. For example, 0<a;<l or indicate that the 

variable x has a range consisting of the interval of positive proper 
fractions, the numbers zero and unity being excluded in one case and 
included in the other. 

The notion of an interval provides a concept which later proves of 
great convenience. We often make statements about the values of 
a variable x “ near ” to, or in the “ neighbourhood ” of, a particular 
value a. The statements are made in this vague way but their mean- 
ing can be made precise and should be borne in mind. A neighbour- 
hood of the value a; =o is defined as an interval of values of x having 
the value a as its middle point. In symbols, if k denotes a given 
positive number, a neighbourhood of a: = a is defined by the interval 
(a -k)<x<{a->rk). Here, {x - a) \a numerically less than k and the 
total “ length ” of the interval is 2k. Though yfc is, in general any 
positive number we care to fix, it is usuaUy convenient to take k as 
small, i.e. to take a small neighbourhood of a:=a. 

An important distinction can now be made. A variable is con- 
tmuous if its range is either the whole set of real numbers or any 
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interval of the set. The adjective “ continuous ” here is of exactly 
the same connotation as the same adjective applied to the number 
system itself ; the values of a continuous variable can be ordered so 
that they are indefinitely dense and without gaps. It is often con- 
veruent, for example, to think of a continuous variable as taking 
values successively in increasing order of magnitude and we describe 
this by saying that “ the variable increases continuously in value 
over such and such an interval Notice, however, that any 
changes in the value of a variable are essentially timeless ; the 
values of the variable make up a range of variation which must be 
considered as a whole, though it may be convenient to pick out or 
arrange the values in any definite way we like. 

A discontinuous variable, on the other hand, has a range which is 
neither the whole set of real numbers nor any interval of the set. 
The values of such a variable cannot be arranged in order of magni- 
tude without gaps. Any set of numbers of a particular type, e.g. the 
set of integers or of multiples of |, provides a range of variation 
which is discontinuous. For example, if the price of a commodity 
is X pence quoted only in halfpennies, then a: is a discontinuous 
variable taking values which are positive multiples of 

1.5 Quantities and their measurement. 

It is convenient, at this stage, to consider the use of our number 
system in the interpretation of scientific phenomena. One use 
springs to the mind at once, the use in the enumeration of discrete 
physical objects or events. In aU such uses, whether we are counting 
(e.g.) men, road accidents or sums of money, the only numbers 
required are the integers themselves. The “ unit ” of counting is 
here the number one corresponding to a single object or occurrence. 
For convenience, however, larger “ units ” can be adopted ; we can 
count men or accidents in himdreds or thousands mstead of in ones, 
sums of money in pounds, shillings and pence instead of m the 
smallest coin (e.g. halfpennies). The result of enumeration then 
appears as a fraction or a decimal instead of as a simple integer. 
Thus we can say that the number of road accidents is 53-7 thousands 
instead of specifying the number as the integer 53,700. Or we can 
say that a sum of money is £1 11s. 4|d. or £lH| instead of specifying 
that it contains 753 halfpennies. Hence, even in the use of numbers 
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in enumeration, the range of the numbers employed can be quite 
extensive and the question of the “ unit of measmement ” arises as 
it does in more complicated cases. 

Enumeration is not sufficient for the description of scientific pheno- 
mena. We derive, from our observations, what can only be called 
abstracted properties — shapes, colours, temperatures, pitches of 
notes, lengths, masses, time-intervals, and so on — and it is essential to 
connect these properties with numbers if possible. The two aspects 
of number, the ordinal and the cardinal, now become important. 
The ordinal aspect of number applies at once if the property con- 
sidered is capable of arrangement in some order, and this is 
the essential prerequisite for any association of numbers Avith the 
property. Some of the properties abstracted from scientific pheno- 
mena (e.g. temperatmes and lengths) can be presented in order 
according to a criterion of greater or less, higher or lower or what- 
ever it may be ; other properties (e.g. shapes and colours) cannot be 
ordered in this way.* Hence we arrive at our first distinction. Pro- 
perties not capable of arrangement in order can be termed qualities 
and numbers are not directly applicable to them. Properties to 
which a natural order is attached can be termed raagnitudes and 
numbers can be associated with them at once. The number attached 
to a magnitude simply serves to indicate its position in its appro- 
priate order and the association is loose and by no means xmique. 
The association is, however, of considerable importance in the 
scientific field, the Centigrade and Falnenheit readings of tempera- 
ture providing a good example, and more wiU be said about it later 
on. 

A second distinction can be drawn amongst magnitudes according 
as the cardinal aspect of number can or caimot be applied in addition 
to the ordinal aspect. If a magnitude displays the additive property 
that any two of its values can be taken and added together to give 
a third value of the same magnitude, then numbers can be used in 
their cardinal aspect and the processes of arithmetic apply. Magni- 
tudes with the additive property can be called directly measurable 
quantities and we shall show how numbers can measure, and not only 

* It may be possible, in the construction of physical theories, to analyse a 
quality such as colour and to connect it indirectly with numbers (e.g. by 
means of “wave lengths”). This merely indicates that our distinctions are 
not hard and fast — as, of comse, they cannot be. 
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given length and any actual inch scale. But the measurement of 
lengths by means of rational numbers fails in our theoretical require- 
ments of length. Pythagoras’ weU-laiown theorem, for example, 
requires that the diagonal of a square of one inch side should be 
represented by inches, and J2 is not a rational number. We 
must, therefore, conceive of lengths measured by irrational numbers, 
even though actual measurement with a scale of inches does not 
support us. 

What has happened now is that we have associated the concept 
of the infinitely small and continuous with the observable property 
of length and, hire the abstract number system itself, we assume that 
length is continuously variable. In other words, a new and abstract 
concept of length is introduced ; we assume that there is a “ true ” 
length which is continuous but incapable of actual measurement. 
This assumption of continuity, which must be recognised as some- 
thing outside the sphere of actual observation, is imposed upon 
length for purposes of mathematical convenience, in order that the 
measure of length should display the additive property and obey 
the rules of arithmetic exactly as we desire. The assumption of 
continuity into the phenomena we study is of frequent occurrence 
and the present instance is only the first of many. The only differ- 
ence between this and some later instances is that we have grown 
used to the assumption in this case, but not in others, so that we 
think it “ reasonable ” here but not there. 

In the description of scientific phenomena, therefore, there appear 
certain directly measurable quantities. Only three of these quan- 
tities are required in mechanics, length for the description of space, 
mass for the description of weight or inertia, and time-interval for 
the description of temporal changes. Other fundamental quantities 
must be added as the range of physics is widened. In electricity, 
for example, we need the new fundamental quantity of electric 
charge to describe the phenomena then included. Having selected a 
standard scale unit, we can express each quantity as a variable 
number. The recognised units of theoretical physics for measuring 
length, mass and time are the centimetre, gramme and second 
respectively. Other units are possible and are often used in more 
mundane descriptions ; the units of a foot and a pound can replace, 
for example, the standard centimetre and gramme units. 
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Finally, the property of continuity is imposed upon the measure 
of each of the fundamental quantities. When we speak of a length 
of X centimetres, a mass of y grammes or a time-interval of i seconds, 
the numbers x, y and t are assumed to be continuous variables subject 
to the rules of arithmetic and algebra. This seems reasonable 
enough, but the remarks above serve to indicate, though inade- 
quately, the serious abstractions and assumptions that lie behind 
bald statements about the measmement of fundamental quantities. 

1.6 Units of measurement. 

The measurement of a quantity, as defined above, is only unique 
if the standard scale unit is given. The choice of the standard unit 
of each quantity is open and can be made in a large number of ways. 
As we have noted, the scale unit of length adopted in theoretical 
work is almost invariablj' the centimetre. But inches, feet, yards, 
mUes, millimetres, kilometres and rods or poles provide other recog- 
nised examples of length units. It appears, therefore, that there is a 
large element of arbitrariness in the measure of any quantity and 
the question arises whether there is any real distinction between 
quantities, with measures arbitrarily dependent on the choice of 
scale unit, and magnitudes in general, indicated by numbers vdthout 
any pretence at uniqueness. It will be sho\vn that the distinction is 
real, that the arbitrary element in the measure of a quantity is much 
more limited and easily dealt with than in the indication of non- 
measurable magnitudes. 

There exists a very simple rule connecting the measures of a given 
quantity on two different scales. Let the second scale unit be 
measured and found to contain A of the first scale units. K a 
quantity has measures x and y in the first and second scale units 
respectively, then we have x=Xy, a, relation wliich holds for anyone 
quantity whatever of the kind considered. 

Hence, the numerical measure of a given quantity changes when 
the imit of measiurement is changed, but the change in the measure 
is quite simple and follows the familiar rule of proportions. The 
proportion is fixed by A, the measure of one imit in terms of the other. 
For example, a length can be expressed either as x feet or as 12a; 
inches, whatever the value of x. The length measure changes 
according to the fixed proportionality rule independently of the 
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length we happen to take. The connection between units may 
be expressed in fractional, or even irrational, form. One inch is 
measured as 2*54... on the centunetre scale and a length of x inches 
is thus (2-54.. .)» centimetres. 

The measures of a series of quantities of the same kind on one 
scale are exactly proportional to the measures on a second scale. 
For example, the same set of lengths can be measured by 
6, 12, 18, 24, 30, ... inches ; 

1, I, 2, I, ... feet ; 

or i h h h i ••• yards. 

The limitation on alternative measures can be expressed by saying 
that the ratio of the measures of two quantities of the same hind is 
independent of the units chosen. The ratio of the measures of the 
first two lengths instanced above is always | ; the first length is half 
the second, a statement independent of scales. 

The arbitrary element in the indication of a magnitude which is 
not a directly measurable quantity is subject to no such limitation. 
A set of magnitudes of the same (non-meastnable) kind arranged in 
ascending order can be indicated by any rising set of numbers 
whatever : 

1, 2, 3, 4, 5, ... ; 

1, 3, 5, 7, 9, ... ; 

1, 4, 9, 16, 25, ... , and so on. 

There is no connection between the various numbers that can 
indicate any one magnitude ; the question of changing units does 
not arise. 

1.7 Derived quantities. 

From the hmited number of fundamental quantities necessary 
in the description of scientific phenomena can be obtained a large 
number of secondary or derived quantities. The two most frequent 
ways of defining derived quantities are by the multiplication and 
division of fundamental quantities of the same or different kinds. 
It is sufficient to quote, as examples of derived quantities defined 
as products, the cases of superficial area and of cubic volume. Area 
is obtained as the product of two, and volume as the product of three, 
length measures. Probably more important, and certainly more 
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Suppose, for example, that a derived quantity is obtained by the 
division of one quantity A by another quantity B. The units of 
measurement are changed so that one unit of the second scale of A 
equals Aa units of the first scale, and one unit of the second scale 
of B equals A^ units of the first scale. A given value of the derived 
quantity is measured by x on the first scales and by y on the second 
scales. Then we have 



For example, the average speed of a train is 30 miles per hour. Now, 

30 miles in an hour imphes 30 x 5280 feet in an hour, and so ^ 528 0 

3600 

feet in a second. The speed is thus 44 feet per second. In general, 
a speed of x feet per second corresponds to y miles per hour if 

•^ — 3600 if — 16 if* 

Again, if the average price of sugar is 3d. per pound, what is the 
price in shillings per cwt.1 A cwt. or 112 pounds costs 336d. or 
28 shillings. The required price is 28s. per cwt. In general, a price 
of xs. per cwt. corresponds to yd. per pound if 

^ 2. ay .2^ 

So, one measure of a derived quantity is a constant multiple of an 
alternative measure obtained by changing the units of measurement. 
When the derived quantity is the quotient of two quantities, as 
often happens, the multiple is simply the ratio of the scale multiples 
of the separate quantities. 


1 .8 The location of points in space. 

Our main purpose is to develop the methods of mathematical 
analysis. Any introduction of geometrical or spatial considerations, 
therefore, will be subsidiary to, and illustrative of, the analytical 
development. It will not be necessary to enlarge upon the funda- 
mental geometrical problems concerned with space as an abstract 
conception and defined in any consistent way we please. We avoid 
difliculties by using only the space of our senses, taken as possessing 
the properties of being infinite, continuous and metrical. Primary 
sensations give us a conception of space and spatial configurations 
and tell us that we can assume that distance between points of space 
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is measurable (in definite units) and continuously variable. Further, 
space can be regarded as of limitless extent in one, two or three 
dimensions as the case may be. 

The geometrical considerations given here can, therefore, be illus- 
trated by drawiug actual diagrams in the plane of the paper (two 
dimensions) or by sketching plane representations of spatial models 
(three dimensions). It is possible, by giving up visual representations, 
to extend our geometry to spaces of more than three dimensions 
with the same properties as those given above. But this would 
require a precise re-definition of all the geometrical concepts which 
we are taking as self-evident, a task which it is scarcely appropriate 
to undertake here. Occasionally, however, we shall proceed by 
analogy and refer to ri-dimensional “ distances ”, “ flats ” and 
“ h 3 rpersurfaces ” as the analogues of three-dimensional distances, 
planes and surfaces. It must be remembered that such geometrical 
terms are introduced only as illustrative of the analytical methods. 

The spatial properties we have assumed here are clearly analogous 
to the properties of the real number system. This analogy makes it 
possible to locate points in our metrical space by means of numbers, 
the method being derived from the way in which we measure 
distances m space and depending on the number of dimensions of 
the space. 

Space of one dimension consists of a continuous and indefinitely 
extended straight line which we can denote by L. A practical 
method of fixing the position of a point on a line is to state the 
distance, in definite units, of the pomt firom a given base point : the 
position of a train on a railway track, for example, can be defined 
m this way. We can easily express this method in a precise form 
suitable for the line representing our one-dimensional space. A con- 
venient poiat 0 is selected on L and a definite scale of measmement, 
e.g. one mut = J inch, is taken. Taking for convenience of wording 
the fine L as “ horizontal ”, a convention is adopted whereby all 
distances measured from 0 to the right are positive and all distances 
to the left negative. Then each point on the fine L is located without 
ambiguity by a number, the number of units (e.g. | inches) of the 
distance of the point from 0. The number can be positive (if the 
point is to the right of 0) or negative (if the point is to the left of 0). 
So, the point located by the number -i-3 is 3 units of distance to the 

B M.A. 



18 


JIATHEMATICAL ANALYSIS FOR ECONOmSTS 


right of 0 and the point located by - ^ is a half unit of distance to 
the left of 0. Since the number system and the points on L are con- 
tinuous, each point on L is represented by one definite number and 
each number corresponds to one definite point on L. The method 
depends entu’ely on the fixing of 0 and of a definite scale ; if a 
different base and scale are chosen, an entirely different correspond- 
ence, still unique within itself, is set up. 

The next step is to locate points in two dimensions, i.e. in a 
plane which can be visually represented by the plane of the paper. 
Experience again provides a practical indication of the appropriate 
method. A position in a flat country is conveniently located, as on 
an Ordnance map, by giving the number of miles the position is 
north or south of a given base point, and the number of miles it is 
east or west of the same point. The essential fact is that two 
numbers or measurements are required. To make the method pre- 
cise, fix two straight lines Lj and Lg plane which cut at right 

angles in a point 0. In the visual representation, and for convenience 
of wording, the first line can be taken as horizontal and the second 
line i/j as vertical, the positive direction of L-^ being from left to right 
and of Lz upwards. A definite unit is chosen which serves for 
measuring distances along both lines. From a point P in the plane, 
perpendiculars PM and PN are drawn to the lines Li and The 
point P is then located without ambiguity by two numbers, the first 
being the number of units in the distance OM and the second the 
number of units in the distance ON. In Fig. 1, P is located by the 
number pair (4, 3), Q by (3, 4), R by -2) and <5 by ( -4, -f). 

Of the two numbers which locate the position of a point P, the first 
is the distance of P from 0 parallel to Pi, i.e. to the right or left of 
Lz ; if this number is positive, P is to the right of L^, and if negative, 
P is to the left of L^. The second number is the distance of P from 0 
parallel to i.e. the height of P above or below ; P is above Pj 
if the number is positive and below P^ if the number is negative. 
The fines P^ and Pg divide the whole plane into four “ quadrants ”. 
In the N.E. quadrant both numbers are positive, in the N.W. 
quadrant the first number is negative and the second positive, in the 
S.W. quadrant both numbers are negative, and m the S.E. quadrant 
the first number is positive and the second negative. The order of 
writing the numbers is important ; an interchange of the numbers 
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(if unequal) alters the position of the point (see P and Q of Kg. 1). 
Kom the continuity of the number system and of the plane, each 
point of the plane is represented by a definite pair of numbers and 
each pair of numbers by a definite point of the plane. Relative to 
the fixing of and and of the scale of measurement, the corre- 
spondence between number pairs and points is quite unambiguous. 

Suppose a table is given showing corresponding values of two 
variable quantities. Taking squared paper and ruling two perpen- 
dicular lines along which values of the two quantities are respectively 
measured, each pair of values can be plotted, by the above method, 
as a point on the squared paper. The result is a graph, showing a 
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group of plotted points, from which the relative changes in the 
quantities can be traced. It is not necessary here to take the same 
scale of measurement for each quantity ; the umts in which the 
quantities are measured are more or less arbitrary and each scale 
can be chosen for convenience of plotting. Examples I provide 
practical instances of graphical representations of this kind. 

The location of points iu space of three dimensions can be carried 
out in an exactly similar way. Three straight lines Li, and are 
fixed to intersect at right angles in a point 0. With definite positive 
directions along the lines and a definite scale of measurement for 
all distances, the position of a point P is located in space as follows. 
A rectangular “ box ” is constructed with three adjacent sides OM, 
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ON and OL along the lines L^, and respectively, and with P 
as the vertex opposite to 0. The position of P is then located by the 
set of three numbers which represent respectively the number of 
units in the distances OM, ON and OL, due regard being paid to sign. 
Remarks similar to those given in the case of two dimensions apply 
to this three-dimensional method of locating points. 

1.9 Variable points and their co-ordinates. 

The importance of the methods of locating points in space is seen 
when they are apphed, with suitable modifications of terminology 
and notation, to connect variable points and variable numbers. 
A variable point in space is a point which can take any position from 
a given range of possible positions. As a point varies in position, so 
the numbers which serve to locate the point vary in value. From 

tills simple fact, we can construct 
a most powerful theoretical tool 
applying to both analysis and 
geometry. 

We can start with the two- 
dimensional case and, since we 
are considering variable points 
in general, we can give up any 
attempt at scale draivings and 
rely upon geometrical reasoning 
illustrated by simple diagrams. 

2. Denote two given perpendicular 

lines by Ox and Oy, drawn with 
positive directions as shown in Fig. 2 and with the line Ox taken 
horizontally and the line Oy vertically. The point 0, in which 
the lines intersect, is called the origin of co-ordinates and 
the lines Ox and Oy are called the co-ordinate axes or the axes of 
reference. Any point P is taken in the plane Oxy and perpendiculars 
PM and P N are drawn to the axes. With a definite scale of measure- 
ment for all distances, let OM contain x units and ON y units of 
distance. The point P is fixed by the number pair {x, y), where the 
numbers must be written in this definite order. The point P is said 
to have co-ordinates {x, y), the first being the x-co-ordinate and the 
second the y-co-ordinate. Alternatively, the co-ordinate along the 
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horizontal axis {Ox here) is called the abscissa and the co-ordinate 
along the vertical axis is called the ordinate of P. 

Once the axes and the scale of measurement are fixed, all points 
are located uniquely by their co-ordinates. As the point P varies 
in the plane, so the co-ordinates become variable numbers with 
certain definite ranges of variation. If P varies over the whole plane, 
then the variables x and y each have the whole set of real numbers 
as their range of variation. If P varies in a more restricted way, 
then the variables x and y have ranges which may be continuous or 
discontinuous and related in all kinds of ways. To a variable point 
in two dimensions, therefore, there corresponds a pair of variable 
numbers ; much use of this wfil be made later. 

There are several ways of interpreting the co-ordinates of a point. 
The point (x, y) can be regarded as distant x units perpendicularly 
from the y-axis and y units perpendicularly from the a:-axis. In 
other words, the point is a distance x units to the right or left of the 
vertical base line and a height y units above or below the horizontal 
base line. From another point of view, the point [x, y) is reached 
by going a distance x units from 0 along Ox and then a distance 
y imits parallel to Oy, or conversely. 

The co-ordmates of particular points should be noticed. The 
origin 0 is itself a point in the plane and its co-ordinates are seen to 
be (0, 0). Any point on Ox must have zero for its y-co-ordinate and 
it appears as {x, 0), where the (positive or negative) distance of the 
point from 0 is a; units. In effect, therefore, a point on the line 
which is taken as the rc-axis need have only one co-ordinate, and a 
variable point on this line is represented by one variable number z. 
Similar remarks apply to a point with co-ordinates (0, y) lying on 
the y-axis. Finally, points in the various quadrants of the plane 
have co-ordinates whose signs are determined by the rules already 
given (1.8 above). 

The extension of the representation of points by co-ordinates to 
the case of three-dimensional space presents no essential difficulty. 
Three perpendicular co-ordinate axes Ox, Oy and Oz must now be 
fixed, intersecting in the origin 0 and with positive directions as 
shown in Fig. 3. For convenience, the plane Ozy can be taken as 
horizontal, the axis Oz then being vertical. Dropping perpendiculars 
from any point P in space to the planes Ozy, Oyz and Ozx (called 
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the co-ordinate planes) and completing the rectangular box with 
sides OM, ON and OL along the axes, let OM contain re units, ON 
y units and OL z units of distance. Then the position of the point P 
is fixed by three co-ordinates (re, y, z) written in this defiiute order. 
For fixed co-ordinate axes and a fixed scale of distance measure- 
ment, the variation of a point in space is described by three variable 
numbers, the variable co-ordinates of the point. Two of the variables, 
X and y, determine points in the horizontal plane Oxy while the third 
variable z determines the height of the variable point in space above 
or below the corresponding point in the horizontal plane. 



There is no need, of course, to adopt only the point of view 
taken so far in which variable points are represented by variable 
co-ordinates. Since the connection between points and co-ordinates 
is quite unambiguous (relative to fixed axes and a fixed scale of 
measurement), we can equally well start with variable niunbers and 
represent them by a variable point in space. For example, given 
two variables x and y related in any definite way, we can fix two 
axes Ox and Oym.& plane together with a scale of measurement and 
so obtain a corresponding variable point P (®, y) in two-dimensional 
space. All this is independent of the symbols adopted for the 
variables concerned ; to a pair of variables denoted by p and q, 
there corresponds a variable point (p, g) in a plane referred to two 
perpendicular axes Op and Oq, 

The perfect “ two-way ” connection we have described between 
variable points and variable numbers clearly provides the link we 
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reqtiire between geometry and analysis. This link, as we shall see, 
enables us to translate an analytical problem into a geometrical or 
diagrammatic one, and conversely. We have, in fact, established 
one of the most useful methods of the mathematical technique. 


EXAMPLES I 

The measurement of quantities * 

1. Explain how a scale of measurement for mass, considered as a funda- 
mental quantity, can be constructed. How is a given mass compared with 
the scale ? Must continuity be imposed upon the measure of mass ? Consider 
the other fundamental quantity, time-interval, on the same lines. 

2. An isosceles triangle has two equal sides of one inch enclosing an angle 
of variable size. Show how the length measure of the third side can give a 
scale for measuring angles of less than two right angles, thus deriving an 
angular measure from length measure. What is the measure, on this system, 
of angles of 60° and 90° ? 

8. Assuming that lengths can be measured along the circumference of a 
circle, obtain an alternative length measure of angles, showing that angles up 
to four right angles can now be measured. How can this be extended to angles 
of any size? What is the relation of this length measure to the familiar 
measure in degrees ? 

4. Illustrate the change of measure of a quantity by expressing 321 inches 
in feet; 1 -OS yards in inches ; 25^ cwts. m pounds ; 4897 pounds in tons and 
0-286 hours in seconds, 

5. Given the connection between a foot and a centimetre, find an approxi- 
mate measure of a centimetre in inches. Express 6 inches in centimetres, 
3^ yards in metres and 1 mile in kilometres. 

6. From the measure of a pound in grammes, find the approximate 
measure of a gramme in ounces. Express 2 ounces in granunes and 12 pounds 
in kilogrammes. 

7. Express 5072 square inches in square yards and 0-038 cubic feet in 
cubic inches. One acre is 4840 square yards ; how many acres are there in a 
square mile t 

8. Express a speed of 20 feet per second in miles per hom-. What is the 
measure of a speed of 60 miles per hour in feet per second and in metres per 
second? 

9. A uniform body weighs 6 cwts. and has a volume of 6 cubic feet. Find 
the density in pounds per cubic foot and in oimces per cubic inch. 

10. A cube of uniform substance has a side of 2 inches and weighs 3 pounds. 
Find the density in pounds per cubic inch and in grammes per cubic centi- 
metre. 

♦In these examples, take 1 foot =30-48 centimetres and 1 pound =4636 
grammes. 
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11. For a particle of mass m and velocity v, we define 

Momentum =OT .« and Kinetic Energy 

How are the measures of momentum and kinetic energy expressed in term 
of length, mass and time units ? 

12. A body of mass 2 pounds is moving at a uniform speed of 30 feet per 
second. Find its momentmn and kinetic energy in pound-feet-second units 
and also in centimetre-gramme-second units. 

13. Illustrate the fact that the derivation of secondary quantities can be 
carried beyond the first stage by expressing acceleration (the change of velocity 
over time) in distance and time rniits. The acceleration due to gravity is 
approximately 32 in feet-second units ; what is its measure in centimetres 
and seconds? 


14. A retail tobacconist buys a brand of tobacco at £5 9s. lOd. per 10 pound 
bag wholesale. Adding 15% for his expenses and profit, what should be the 
retail price per pormd (to the nearest penny) and per otmce (to the nearest 
halfpenny) ? 


15. The number of acres of land used in wheat production, the amount of 
wheat obtained in bushels and the total cost of production are all Imown, 
Explain the derived nature of the concepts of average product per acre and 
of average cost per bushel of wheat. 


16. From the data given in the table : 


Land in 

Area 

(acres) 

Wheat production 
(bushels) 

Total cost 
(£’s) 

Great Britain 

12 

467 

97 

Canada 

185 

2236 

325 

France 

57 

1304 

233 


tod the average product per acre and the average cost per bushel of wheat 
m each case. How can these derived figures be used to compare wheat 
production m the different regions named? 


17. .^summg that a bushel of British wheat, produced under the condi- 
tions of the previous example, is sufficient for 60 pounds of bread, calculate 
the cost of production of the wheat content of a two pound loaf. The wheat 
producer makes a profit of 7^% and the loaf sells at 4d. ; what proportion of 

the sellmg price goes m baking and distribution? 

18. A small chocolate firm employs 16 hands at an average wage of 46s 
fZ ’ werheads and materials cost £41 6s. per week and the output of 

chocolate per year. Find the average product in pounds 
Snc^ ^ average cost of a ^ pound block of chocolate in 


tiiie’imh^ mterest is a number expressed only in 

ScS to ^ "^te of interest per year 

r /o simple mterest per year at the end of n years? 

20. A man pawns his watch for 18s. and is charged per week by way 
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of interest. Calculate the rate of (simple) interest per week that is implied hy 
this charge. If 12% per year is taken as a standard rate of interest for this 
type of loan, is the pawnbroker extortionate in this case ? 

Graphical methods 

21. Selecting suitable rectangular axes in a plane, plot the points with co- 
ordinates (4, -1) ; ( -f, 3) ; (2, \) ; (2-3, — 1'7) and ( -2-8, 0). 

22. Show that the three points whose co-ordinates referred to rectangular 
axes in a plane are A (5, 7), B (9, 3) and G ( — 2, - 4) form an isosceles triangle 
ABC. Which are the equal sides? By direct measurement, determine 
whether the other side is longer or shorter. 

23. By plotting a graph, show that the points with co-ordinates ( - 3, - 1) ; 
(6, 2) ; (1, -3) ; ( -3, 6) ; (6, - 1) all lie on a certain circle. Locate the 
centre and measure the radius of the circle. 

24. Four points 0, P, Q and R are marked in a plane country. OR is a line 
in a W.E. direction and iJ is 12 miles from O. The position of P is 3 miles 
E. and 4 miles N. of 0, and that of Q is 4 miles W. and 6 miles N. of R. What 
axes and scales are suitable for locating the points graphically? Find the co- 
ordinates of the points in the system you choose, plot the points on graph 
paper and measiue the distances OP, PQ and QR. Estimate the length of the 
shortest route from O to R ca llin g at P and Q and check yom* result by using 
Pythagoras’ Theorem. 

25. Illustrate the arbitrary element in the location of points in a plane by 
rectangular co-ordinates by considering the following. 

Three points A, B and C7 lie in a plane in which lines and Lj (Lj hori- 
zontal and Lj vertical) are fixed. A is 3 inches above Li and 2 inches to the 
left of Lj ; B is 6 inches above Lj and 10 inches to the right of La ; (7 is 1 inch 
below Li and 8 inches to the right of La. Find the co-ordinates of the points 
referred to Lj and Lj as axes when the scale unit is equal to (a) one inch, 
(6) one-tenth of an inch, and (c) one foot. 

A point O' is now taken 2 inches below Lj and 1 inch to the right of L,. 
Straight lines Lj' and Lj' are drawn through O' parallel to Lj and La respec- 
tively. Find the co-ordinates of the three points on each of the above scales 
when Lj' and La' are axes. 

26. Three mutually perpendicular axes Lj, L, and L, are fixed to intersect 
in a point 0 in space (L, being vertical). Find the co-ordinates of the point A 
which lies 3 J inches from 0 on La ; of the point B in the plane of Lj and L, 
which is 6i inches from 0 parallel to Lj and 2 inches parallel to L, ; and of the 
points C and £> which are 4 inches above and below B respectively. Draw 
a rough diagram to illustrate. 

27. Choosing convenient scales, plot a graph of the pairs of values of the 
variables a; and y given below : 


X 

D 

2 

3 

4 

5 

6 

D 

8 

9 

10 

y 

108 

81 

63 

60 

40 

32 

26 



13 


Draw a freehand curve through the plotted points. Is there any evidence of 
a “ law ” connecting changes in x and yl Find an approxunate value of y 
when a;=3‘6. 
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S8. The following pairs of values of x and y are given : 


a: 

-9 

B 

-5 

-3 

-2 


1 

3 

4 

0 

8 i 

1 

9 

s/ 


9-4 

g 

5-0 

3-4 

0 

1 

-1-7 

-5-0 

-6-4 

-8-7 

-9-8 

-100 


Plot the corresponding points on graph paper, draw a smootli curve through 
the points and find the v'alues of y when x is - 6 and 6. Wliat can be deduced 
about the variation of y when x varies? 


29. Show, by a graphical method, how the pressure on a piston of a steam 
engine varies at different positions of the stroke when the following facts are 
given : 


Position of piston (inches from 


II 

i 







beginning of stroke) 

0 

B 

4 

6 I 

8 

11 1 

15 



Pressure (000 lbs.) - . . 

360 

1 

36-5 

36-5 

33-5 

26*5 

1 

17-5 

13-7 

1 

9-0 

1 

1-85 


30. The following table (data from .Schultz : Statistical Laws of Demand 
and Supply) gives p, the j'early average N.Y. wholesale price of sugar, and q, 
the j'early U.S.A. consumption of sugar, for the period from 1900 to 1914. 


Year 

p (cents 
per pound) 

q (Mn. 
short tons) 

Year 

p (cents 
per pound) 

q (Mn. 
short tons) 

1900 

5-32 

2-49 

1908 

4-96 

3-57 

1901 

5-05 

2-66 

1909 

^'11 

3-65 

1902 

4-46 

2-87 

1910 

4-97 

3-75 

1903 

4-64 

2-86 

1911 

5-34 

3-75 

1904 

4-77 

310 

1912 

6-04 

3-93 

1905 

5-26 

2-95 

1913 

4-28 

4-19 

1906 

4-51 

3-21 

1914 

4-68 

4-21 

1907 

4'65 

3-35 





Plot a graph, one point for each year, to show the related variations of p and q. 
(Such a graph is called a scatter diagram ”.) Is there any evidence that a 
nse m consumption accompanies a fall in price? 


31. in a plane can be located by means of co-ordinates with reference 
tx) axes which are not perpendicular (oblique co-ordinates). If lines A, and L„ 
mtersectmg in O at any angle, are taken as axes, the co-ordinates of a point P 
are (x, y), where P is reached from O by going a distance x units along L, and 
then a distance 2 / units parallel to L,. Illustrate with a diagram. 

32. ^e axes are at an angle of 45° ; plot the points whose co-ordinates are 
given by the following pairs of numbers : 


(2,2); (0,3); (-4,0) and (-3,-2), 
(Scale: one unit = one inch.) 


33. A paraUelogram has a horizontal side OP of 4 inches and a side OP of 

parallelogram on graph paper 
of the comers and of the point of intersection of the 

tSiSfeTt 0.® horizontal and 
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34. An entirely different method of locating points in space is by means of 
polar co-ordinates. A point 0 and a direction Ox (taken horizontally) are fixed 
in a plane. The polar co-ordinates of a point P are defined as (r, 6), where the 
distance of P from 0 is r imits and where OP makes an angle of 6°, in the 
counterclockwise direction, with Ox, Illustrate with a diagram and by 
plotting a graph showing the points whose polar co-ordinates are 

(3, 60°) ; (1, 300°) ; (f, 0°) and (f, 135°). 

35. Referred to rectangular axes, four points have co-ordinates 

(1,1); (-2,-2); (3,0); (0,-2). 

Fixing the point 0 and the direction Ox, find the polar co-ordinates of the 
points. Illustrate by plotting the points on graph paper. 

36. An observer, standing at a position O in a plane country, locates four 
landmarks A, B, C and D. A is 10 miles away in a N.N.E. direction ; B is 
due S. and at a distance of 7 miles ; O is Wd^.W. and 8 miles away and D is 
distant 15 miles in a S.E. direction. Plot a graph showing the four landmarks 
and find the polar co-ordinates of the plotted points referred to 0 and the E. 
direction through O. (Scale ; 6 miles =one inch.) 



CHAPTER II 


FUNCTIONS AND THEIR DIAGRA]\ri\IATIC 
REPRESENTATION 

2.1 Definition and examples of functions. 

In mathematical analysis we are concerned ndth variable numbers. 
The important thing about variables is not the way in which each 
varies by itself, but the way in which different variables are related 
one to another. Mathematical analysis, in short, is the study of 
relationships between variable numbers. A shnple teclinical term 
is used to describe and symbolise a relationship between variables, 
the term “ function ”. 

The notion of a function is an abstract and general one but 
essentially very simple. In order to emphasise the simplicity of the 
notion, we can conveniently introduce at once a few examples of 
functions as applied in scientific work and everyday life. In appljdng 
mathematical analysis to actual phenomena, the phj’^sical and other 
quantities of the phenomena are expressed by variable numbers. 
Any observed or assumed relation between the quantities then 
corresponds to a functional relation between the variables. The 
following examples make this clear. 

If a lead pellet is dropped from a height, we know that the distance 
it has fallen (in feet or some other unit) depends on the time-interval 
(in seconds or some similar imit) since the moment of dropping. 
There is a relation between distance and time and the distance 
fallen is a “ function ” of the time-interval. Similarly, if a gas is 
subjected to pressure at a constant temperature, its volume varies 
with, i.e. is a “ function ” of, the pressure. To take a more everyday 
example, the amount paid in inland postage on a parcel (in some 
monetary units) depends on, and is a “ function ” of, the weight of 
the parcel (in pounds or a similar unit). Finally, in economics, the 
amount of a certain commodity demanded by a given market is 
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taken as connected in some way with the market price of the com- 
modity, i.e. demand is a “ function ” of price. 

In each of these examples, there are two variable quantities repre- 
sented, in specific units, by variable numbers. The quantities, and 
the associated variables, do not change independently of each other ; 
there is a connection between corresponding values, a dependence 
of one quantity upon the other. The idea of a function, therefore, 
involves the concepts of a relation between the values of two vari- 
ables and the dependence of one variable on the other. 

Formal definitions of two technical terms can now be given. 
There is an implicit function or functional relation between two 
variables x and y, with given ranges of variation, if the values that z 
and y can take are not independent of each other but connected in 
some definite way. If the value of a: is knoAvn, then the value or 
values that y can take are fixed and not arbitrary, and similarly 
conversely. An implicit function is thus a mutual relation between 
two variables and either variable “ determines ” the other. The 
variable y is an explicit function of the variable x if the value or 
values of y depend in some definite way upon the value which is 
allotted arbitrarily to z. In this case, it is the variable x which 
“ determines ” the variable y. In the same way, x may be given as 
an explicit function of y. 

It follows at once that a given implicit function between z and y 
fixes two explicit functions — y as an explicit function of x and x as 
an explicit function of y. These two explicit functions are said to be 
inverse to each other. Conversely, each given explicit function must 
arise from some implicit function and has its corresponding inverse 
function. The difference between implicit and explicit functions is 
mainly one of point of view or emphasis. If the relation between x 
and y is regarded as mutual, then the term imphcit function is 
appropriate ; the variables are on an equal footing. If the relation 
is regarded from a definite angle, e.g. y as depending on x, then we 
use the term explicit function. Here, the variables are arbitrarily 
separated and y is called the dependent and x the independent variable. 
It is to be noticed, however, that a function is not a causal relation 
even from this latter point of view. There is no discrimination 
between the variables except for convenience, and one variable does 
not “ cause ” the other. Causal relations occur only between the 
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quantities of actual phenomena and, when such a relation is inter- 
preted by a function, it merely happens that one view of the function 
is dominant and the other neglected. Every mathematical function 
can be regarded from either point of view ; every function has its 
inverse. 

The concept of a function is an extremely wide one. The follow- 
ing examples serve to show this and will, also, help us to classify 
functions in a convenient way for detailed consideration. 

Ex. 1. The variables x and y take any numerical values which are 
such that the value of y is double that of x. In symbols 

2x~y~Q 

is the expression of this implicit function. The two explicit and inverse 
functions are 

y = 2x and x = ly. 

The range of variation of x and y consists of all real numbers. 

Ex. 2. The variable y depends on the variable x, which can take any 
numerical value whatever, according to the algebraic processes indicated 
by the symbolic expression 

y^x^+Zx-2. 

Here we have y as an explicit function of x and the range of variation of x 
consists of all real numbers. The imphcit function from which it arises 
is expressible 

+ 3a: - y - 2 = 0. 

The inverse function is more difficult to derive, but it is seen that, to each 
given value of y, there corresponds either a pair of values of x or no value 
of X at aU. Solving the above quadratic equation for a given value of y, 
we find (see 2.8 below) that 

x = |(-3±N/4y + 17). 

This gives x as an explicit function of y in which the range of values of y, 
for a real value of x, must be limited so that negative values numerically 
greater than 4| are excluded. 

Ex. 3. The variables x and y take any values whose product is 3. In 
symbols, the implicit function is 

xjf=3 

and the two explicit and inverse functions are 

3 j 3 
y=- and x=-. 

X y 

Again, the range of x or y consists of all real numbers. 
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Ex. 4. The variable y is defined &b the result of the process 

2/ = 100(1-05)» 

where the range of values of x is taken as consisting of positive integers 
only. The inverse function can be expressed only in terms of logarithms 
(see 10.2). This is an example of a function of a discontinuous variable 
and it can be noticed that it expresses the amount £y that results when 
£100 is left for x years at 5% interest compounded yearly. 

Ex. 6. The variables x and y are related by the equation 

a;2 4-y2 = i6, 

an implicit function between x and y. The expHcit fimctions are 
y=±Jl6-x‘^ and x=±'Jl6-y^. 

The range of values of x for a real value of y consists of all numbers not 
numerically greater than 4, and similarly for the range of y. Except 
when a: or 1 / is ±4, there are two values of y corresponding to each given 
value of X, and conversely. 

Ex. 6. An implicit function between x and y is defined by 

3^ +y^ -Zxy = 0. 

The two explicit functions here cannot be expressed in any direct 
algebraic way. This does not mean that the functions do not exist. 
Given any value of x, a “ cubic ” equation determines the corresponding 
values of y and we know (see 2.8 below) that there is either one value or 
three values of y, according to the value originally allotted to x. The 
dependence of y on a; is definite and so is that of x on y. 


Ex. 7. Corresponding values of x and y are defined by the table ; 


0<a;<3 

3<a;<4 

4<a;<6 

5<a;<6 

d<x^l 

l<x^8 

8<x^l5 

' y=6 

11 

y=8 

y=9 

y=io 

y = n 

c, 

11 


Here, y is a function of x and the range of x consists of all positive numbers 
not greater than 15. On the other hand, when x is considered as a fimction 
of y, the range of the latter is discontinuous and consists only of the 
positive integers between 6 and 12. This function expresses the inland 
postage, y pence, as dependent on the weight of a parcel, x pounds (see 
P.O. Guide, 1936). A function of this nature is called a step function. 

Ex. 8. The variable y is defined as the number of marks obtained by 
the candidate whose official number was x at the June Matriculation 
Examination of London University, 1936. Here, a table is necessary 
showing the numbers of all candidates with the number of marks obtained 
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entered against each case. The range of x consists of those positive 
integers allotted as numbers to candidates who sat the examination, and 
the range of y consists of those positive integers corresponding to total 
marks obtained by at least one candidate. Both variables have discon- 
tinuous ranges. 

2.2 The graphs of functions. 

We have shown (1.8 above) how points in a plane can be located 
by means of numbers. Direct use can be made of this method in the 
graphing of functions. The practical process is described in text- 
books on algebra and we need give here only a general account and 
a few examples of the process. 

From the definition of a given function, a table of corresponding 
values of the two variables x and y can be constructed and made as 
detailed as we wish. It is usually a matter of giving definite values 
to one of the variables and solving the formula of the function for 
the corresponding value or values of the other variable in each case 
If the range of variation is continuous, there is no hmit to the 
number of entries that can be inserted. 

Co-ordinate axes Ox and Oy are ruled on a sheet of graph paper 
(with, e.g.. Ox horizontal and Oy vertical) and a definite scale 
of measurement is selected. Each pair of values from the table 
obtained from the function is plotted as a point on the graph paper. 
As more and more points are plotted, it is found, in the case of any 
ordinary function, that a freehand curve can be drawn through them. 
Either the collection of plotted points, or the freehand curve, is 
called a graph of the function. The following examples fully illus- 
trate the process. 

Ex. 1. y=x'^ + 2x~2. 

The following table of values of x and y is obtained from the formula 
of the function : 


X 

-4 

-3 

-2 

-u 

-1 

0 

1 

2 

y 

2 

-2 

-4 

-H 

-4 

-2 

2 

8 


Plottmg the corresponding points, it is seen that a U-shaped curve can 
be drawn through them (Fig. 4). Between the points where a: equals - 2 
and - I, more detail is required than elsewhere and one intermediate 
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point has been plotted. It is found that the lowest point of the curve is 
at or very near to the point ( — IJ, — The graph represents a curve 
known as the parabola (see 3.4 below). 

2. a?y =3. 

The graph of the function can be plotted from the table : 


a; 

-4 

1 

-3 

1 

1 -2 

1 

1 

1 

1 0 

1 

2 

3 

4 

y 

-i 

-1 

_ 3. 

-3 

t 

3 

3 

2 

1 

1 


It is seen (Fig. 5) that a smooth curve can be drawn through the set of 
plotted points, except that there is some doubt about its course when v 
is small. When a: is actually zero, the formula of the function provides 
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no corresponding value of y at all. It is found, however, that the value of 
y increases rapidly as a; is given smaller and smaller positive values and 
decreases rapidly for smaller and smaller negative values. The graph of 
the function thus takes the form indicated ; it is a representation of a 
curve known as the rectangiilar hyperbola (see 3.5 below). 

\^Ex. 3. a:® + y^ = 16. 

The following table is derived for values of x from -4 to + 4 : 


X 

-4 

1 

-3 

-2 

-1 

0 

1 

2 

3 

4 

y 

0 

2-6 

- 2-6 

3-5 

- 3-6 

3-9 

- 3-9 

1 

1 

3-9 

- 3-9 

3-5 

- 3-6 

2-6 

- 2-6 

0 


the values of y being taken to one decimal place. Outside the range 
shown, there exist no values of y at all. At x = ±4 there is a single value 
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of y while at other values of x there are two values of y. The graph of the 
function takes the form shown (Fig. 6) ; it is recognised as a circle of 
radius 4 units with centre at the origin of co-ordinates. 


Ex. 4. x^+y^-Zxy = Q. 

The table of corresponding values of x and y, from which a graph of the 
function can be dravTi, now appears ; 


X 

- 4-9 

- 3-9 

- 2-8 

BB 

0 

0-7 

1-3 

1-5 

1-9 

2-9 

3-9 

y 

3-9 

2-9 

1-9 

0-9 

0 

1-3 

1-6 

1-5 

- 2-8 

- 3-9 

- 4-9 







015 

0-7 

0-9 










- 1-6 

- 2-25 

- 2-4 



1 


Here, in order to obtain the values of y corresponding to any given 
value of X, it is necessary to solve a cubic equation. The values above 



are correct to one decimal place and are obtained by a graphical 
method described later (see 2,8 below). The set of points plotted from 
the table can be joined by a smooth curve (Fig. 7) consisting of a “ loop ” 
and two “ tails ”. The graph represents a curve, known as the Folium 
of Descartes, of a more unusual type than those obtained in the 
previous examples. 

Ex. 5. The step function defined by the table of 2.1 (Ex. 7) can be 
plotted in a similar way. No smooth curve can be drawn through the 
plotted points which can, in fact, be connected only by a set of seven 
disconnected lines parallel to the a;-axi3 (Fig. 8). This is a function which 
will later be described as discontinuous. 

A graph is clearly of great service in the consideration of the 
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properties of particular functions : it provides, at least, a visual repre- 
sentation of the related variation of the two variables. For example, 
the varying height of the curve shown on the graph (above or below 
the horizontal axis Ox) indicates the way in which y varies as a; is 
changed in a definite way. The graph can also be used to replace 
numerical calculations, provided 
that approximate results suffice. 

In plotting the graph, only certain 
convenient (e.g. integral) values 
of the variables are used and, 
once this is done, corresponding 
values of the variables at inter- 
mediate positions can be read off 
approximately from the curve 
shown. This method of graphical 
"interpolation” is used in the sol- 
ution of equations (see 2.8 below) and in many other connections.* 

The method of graphing we have described illustrates the relation 
between two variables connected by a given mathematical function. 
But the same method can be used when the variables represent 
physical or other quantities given by observed phenomena and when 
we know that no " perfect ” functional relation can exist between 
them, either in the nature of things or because some suspected rela- 
tion is distmrbed by random deviations or “ errors ”. Here we obtain 
what can be called a " statistical ”, rather than a functional, graph. 

Two cases can be profitably distinguished. One of the observed 
quantities x may be ordered in space or time and so that a single 
value of the other observed quantity y corresponds to each value 
of X. We take x along the horizontal and y along the vertical axis 
and the graph shows a series of points proceeding from left to right, 
varying height illustrating the variation of the observed y as the 
observed x varies according to its ordered progression. The graph 

* For example, the graph of y = ^/a^ can be plotted by giving x values 
which are perfect squares. The values of square roots such as or v/3 can 
then be obtained approximately as the heights of the graph corresponding to 
(e.g.) x=2 or 3. Alternatively, the graph of y=x- can be plotted, usmg 
integral values of x, and the approximate values of (e.g.) *y2 and s/3 can then 
be read o2 the points on the axis Ox corresponding to heights of 2 and 3 on 
the graph. See Hogben, Mathematics for the Million (1936), p. 416. 
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may show, for example, the varying observed volume of a gas at 
constant temperature as the observed pressure increases over time. 
From this graph, we could see whether, apart from errors and 
random deviations, a definite functional relation between volume 
and pressure can be reasonably assumed. Again, a graph can be 
used to show the value of imports into the United Ki n gdom over a 
period of years, or the variation in some other statistical time 
series (see 10.4 below). In these cases, no functional relation (e.g. 
between imports and time) can exist and the graph is mainly 
descriptive. 

On the other hand, neither of the two observed quantities may 
possess a natural spatial or temporal order. We may have, for 
example, a series of observed values of the market price {p) of a 
commodity and the corresponding market consumption {q). Such 
a correspondence can be obtained by taking a succession of yearly 
quotations of p and q (see Examples I, 30). Each pair of values of 
p and q can be plotted as a single point referred to two axes Op and 
Oq and the whole set of observations is then represented by a 
graphical “ cluster ” of points. Such a graph is called a “ scatter 
diagram ” and its uses, at least for purposes of illustration, are 
evident. It may be suspected, for instance, that there exists a 
definite relation between p and q, a relation which is distinbed by 
errors and other deviations in the actual observations. The correct- 
ness of this supposition can be examined and, if a relation is found 
to exist, its nature can be discovered. 

2.3 Functions and curves. 

The graphical method of representing functions can be extended 
to estabhsh a general connection between functions and curves. If 
we are given a functional relation between two variables z and y of 
continuous variation, then there is no limit to the number of entries 
that can be inserted in the table of corresponding values of the 
variables and, hence, no hmit to the number of points that can be 
plotted in the plane Oxy. The function gives rise, therefore, to an 
indefinitely large number of points in the plane and only a few of 
them are shown in any actual graph. Just as the variables are 
related in an ordered way by the function, so the corresponding 
points must display a definite characteristic, i.e. must make up a 
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locus or curve in the plane Oxy. Hence, to each given function relating 
variables x and y, there corresponds a set of points comprising a 
curve in the plane Oxy ; the anal3rtical property defined by the 
function is reflected in the geometrical property common to aU points 
on the curve. 

Conversely, a curve, as a geometrical concept, is a collection of 
points in a plane with a common characteristic. Fixing co-ordinate 
axes and attaching co-ordinates to each point of the plane, the 
property defining the curve can be translated into an analytical 
relation between x and y satisfied by 
aU points [x, y) on the curve, a 
relation which is called the equation 
of the curve. Consider, for example, 
a circle with radius 4 units and 
centre at a fixed point 0 of a plane, 
i.e. the curve consisting of aU points 
distant 4 units from 0. Fix co- 
ordinate axes to pass through 0, let 
P with co-ordinates [x, y) be any 
point on the circle and drop per- 
pendiculars PM and PN to the axes 
(Fig. 9). From Pythagoras’ Theorem 

OP^=OM^ +MP^=OM^ +ON^=x^ +y^, 
since OM =x units and ON =y units. But OP must equal 4 units for 
aU positions of P on the circle. Hence, 

- 1-^2 = 16 

is the relation satisfied by aU points (*, y) on the given circle, i.e. the 
equation of the circle (cf. 2.2, Ex. 3, above). 

The correspondence between the functions of analysis and the 
curves of geometry is thus a perfect one. To each function relating 
variables x and y there corresponds a definite curve in the plane 
Oxy, and conversely. It is important to remember, however, that 
the uniqueness of the connection depends entirely on the fixing of 
co-ordinate axes in the plane. A given curve has different equations 
when different axes are selected. 

It is now clear that a graph of a given function is simply an actual 
representation on squared paper of the curve which corresponds to 
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the function. The function is an abstract concept relating two 
variables x and y ; the cmve is an equally abstract concept relating 
points in tAvo-dimensional space. If the variables are continuous, 
there is an indefinitely large number of pairs of variable values and 
of points on the curve. A graph, on the other hand, consists of a 
finite collection of points selected arbitrarily from the indefinitely 
numerous set possible and designed to indicate clearly the shape 
of the curve. But the curve itself remains an abstract concept, 
of which the graph is only a visual, and more or less imperfect, 
representation. 

Finally, notice that a curve, as defined above, need not be 
“smooth” in the sense that it can be shown graphically as a 
continuous line without breaks or angles. Nor need the curve be 
described in any temporal way by a moving point. It is often 
convenient to think of a point moving along a curve, but this is 
only a device to facilitate exposition. A curve, lilie a function, is 
defined and considered as a whole, as a collection of points in a plane 
united by a common characteristic. 

2.4 Classification of functions. 

We can now proceed to distinguish functions of different kinds 
according to the natme of their definitions or of their symbolic ex- 
pressions. It is necessary, for this purpose, to introduce a number 
of technical but very useful terms. 

A function is analytical if it can be expressed in symbols by means 
of a single formula connecting the variables, a formula which is the 

general law behind the function. Prom the formula, as we have 
seen, values of one variable, corresponding to given values of the 
other, can be derived by carrying out the algebraic or other 
operations mdicated. The first six examples of 2.1 give analytical 
functions ; the other two functions are not analytical. 

The next distmction is an extremely important one. Here, we 
regard functions as exphcit, taking eUher y as a function of rr or a: as 
a function of y. Exphcit functions can be divided into two classes, 
those which are single-valued and those which are multi-valued. A 
unction such that one and only one value of y corresponds to each 
^ven value of a: is said to define as a single-valued function of a:. 
A function for which this is not true defines y as a multi-valued 
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function of x, and we have double-valued, triple-valued and higher 
valued functions. The inverse function, a; as a function of y, can be 
considered in the same way. 

The functions of the first four examples of 2.1, as weU as those of 
the last two examples, aU give ^ as a single-valued function of x. 
In the fifth example, j/ is a double-valued function, and in the sixth 
example y is a triple-valued function of x. On the other hand, only 
in the first, third and fourth examples is a: a single-valued function 
of y. This introduces a very important point ; the inverse of a single- 
valued fu7iction is not necessarily itself a single-valued function. This 
is clear from the inspection of even such a simple function as that of 
the second example of 2.1. 

In graphical terms, if y is a single-valued function of x, then the 
curve corresponding to the function is cut by any line parallel to Oy 
in only a single point. But, if y is multi-valued, then the curve can 
be cut by such fines in two or more points. In the same way, a: is a 
single-valued (or multi-valued) function of y if the curve is cut by 
lines parallel to Ox in only a single point (or in several points). There 
is no necessary connection between these two ways of finding the 
intersections of a fine and the curve ; a given curve can be cut by a 
line parallel to one axis in only a single point while lines parallel to 
the other axis cut it in two or more points. The single-valued 
property does not necessarily apply to both the inverse explicit 
functions. 

One reason for the importance of single-valued functions is clear. 
When y is a single-valued function of x, we can take the function 
as described by values of x which increase steadily in value ; the 
independent variable can then be completely ignored and attention 
concentrated upon the variation in y. The value of y may be found 
to increase, to decrease, to have alternating increasing and decreasing 
“ stretches ” or to vary in a more or less erratic way. Graphically, 
we take x along the horizontal axis and describe the curve fi’om left 
to right. The varying height of the curve above or below the hori- 
zontal shows the variation of y, and we can see when the curve rises 
{y increasing) and when it falls {y decreasing). 

The last remarks lead to the definition of a particularly useful 
sub-class of single-valued functions. If i/ is a single-valued function 
of a continuous variable x, and if y increases in value as x increases. 
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then y is called an increasing function of x. Similarly, if the value 
of y decreases as x increases, we have a decreasing function of x. The 
class of increasing and decreasing functions, taken together, com- 
prise what are called monotonic functions. The graph of a monotonic 
function of x, the axis Ox being taken as horizontal, either rises or 
falls without interruption from left to right, risiug for an increasing 
function and fa llin g for a decreasing function. 

Subject to minor qualifications concerning the “ continuity ” of the 
function (4.6 below), a significant property of a monotonic function 
can be established. The inverse of a single-valued and monotonic 
function is also single-valued and monotonic in the same sense as the 
original function. For example, if y is a single-valued increasing 
function of x, it follows that only one value of x can correspond to 
each value of y and that this value must increase as y increases. 
This is quite clear graphically, since the curve representing y as a 
single-valued increasing function of x (axis Ox horizontal) rises 
throughout from left to right and so the distance of the curve from 
the vertical axis increases as we proceed upwards. It is thus only 
in the case of monotonic functions that we can always say that both 
inverse functions are single-valued. 

The first and third examples of 2.1 show functions which are 
monotonic, the first being an increasing function and the other a 
decreasing function. In each case, what is true of y as a function 
of X is also true of a; as a function of y. The second example of 2.1 
provides a case of a single-valued function which is not monotonic. 
As X increases from large negative values up to a: = - f, the value of 
y decreases, whereas y increases as a; is increased beyond » = -f. 
The graph falls and then rises. The inverse function, a; as a function 
of y, is not single-valued, but double-valued, here. 

Returning to the case of multi-valued functions, it is sometimes 
possible to divide such a function into two or more “ branches ”, 
each branch being a single-valued function. The corresponding 
curve is also divided into two or more distinct sections, each cut by 
lines parallel to the appropriate axis in only a single point. The 
function of the fifth example of 2.1 is a case in point. The exphcit 
expression, giving y as a double-valued function of x, is 


y= ±'/l6 -x^ 
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which can be divided into two single-valued functions, 
j/=+Vl6-a;® and y^-JlQ-x^. 

The corresponding curve, a circle, is likewise divided into two single- 
valued sections, one above the axis Ox and the other below. In the 
same way, the second example of 2.1 gives a; as a double-valued 
function of y divisible into the two branches 

a: = |(V4y +17 - 3) and x= +17 + 3). 

The corresponding curve, a parabola, is divided into two sections by 
a line parallel to Oy at a: = - f , each section being cut in only a single 
point by lines parallel to Ox (see Fig. 4). The first branch of this 
function is an increasing function of y, the corresponding section of 
the curve rising from left to right ; the second branch is a decreasing 
function of y and this section of the curve falls firom left to right. 
Such divisions of multi-valued functions into single-valued branches 
are clearly very useful. 

Finally, it can be noticed that some functions can be described as 
symmetrical. Symmetry can be defined in various ways, of which 
the following is perhaps the most important. An implicit function 
relating variables x and y is said to be symmetrical in x and y if an 
interchange of these variables leaves the function unaltered in form. 
This implies that y as an explicit function of a; is of exactly the same 
form as a: as an explicit function of y. The function a:y = 3 is sym- 

3 3 

metrical on this definition and the inverse functions, y=- and x=- , 

X y 

are seen to be of identical form. Graphically, such a symmetrical 
function is represented by a curve symmetrical about lines bisecting 
the angles between the axes. The part of the curve on one side of the 
line is the reflection in the line of the part of the curve on the other 
side. The graph of a:y = 3 illustrates this fact (see Fig. 5). 

2.5 Fimction types. 

So far we have considered only a number of particular functions 
such as appear in the simplest operations of algebra. Our next task 
is to group functions into types and to devise a symbolic notation 
to include aU functions of one type in a single formula. The grouping 
of functions into types proceeds by means of the notion of analytical 
“ form ”. This notion, which must be " sensed ” rather than defined. 
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is essential to the extension of the processes of algebra into the more 
powerful methods of analysis, and its nature is indicated most easily 
by giving concrete examples. 

The exphcit function y = 2x is clearly but one example of a wide 
range of functions of the same “ form Other examples are 

y=-3ar; y = 5x+2\ y~x-Z and y = l-2x. 

All such functions can be included in the single formula 

y—ax +6, 

where a and h denote any definite numbers, positive, negative or zero. 
The function tj^je, represented by this “ portmanteau ” formula, 
is described as an explicit linear function of x.* In the same way, 
we can define a; as a linear function of y. Further, putting the hnear 
function into implicit form, we can write 

ax +by +c = 0, 

where a, b and c stand for any three numbers whatever. The implicit 
linear function gives rise to two explicit linear functions : 

the coefficients of which are expressed in terms of the three coeffi- 
cients of the original implicit function.! 

As a second example, we see that the explicit function 

y=x^ + 3a; - 2 

is one example of the function t3^e, called the explicit quadratic 
function, which can be symbohsed 

y — ax^ +bx -t-c, 

where a, b and c denote any definite numbers. In the same way, we 
can have x as an explicit quadratic function of y. Putting either of 
these fimctions into implicit form, it appears as a “ polynomial ” 
expression, containing no powers or products of the variables of 

* The term *' linear ” is used since, as we see later, such a fimction is repre- 
sented graphically by a straight line. 

t The cases where o or b equals zero are a little troublesome (see 3.3 below) 
but need not delay us here. Further, it may seem odd that there are three 
coefficients in the implicit form and only two in the explicit form. This is, 
however, only a matter of convenience (see 3.7 below). 
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higher degree than the second, equated to zero. Other implicit 
functions are also of this form. The function type xy=a, of which 
xy=^ is one case, and the function type ax^+hy'^=c, of which 
= is an instance, are examples. We derive, therefore, a 
wider function type, symbolised by the formula 

aa;2 +2lixy +2pa; +2fy +c = Q, 

which can be called the implicit quadratic function relating the 
variables x and y. This includes, for certain values of the coeffi- 
cients a, b, c, f, g and h, the explicit quadratic function and also 
many others. The grouping of functions into t3rpe3 is not necessarily 
unique ; there are several overlapping types possible according to 
the particular point of view adopted. 

The number of different function types that can be distinguished 
is indefinitely large. Amongst “ algebraic ” functions, we can go 
on to separate “ cubic ” functions of explicit and implicit form, 
“ quartic ” functions, and so on. There are also numerous functions 
of forms we have not yet introduced and some of these types will 
be considered at a later stage. The exponential, logarithmic and 
trigonometric functions are notable instances. 

The grouping of functions into types, largely a matter of con- 
veruence, is characterised by the use of symbolic letters other than 
those standing for the variables themselves. The familiar algebraic 
device of representing unspecified numbers by letters has been signi- 
ficantly extended and, before proceeding, it is essential to get some 
idea of this extension. The symbolic letters, such as o, b and c in the 
above formulae, must be “ variable ” since they stand for unspeci- 
fied numbers, but there must be some difference between them and 
the original variables x and y. This difference, on which the whole 
grouping of functions into types depends, must be made clear. 

To fix ideas, consider the quadratic function type which we can 
write y=ax^ +bx +c. Two points of view can be adopted. From 
the first point of view, we investigate the relation between the vari- 
ables X and y and the nmnbers a, b and c must be taken as fixed, as 
having the same numerical values whatever they may be. From 
the other point of view, the function is treated as a whole and the 
type includes a whole set of particular functions muted by the 
common property of being “ quadratic The formula, in fact. 
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represents any function of quadratic form. Here, x and y cease to 
be of importance and the whole function is made to vary by changing 
the values of a, b and c. These latter numbers are fixed within one 
function of the quadratic type but variable from one quadratic 
fimction to another. 

Hence, the characteristic of letters such as o, 6 and c is that they 
lead double hves ; they are “ variable constants To suggest this 
double use, we describe such s3mibohc letters as 'parametric constants 
and one of two shorter terms can then be used according to the point 
of view. When attention is directed to the relation between the 
variables of the function, the symbols denote fixed numbers and can 
be termed constants. When the important thing is the variation of 
the function as a whole, the variables of the fimction fading out of 
the picture, we describe the symbols as parameters.* 

We have tried to show how the functional notation is made 
more general and flexible by the use of parametric constants. The 
quadratic function type, for example, becomes a particular function 
once numerical values are allotted to the parameters. But, taking a 
more general view, we can attempt to derive properties, not of one 
quadratic function, but of all quadratic functions. Or we may know 
that some quadratic function satisfies a given condition and then 
proceed to determine the values of the parameters for which the 
condition holds. This, for example, is the idea behind the fitting of 
a “ parabohc trend ” to a statistical time-series. 

A simple algebraic instance can be quoted. It is required to find 
the height of an open box of square base of side 4 inches so that the 
surface area is 48 square inches. If the height is x inches, the surface 
area {y square inches) is a function of x ; 


l/ = 16(.T-f 1). 

Putting ?/ = 48, the value of x is found to be 2 inches. This problem 
can be generafised and solved for all cases by the use of parameters. 
If y square inches is the surface area of a box of square base of 
given side a inches and of variable height x inches, then 

i/=a2+4ax and x = — {y-a'^). 


or 


The term parameter comes from ■napa.jx.erpecD which means “ to compare ” 
to measure one thing by another ^ 
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This is a functional relation between x and y. If the surface area is 
known to be b square inches, then 

b-a^ . 

x = — — niches. 

4a 

We have solved aU problems of this type, and the solution of any 
particular problem is derived by aUotting the parameters a and b 
the appropriate numerical values. 

Finally, the use of parameters is carried over into the mathe- 
matical sciences, as is seen, for example, by the parametric role of 
market prices in economic theory. A firm (under conditions of “ pure 
competition ”) must take as given the market prices that happen to 
exist and we can assume its output is known for each given price 
system. In combining the output decisions of aU firms, we treat the 
price system as variable and attempt to discover a set of prices con- 
sistent with equilibrium (however the latter is defined). Prices are 
parametric constants, constant in the examination of the decision 
of a single firm, parameters when we combine the separate decisions 
of a whole group of firms. 

2.6 The s 3 nnbolic representation of functions of any form. 

A further generalisation of the functional notation now takes us 
outside the limited field of algebra, to which we have been confined so 
far, into the wider territories of modem analysis. The idea involved 
is simple. Just as a symbol is introduced in algebra to stand for 
any imspecified number, so now a symbol is introduced to stand 
for any function. In algebra, we deal with the properties of functions 
of particular t 3 q)es ; with the new notation, mathematical analysis 
goes far beyond this and introduces more powerful processes, such 
as those of the calculus, to deal with functions of any kind whatever. 
The development of mathematics, here as elsewhere, is dependent on 
the development of its notation. 

An implicit function relating two variables x and y can be repre- 
sented, whatever its form may be, by the notation 

f[x, y)=0. 

This is certainly appropriate for any analjdiical function, the sym- 
bolic /(», y) standing for some expression involving x and y. To 
obtain, from the general notation, a particular function, we need 
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only specify the exact form of /(a;, y ) ; for example, if we take/ (a;, y) 
as 2a; - y, a;2 + 2/2 _ 10 or x® + 1 /® - ^xy, we obtain a particular function 
2 / = 2x, a; 2 + 2 /^ = 16 or a:® +y^ - San/^^* The notation can also be 
applied, without confusion, to include even non-analytical functions. 

Again, if i/ is an explicit function of x of any form whatever, we 
can denote it by the notation 

y=f{^)- 


This notation is clearly applicable to the case of a function which is 
single-valued and analytical.* In such a function, y is defined as 
equal to the value of a certain expression involving x, and f{x) can 
be taken as a convenient way of representing this expression in x, 
no matter what its form may be. To derive a particular function, 
we supply a definite form for f{x) ; if we take (e.g.) f{x) as 2x, 

3 

+3a; — 2 or - , we obtain three well-known single-valued functions. 

The notation can also be extended to apply to functions which are 
not single-valued or even analytical ; in its broadest use, y =f{x) 
signifies only that we are taking y as some function of x. Notice that, 
in this notation, we need not refer to the variable 2 / at all ; we can 
say that /(x) is a function of x. For example, we often describe 
[x^ + 3a: — 2) as a function of x. This is a matter of convenience only ; 
a function always relates the values of two variables whether we 
care to suppress reference to one of them or not. 

Since the importance of a good notation, both general and flexible, 
is evident, we can insert here a number of remarks on the symbolism 
of mathematical analysis. Letters are used to denote both variables 
and parameters, and, in order to distinguish one from the other, it 
is usual to reserve the later letters of the alphabet for variables and 
the earlier and middle letters for parametric constants. The letters 
X, y, z, u, V and t are most frequently used for variables, and, if these 
do not suffice, the Greek letters f, t) and I are called into service. 
When parametric constants are regarded primarily as constants, 


f me ways a superior, notation is occasionally used, 
of Jtmg y=f {x) to denote the single-valued function, we writ^ 
^ economises letters and enables us to write the denendent 

variable by the smgle letter y when the dependence on x is Lt strSfed and 
by the same letter with x in brackets whL the dependence orx betmes 

actual use of the notation in economics see Frisch 
New Methods of Measuring Marginal Utility (1932). ’ ’ 
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the letters a, b, c, , or the corresponding Greek a, p, y, ... , are 
conventionally used. When the parametric property is the more 
in^ortant, it is often useftd to take k, I, m, n, p, q and r, 
or K, A, /i, V and p, to denote the parameters. These remarks 
serve only as general guides ; the context should be sufficient, in 
any particular case, to make clear the nature of the sjnnbols used. 

The letters denoting functions are of different nature &om the 
variable or parametric letters ; they do not denote anything to 
which numerical values can be allotted but stand for the complex 
notion of the form of a function. It is usual to reserve the letters 
/ and g, and the Greek ^ and together with the corresponding 
capitals, for the denotation of functions. It is also possible, for 
greater variety, to add suffixes to the functional letter, A> Ai Aj ••• 
and ^ 2 > ^ 3 > being examples. 

It is, of course, essential to denote different variables, parameters 
or functions by different letters. For example, if we wish to say that 
any implicit function gives rise to two explicit and inverse functions, 
we must symbolise somewhat as follows. From the given implicit 
function / {x, y) = 0, we derive the two functions y = (f>{x) and x = ip{y) 
which are inverse to each other. 

Functions refer to operations performed on variables, and it is 
thus necessary to denote a function, not only with its operational 
or functional letter, but also with an indication of the variable or 
variables to which the operation applies. The notation f{x) for an 
exphcit function makes this clear, the letter / being the fvmctional 
letter and the letter x in brackets denoting the variable to which 
the operation applies. Other operations, such as those of derivation 
and integration, wiU appear later and will be denoted by further 
symbohc devices of the same kind. 

One more notational device remains for consideration, i.e. the 
method of introducing particular values of the variables into a 
general function. Suppose y =f{x) is some exphcit function in which 
we give, to the variable x, definite numerical values such as 
x = 0, ic=|, » = 1. The corresponding values of y are then written 
/(O), /(I), /(I). Further, we can allot values to x which are fixed 
but not specified. Such values of x can be denoted by a, b, c , ... , or 
by the letter x with suffixes or primes added : 

••• X j X f X 


y • • • • 
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The value of y when x is given the fixed value (e.g.) a or tCi is written 
f ia) 0 Tf{Xi). These fixed, but unspecified, values of the independent 
variable are, of course, instances of parametric constants. To illus- 
trate with a particular function, if 

f{x)=x^+3x-2, 

then /(0) = (0)2-i-3(0)-2 = - 2 ; /(|) = (i)2 -t-3(|) -2 = 

/(I) = (1)2 +3(1) -2=2 ; and so on. 

Further, /(a) = + 3a - 2. 

Again, if/(a;, 2/) = 0 is an imphcit function, then /(a, y) = 0 indicates 
an equation to be solved for the values of y corresponding to a:=a, 
and f{x, 6)=0 an equation giving the values of x corresponding to 
y=b. Specific numbers can, of course, be substituted for a or h. 

As an example in the use of the functional notation, consider the 
following operations of which much use will be made later. If a 
and (a +h) are two particular values of a variable x, where a and h 
are any positive or negative values, then /(a) and J{a+li) are the 
corresponding values of a function /(x). The change (or increment) 
in the value of the function corresponding to the given change in x is 

/(a +A) -/(a). 

The change in the function per unit change in x is then 

/(ct +^) -/(g) 

h 

and this is defined as the average rate of change of the function when 
X changes from a to (a +h). The actual changes shown in x and 
f{x) can be positive or negative according as they are increases or 
decreases. 

2.7. The diagrammatic method. 

We have seen that a definite curve referred to selected axes in a 
plane corresponds to each particular function we care to define, and 
conversely. Further, when we are dealing with definite functions 
and curves, the graph„cal method, in which the graph of a function 
or curve is plotted on squared paper, is of great service. But it 
is easily seen that the connection between functions and curves 
remains of the greatest importance when we pass firom particular 
functions to function types. It is reasonable to suppose, and it is in 
fact true, that the curves corresponding to a set of functions of the 
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same type form a class of the same general nature. To a function 
type there corresponds a curve class, and properties common to 
aU functions of the type are paralleled by properties common to aU 
curves of the class. This correspondence is investigated in the branch 
of mathematics known as analytical geometry, where we consider 
what function types correspond to particular curve classes and what 
analytical properties of the functions reflect various geometrical 
properties of the curves. Some accoimt of analytical geometry will 
be given in the following chapter. 

The fimction-curve correspondence would appear to be useless, 
however, when we come to “ arbitrary ” functions of unspecified 
form. All that can correspond to an arbitrary function is an arbi- 
trary curve, and neither graphical methods nor analytical geometry 
avail. But it always happens, in our analysis, that functions, 
though otherwise arbitrary, are hmited by certain general properties. 
It may be, for example, that a function is limited by the conditions 
that it is single-valued, positive and decreasing, or that it decreases 
up to a certain point and then increases. The curve which corre- 
sponds to the function, though stiU largely arbitrary in position, 
now displays sufficient properties to make the drawing of an illus- 
trative diagram worth while. In the first of the above instances, 
the diagram would show a cmwe lying completely above the hori- 
zontal axis and falling steadily from left to right. 

It is here that the diagrammatic method of filiistrating analytical 
arguments becomes important. The least service diagrams can 
perform is to illustrate and check our analytical development. It is 
possible, in some cases where the properties of our functions are very 
definite, to make more positive use of diagrams by employing them 
in conjunction with simple geometrical arguments. But we must be 
careful to avoid mistaking casual properties of the curves in our 
diagrams for essential general ones, and to prevent ourselves accept- 
ing apparently self-evident results without formal proof. 

It is to be noticed that one curve serves to represent a given 
function, whether the latter is expressed in implicit form or in either 
of the inverse explicit forms. We need examine the shape of only 
one curve to illustrate properties of a functional relation between 
X and y, of y as a function of x and of a: as a function of y. To see, 
for example, how many values of y correspond to a given value of x, 

M.A. 


C 



60 


MATHEMATICAL ANALYSIS FOR ECONOMSTS 


and conversely, we look for the number of points of intersection of 
the curve and lines parallel to the axes. The use of the diagram- 
matic method on these lines is illustrated in 2.4 above. 

A minor difficulty in the use of diagrams concerns the fact that 
we can fix the co-ordinate axes in two different ways, even when we 
adopt the estabhshed convention of dravdng one axis horizontal. 
A given curve may look quite different when one variable is measured 
along the horizontal axis than it does when the other variable is so 
measured. Since it is important to be able to recognise the same 
curve however the diagram is drawn, we can indicate here a way in 
which a oiuve shifts when the axes are transposed. Fig. 10 shows 



Fig. 10. 

the curve corresponding to a given function relating x and y, firstly 
when Ox is horizontal and secondly when Oy is horizontal. The two 
positions of the curve are such that one position is the “ reflection ” 
of the other in the bisector of the angle between the axes, i.e. in the 
broken line shown in the figure. Hence, if we start with the curve 
in the first position and rotate the plane containing it through 180° 
about the bisector indicated, the new position taken up by the curve 
is the position with axes interchanged. 

2.8/The solution of equations in one variable. 

As an exercise in the use of analytical methods supported by 
graphs or diagrams, we can consider here the important question of 
the solution of equations, to which many mathematical problems 
reduce. An equation in a single variable x can be written, in general, 
as /(a) = 0, where f{x) denotes some given expression or function of x. 
Our problem, in solving the equation, is to find the value or values 
of X which make the value off(x) equal to zero. 
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The simplest type of equation in one variable occurs when f{z) is 
a polynomial, i.e. the algebraic sum of terms which involve only 
various powers of x, and such equations can be classed according to 
their degree, as determined by the highest power of x involved. 
There are linear equations (of the first degree), quadratic equations 
(of the second degree), cubic equations and so on. A solution of such 
an equation, a value of x which makes the polynomial zero, is 
usually called a root of the equation. The process of finding roots 
of polynomial equations, at least in simple cases, is fully described 
in text-books on algebra. 

The general linear equation is ax-\-b=0 and this has one root, 
a; = - ^ , in aU cases. The general quadratic equation is 

ax‘‘‘ ^bx +c=0, 

of which the solution is known to be 

-b ±Jb^~‘kic 



It follows that there are two real roots if b^>4iac, and no real root 
if b^<4<ic. If b^ — 4cac, then the two real roots coincide and there is 
only one value of x satisfying the equation, which reduces, in this 
case, to a perfect square equated to zero. The formula provides the 
roots indicated in the following examples of quadratic equations : 
2x'^-x-\—Q, a;=-| and x = \, 

a:2-3a;-t-l = 0, « = |(3-fV5) aud »=i(3-.y6), 

x^ +x +1=0, no real roots. 

In the first example, the roots can also be found by a simple process 
of factorising the quadratic expression. 

Cubic and higher degree equations present much more difficulty. 
It is occasionally possible to solve such an equation by factorisation, 
as in the case of the cubic equation 

a;3-2a;^-2a;-t-l=0. 

By trial and error we see that a: = — 1 satisfies the equation. So one 
root is -1 and (a;4-l) must be a factor of the cubic expression. 
Taking out this factor, the equation becomes 

{x -t-l)(a;2-3a:+l)=0. 

The other roots of the cubic are thus those of the quadratic 
. a:^-3a:-f-l=0. 
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The complete solution of the cubic then gives three roots, 
x=-l, x = l{3+j5) and x — l(3-J5). 

In general, however, analytical methods of solving cubic and 
higher degree equations are difficult to devise and will not be con- 
sidered here. Instead we can indicate a graphical method of solving, 
not only a polynomial, but also any given equation. By its nature, 
the method can only produce approximate results, tlie approxi- 
mation being closer the more accurately the graphs are di-awn. The 
following examples suffice to illustrate the method. 

Ex. 1. -2x^ -2x + l =0. 

The gi-aph of the function y =x^ -2x~ -2x + 1 is constructed as shovTi 
in Fig. 11, where (for convenience) different scales for x and y are adopted. 




The roots of the equation are those values of x wliich make y zero, and so 
must be obtained from the points where the curve of the graph cuts Ox. In 
this case, it is seen that the plotted curve cuts Ox in three points and the 
approximate values of the three roots are read off as 
x = -1, a: =0-4 and x = 2-6. 

These are the values, to one decimal place, of the exact roots already 
found. 

Ex. 2. a:3-3a:-3=0. 

Fig. 12 shows the graph of the function y^x^-3x-3, and the curve 
plotted IS seen to cut Ox in one point only where the value of .t is a httle 
greater than 2. The cubic equation has thus only one root v'hich is 
approximately equal to 2.1. 
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Ex. 3. A graphical method slightly different from that of the previous 
examples can also he used. Taking the cubic equation of the last example, 
we can write it in the form 

Fig. 1 3 shows the graphs of the two functions y=oi^ and y = 3a: + 3 , plotted 
on the same graph paper and using the same scales. The first function 
gives a well-known curve and the second a straight line. At any point 
where the curves intersect, the 
values of y are equal, i.e. the corre- 
sponding value of X satisfies the 
given cubic equation. Fig. 13 
shows that there is only one point 
of intersection and that the only 
root of the equation is approxi- 
mately 2*1 (as before). 

Hence, to solve any given 
equation f{x)=0 approximately, 
we need only plot the graph of 
y=f{x) and determine where it 
cuts the axis Ox. Or, we can 
split the equation so that it appears in the form ^{x) = tfi{x), and 
then find the a-co-ordinates of the points where the graphs of 
y = (f>{x) and y = ip{x) intersect. In either of these ways two things 
are determined, the number of the roots of the equation and the 
approximate value of each root.* 

Notice that the fihst piece of information is often of use quite apart 
from the second. If this is all we require, the graphical method can 
be generalised into a diagrammatic method of determining the 
number of roots possessed by an equation of given type. For 
example, any cubic equation can be written in the form 

x^^ax^ +bx +c, 

where a, b and c are constants. The cTurve y=x^ has been plotted in 
Fig. 13. The quadratic function y=ax^ +bx +c (a ^0) is represented 
by a U-shaped curve (known as the parabola, see 3.4 below), which 

* Various numerical methods of improving upon the approximate roots 
obtained graphically have been devised. The best known is that of Homer ; 
see Burnside and Panton, The Theory of Equations, Vol. I (8th Ed., 1918), 
pp. 226 et seq. 
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cuts the first curve either in one point or in three points.* The cubic 
equation, therefore, has sometimes one real root and sometimes three 
real roots according to the values of the coefficients. 


2.9 Simultaneous equations in two variables. 

From a single equation in one variable, we pass now to the next 
simplest case where two equations are given connecting two variables 
z and y. In general, the equations can be written 
/i(«, 2/)=0 and U{^,y)=0, 

where /i and /a denote two given functional expressions. Such simul- 
taneous equations are said to be solved when we have determined 
a pair, or a number of pairs, of values of z and y satisfying both 
equations. The simplest analytical device of solving simultaneous 
equations is to obtain, from one equation, an expression for one 
variable y in terms of the other variable z, and to substitute this 
expression into the second equation. The result is an equation in 
z only, which can be solved in the ways already indicated. The 
following examples illustrate the method. 


Ex. 1. a; + y-3=0 and a;-3y + l =0. 

From the first equation, we obtain y=Z-z, and, on substituting in 
the second equation, we find that z = 2. The corresponding value of 
y = 3-a: = l. The simultaneous equations have the unique solution 
z=2 and y = l. 

The result can be generalised. The general pair of simultaneous linear 
equations 

a^x + biy +C],=0 and a^z + b^y + C 2=0 
has a unique solution : 


^ 1^2 ^ 2^1 


and 


2 / = 


^1^2 ®2^1 


Ex. 2. 2x + y -\=0 stxxd. z^ +y^ -Zxy = 0. 

The first equation is finear and gives y = \-2z. Substituting into the 
second equation and simplifying, we obtain 


7a:3-18a:2+9.r-l=0. 


This cubic equation is foimd, by graphical methods, to have three roots 
which are approximately equal to 


a; =0-2, z=0'45 and a: = l’8. 


* A sunilar result holds when o — 0. Here the second curve is a straight line 
representing y=l)x+c, which again cuts the first curve in one or in three 
pomts. (Cf. Fig. 13.) 
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The corresponding values of y, from y=l-2x, are 

t/=0-6, y=0-l and y= -2-6. 

There are, therefore, three solutions of the given simultaneous equations. 


A direct graphical method can be used to give the approximate 
solution of any specified pair of simultaneous equations, (a;, y) — Q 
and /2 (®> J/) = 0* We plot the graph of each of these imphcit functions, 
using the same pair of axes Ox and Oy and the same scales in each 
case. At any point of intersection of the curves of the graph, the 
co-ordinates give values of x and y satisfying both the equations. 


i.e. give a solution of the simultaneous 
equations. The graph thus teUs us 
how many solutions there are and 
gives us approximate values of x and y 
for each solution. 

To illustrate the graphical method, the 
equations of Ex. 2 above can be used. 
Pig. 14 shows the graphs of the implicit 
functions 

2x+j/-l=0 and a:®-hy®-3a^=0. 
The first curve is a straight line and the 
second a looped curve which has been 
plotted already (in 2.2 above). There 
are three points of intersection, Pj, Pj 
and which provide, by reading off 
the co-ordinates, the three pairs of values 



Fio. 14. 


of X and y given above. 


If the simultaneous equations are not given in specified form, then 
the graphical method breaks down. But a diagram can stiU be 
drawn, in many cases, to indicate the number of solutions, but not 
their numerical values. For example, the solution of any linear 
equation ax-^by +g=0 and the equation x^+y^-^xy=0 can be 
indicated by the points of intersection of some straight fine (repre- 
senting ax -t-6y -f-c=0, as shown in 3.3 below) and the looped curve 
of Fig. 14. There is either a single solution, or three solutions, of the 
simultaneous equations according to the values of a, b and c and the 
position of the straight line. 

It appears that, in general, two equations in two variables x and y 
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provide a “ determinate ” solution, i.e, there is only a definite 
number of pairs of values of x and y satisfying the equations. This 
is a question which will be taken up at a later stage (see 11.6 below). 
We can, however, consider here one objection to the method of solv- 
ing equations as applied (e.g.) in economic theory. It is said that 
a “ circular ” argument is involved when we write two equations in 
two variables x and y ; the first equation gives y as a function of x, 
the second x as a function of y and these are inconsistent. This is an 
argument that has no justification. 

If no relation connects the variables x and y, then each can take 
any value independently of the other and, if they have continuous 
ranges, we have a “ doubly infinite ” set of values of the pair {x, y). 
If one relation is known to exist between x and y, then the number 
of possible pairs {x, y) is much restricted. There is still an indefin- 
itely large number of such pairs but the range is only “ singly 
infinite ”. Finally, if another relation is kno^vn and added to the 
first, the possibihties are stfil further restricted and, except in odd 
cases, there is only one or a finite number of possible pairs {x, y). 
In this case, x and y are said to be determined. In diagrammatic 
terms, a pair of values of x and y is represented by a point P in a 
plane. If no relation between x and y is given, P can move at will 
over the plane. If one relation exists between x and y, then P can 
move only in a restricted way, i.e. along the curve representing the 
relation. If two relations between x and y are given, the possible 
positions of P are confined to the points of intersection of two curves 
and they are, in general, only of finite number. 

To take a concrete “ apphed ” example ; if the output x of an 
industry is known to be related to the price p of the commodity by 
a demand relation (giving the amounts the market would take at 
various prices), then the possible values of x and p are hmited but 
still indefinitely large in nmnber. But, if we also know that the out- 
put is related to the price by a supply relation (giving the amounts 
the industry would offer at various prices), the values of x and p are 
much more limited and there is, in general, only one or a few pairs 
of values possible. Here we say that output and price are deter- 
mined. The two relations of demand and supply are independent 
of each other, and neither alone determines both output and price. 
There is no circular argument. 
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EXAMPLES n 


Functions and graphs 


1. A railway ticket is in the form of a rectangle ABCD with sides AB = 2 
inches and BG = 3 inches. The comer D is clipped ofi by cutting along the 
line EF, where E lies on GD and F on AD so that GE = \AF. Denoting GE 
by X inches, find the area of the clipped ticket as a function of x and represent 
it graphically. 

2. A variable point P is taken on a semicircle drawn on the diameter 
AB =4 inches. PN is perpendicular to AB and N isx inches along AB from A. 
Find the length of PN in terms of x. Deduce the area of the triangle APN as 
a function of x, and plot a graph of the function for 0 <a: <4. 

3. A beam has a rectangular cross-section of sides x and {x + 2) feet and 
its length is y feet. Find y as a function of a; if the volume of the beam is 
100 cubic feet, and represent graphically. 


4. The appended table shows a simple way of obtain- 
ing values of the quadratic function y — 2x--2x-¥l. 
Extend the table to give the values of the fimction for 
integral and half-integral values of x from - 3 to +3, 
and plot a graph of the fimction. Find an explicit ex- 
pression for a: as a function of y and deduce that two 
values of x correspond to each value of y >^. Examine 
the cases where y^\- 


X 

1 

2 

2x^ 

2 

8 

-2x 

-2 

-4 

+ 1 

1 

1 

y 

1 

6 


5. Plot a graph of the function y =5x -2x^. Show that y has a greatest 
but no least value. Locate the greatest value as accurately as you can fi:om 
the graph. Between what values of a; is y positive? 


6. Graph y =2* - 1 -i — for positive values of x, and show how the graph 

X 2 

can be obtained by the addition of those of y =2® - 1 and y =- . Establish 
that y is always positive. ® 


7. Plot a graph of y = 


2x 

- — - for positive values of x, and show how the 
•0* *4" J- 

graph for negative values of x can be deduced. What are the greatest and 
least values of y? Explain what happens to the value of y as a: is increased 
indefinitely. 


8. A single man earns £x a year. TTis taxable income, obtained by 
deducting one-fifth of the total income plus his personal allowance of £100, 
is taxed at 4s. 6d. in the £, except that the first £175 is taxed at only half the 
full rate. If the tax is equivalent to y shillings in the £ of original income, 
show graphically the variation of y for incomes between £100 and £1000. 

New regulations are introduced whereby the first £135 of taxable income 
is taxed at one-third of the standard rate and the rest at the full rate. Plot a 
new graph (on similar lines) and compare the new values of y with the old 
values. 


2x + 1 

9. Find the function inverse to y = ip and show that it is single-valued. 

Represent graphically, and give some account of the behaviour of the graph 
in the neighbourhood of a: = 1 and of y =2. 


10. A chord of a circle of radius 3 inches has length x inches and is distant 
y inches from the centre. Find a relation between x and y. Express y as an 
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explicit function of x and x as an explicit function of y. Are these functions 
single-valued or not ? 

11. Obtain an explicit expression for the function inverse to y=x + - and 
show that it is not single-valued. 

12. By selecting a sufficiently large number of values of x and finding the 
corresponding values of y, indicate that the function y = 3a:’ -f 3a:“ -f a: - 1 is 
monotonic. Does y increase or decrease as x increases ? Illustrate graphically. 

13. Show that x^+bx+c can be written in the form (a; -4c), 
and deduce that y =x^ + bx +c has a least value when x = - \b but no greatest 
value. Hence indicate the general shape of the ciuwe y =x- + bx +c. WTiat 
is the condition that the curve lies entirely above the axis of a:? Consider the 
curve y= -a:“-t-&a;-t-cina similar way. 

14. Combine the results of the previous example to indicate the nature of 
the curves represented by the general quadratic equation y =ax'^ ■‘rbx + c. 
Show that the curves are of the same type and can be divided into two groups, 
one group consisting of curves with a lowest but no highest point, and the 
other group of curves with a highest but no lowest point. 

15. A ball, thrown vertically into the air with a given velocity v, reaches 
a height x after time t. It is known that x is the difference between two 
independent factors. The first is the effect of the initial velocity v and is 
measured by v times t. The second is the effect of gravity and is represented 
by a constant times Express a: as a function of t involving the two 
parameters v and g. Taking g =32, find the height of the ball after 4 seconds 
if the initial velocity is 76 feet per second. 

16. The volume of a rectangular box of sides x, (a;-<-l) and {a;-f-2) inches 
is y cubic inches. Of what type is i/ as a function of a;? Generalise to give the 
volume when the smallest side is x inches and the other sides are respectively 
a inches and b inches longer. Arrange the function to show its type and its 
dependence on the parameters a and 6. 

17. Write down the general symbolic form for j/ as a cubic polynomial 
function of x, and show that functions such as y=x^, y = l -x^, y=x{l +x^) 
and 2 / = (a; -f 1) (x -1- 2) (r -t 3) are all included. 


18. How many parameters are needed to describe the general cubic 
functional relation between x and y1 Show that the general expression 
includes such simple fimctions as 



a; -t- 1 
a;(x - 1) 


and 


y* =a; 

X 


19. Show that the function type represented by i/ = 


ax + b 


where a, h, c 


cx +d' 

and d are parameters, is a particular case of the general implicit quadratic 
function. Deduce that this type is such that both inverse functions are 
single-valued and of the same type. 


20. Find the values denoted by /{ -1), /( -^), /(O), /(^) and /(I), when 
(a) /(x) = 2x 3, (6)/(x) (c)/{x) =2x* -4x -t-3 . Explain why 

f[-h) cannot be defined in the second case and/(0) in the last case. 


81. H/(x) = 


X® -t 3x - 2 
x^+2x+4:’ 


express f(2a) in terms of a. 
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22. Show that, for the function f(x)=l -2a:® + 3a:*, we have /( -o)=/(a) 
for all values of a. Indicate that this is true of any polynomial containing 
only even powers of x. 

Further, if/(a:) =2x + 5x^ -x‘, show that/( -a) = -f{a) for any value of a. 
For what general polynomial function of x is this relation valid? 

23. Find the value of /f-) in terms of a, when f{x)=x^ + 3x~2 and 

when /(a:) =-^^j — — . In the latter case, show that / ( - ) =f{a) for any 

J. “ ^3/ \CL/ 

value of a. 

24. Find the value of f{a +h) in terms of a and h when f{x) =- , f(x) =x^, 

^ ^ 

/(x) =1 - 2x‘ and / (x) = jr = . Deduce an expression for the “ incrementary 

ratio ” + ^ 

/(a+h) -f(a) 
h 

in terms of a and h in each case. 


25. Find y as an explicit fimction of t when y =x^ +3x-2 where a: = 1 + < 


and when y = l -x^ where x — 


t - 1 

2?+r 


26. Obtain a relation between x and y when it is given that x=t* and 
j/=2(. Plot a graph of the relation by giving various values to t. 

27. The variables x and y are both given functions of t and, by eliminating 
t, an implicit function relating x and y is found. Obtain the relation in the 
following cases : 

(o) ®=^(^ + 2), y^t(t-l). 


28. A wooden letter tray is in the form of an open rectangular box, of which 
the base sides are respectively twice and three times the depth. Express the 
volume of the tray and the area of wood used as functions of the variable 
depth of the tray. Deduce a relation between the volume and area of wood. 
Wliat is the volume if 4 square feet of wood are used in the construction of the 
tray? 

The solution of equations 

29. By writing factors, find the roots of each of the equations - 3a: + 2 = 0, 
2a;’ + 6a: + 2 = 0, 6a:’+a;-2=0, a:’+6a;’ + llx + 6=0 and 2a:’ - 6a:’ +a: + 2 =0. 
In the first three cases, check your results by means of the formula for the 
general solution of a quadratic equation. 

30. From the general formula, solve the quadratic equations a;’ + 2a; — 3 = 0, 
a;’ + 2a; + 3 = 0 and 3a:’ - 7a; - 3 = 0. 

31. A beam has a rectangular cross-section of sides x and {x + a) feet and a 
volume of b cubic feet. If the length of the beam is c feet, show that algebra 
indicates that there are two possible values of x, one of which does not “ fit ” 
the problem. Find an expression for the solution in terms of the parameters 
a, h and c. 

32. Show that each of the cubic equations a:’ -f-6a:’ -t-4a: -4 =0, a:’ + 1=0, 
and 2x’ +®’ — 9x — 2 = 0 has one integral root. Hence, complete the solution 
of each equation. 
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33. By graphical methods, find the number and the approximate values of 
the roots of each of the equations : 

(a) x^+x^-2x-l=0, (b) x^-2x-5=0, (c) x^ -3x^ -1 =0. 

34. Verify the approximate solutions of the previous example by plotting 
graphs of 

(a) y=- andy=x^+x-2, (b) y =x^ and y =2x + 5, (c) y=x^ and y=^—^. 

35. Show graphically that the equation x^ -7x + 7 —0 has two positive 
roots almost equal in value, and evaluate them approximately. 

36. Find the approximate values of the roots of x^ — 12a: +7 =0 and of the 
negative root of x* - 12x^ + 12a: — 3 =0. 

37. By considering the forms of the general curves representing 

2 / =aia:^ + 02 ®“ P— — 

where the coefficients are constants, show that the general quartic equation 
must have either four, or two, or no real roots. 

38. By algebraic methods, solve each of the following pairs of simultaneous 
equations : 3x + Gy = 1 1 and Qx - 30y +41=0; 2x - y + 3 = 0 and xy =2 ; 
X - 2y + 1=0 and x^+y^=Q. 

39. Find the solution of the general pair of linear equations 

aiX+biy+Ci =0 and a^x +b2y +O2=0. 

Oj h 

Show that the solution fails only when — = -1 , Illustrate this case of failure 
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by attempting to solve the equations 2x - y + 3=0 and 4a; - 2y + 5 = 0. What 
is the graphical reason for the case of failure? 

40. How many solutions are to be expected in each of the types of simul- 
taneous equations : (o) a:y = 1 and ax+by +c=0, (b)xy = \ and y = oa:* +bx +01 
Find, by graphical methods, the approximate solutions of 

xy = l and y=5x-2x^. 

41. The prices per bushel of wheat and rye are pi and respectively. The 
market demand for wheat is given by a;i =4 - lOpi + 7 ja 2 and for rye by 
a ;2 = 3 + 7pi - bp^. The supply of wheat is related to the prices by the relation 
®j =7 +Pi -p 2 and the supply of rye by the relation a ;2 = - 27 —pi + 2 ^ 2 - Find 
the pair of prices which equate demand and supply both for wheat and 
for rye. 

42. In the problem of the previous example, a tax of ti per bushel is im- 
posed on wheat producers and a tax of per bushel on rye producers. Find 
the new prices for the equation of demand and supply (substituting Pi — ti for 
Pi and P 2 — for p^ in the supply relations above). Show that the wheat price 
increases by an amount ^ (Gta - (j) and the rye price by an amount ^ ( 14 t 2 - Stj). 
Deduce that 

(а) a tax on wheat alone reduces both prices ; 

( б ) a tax on rye alone increases both prices, the increase in the rye price 

being greater than the tax. 

(See Hotelling ; Edgeworth’ s Taxation Paradox, Journal of Political 
Economy. 1932, especially pp. 602-3.) 



CHAPTER III 


ELEMENTARY ANALYTICAL GEOMETRY 
3.1 Introduction. 

We propose, in the present chapter, to follow up a line of develop- 
ment already indicated (2.7 above) and examine, in some detail, the 
relation between function types and curve classes. Our investi- 
gations belong to what is termed “analytical geometry” and our 
method is to take certain well-known classes of curves in turn, deter- 
mining what type of function corresponds to each class. We have 
then an analytical method of treating the geometrical properties of 
the curves and a diagrammatic method of illustrating analytical 
properties of the functions. 

Three simple, but essential, formulae must first be established. 
Two fixed points have co-ordinates P{ai, yi) and Qix^, referred 
to rectangular axes fixed in a plane Oxy. Then : 

(1) The distance between P and Q is -Jix^- +{yz ~ 

(2) The mid-point between P and 
Q has co-ordinates 

Vi +y2 \ 

\ 2 ’ 2 / 

(3) The point which divides PQ 
in the ratio p : q has co-ordinates 

[ qx^+px^ ^ gj/i +py^ 

\ p-l-g ’ P+l / 

The proofs of these formulae, in- 
volving quite simple geometrical 
notions, make use of the notation 
of Eig. 16 and apply no matter what positions the fixed points P 
and Q take up in the plane. 
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(1) Pythagoras’ Theorem, applied to the right-angled triangle 
PQN, gives 

PQ2 =PK^ +KQ^ = (*2 - +{y2 - 2/l)^ 

PK=LM = 0M -OL=Xi- 
EQ=MQ-MK=MQ-LP=y 2 -yi. 
PQ=J{x^-x,Y+{y2-yi)^- Q-®-®- 

(2) If R is the mid-point of PQ, then a well-lmo\vn property of 
parallel lines tells ns that N is the mid-point of LM, i.e. LN =NM. 
If the co-ordinates of R are (x, y), then 

LN=ON -OL=x-Xi and NM =0M -ON =X 2 -x. 

So ^ “ ^2 

2x=Xi +x^. 

fti. 4 -.r_ 

Hence, 


smce 

and 

Hence, 


i.e. 


X- 


, and similarly > 

2 ^ 2 Q.E.D. 


(3) If P divides PQ in the given ratio p : q, then 

LN _ PR _p 
NM~RQ~ q' 

and, if the co-ordinates of R are (x, y) so that 

LN—x-x^ and NM =X 2 -x, 
x-x^ p 


then 


X — 


' 9 

qxj^ +pxz 


P+9 
m +P2/2 


Simplifying, we obtain 
and similarly 

p +q Q.E.D. 

Formula (2) is a particular case of formula (3) with pz=q = \. It 
is interesting to notice the connection between these results and the 
notion of an average. The mid-point between P and Q is a kind of 
simple average point and each of its co-ordinates is the simple 
average of the corresponding co-ordinates of P and Q. In the same 
way, the point R dividing PQ in the ratio p : is in the nature of a 
weighted average point between P and Q. Each of its co-ordinates 
is the weighted average of the corresponding co-ordinates of P and 
Q, P B co-ordinates being weighted with q and Q’b with p. In fact, 
the larger is q relative to p, the nearer is R to P, and the larger is the 
weight of P’s co-ordinates in those of R. 
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The co-ordinates of the origin 0 are (0, 0). If P {x, y) is any fixed 
point, the following are particular cases of the above results : 

(1) The distance OP = ‘Jx^ +y\ 

(2) The mid-point of OP has co-ordinates (lx, \y). 

(3) The point dividing OP in the ratio •p : q has co-ordinates 

I yy \ . 

\y +q’ y +qj 

3.2 The gradient of a straight line. 

The simplest curve class is the class of straight lines.* A straight 
line is fixed if two points on it are specified. We can, therefore, 
speak of the straight line PQ, P and Q representing two fixed points 
on the hne, but we must always remember that the straight line 
extends indefinitely in both directions. 



A most important property of a given straight line is its direction 
relative to a pair of fixed axes Ox and Oy, defined by means of the 
angle a (e.g. in degrees) that the line makes with the positive 
direction of the horizontal axis Ox. If the angle a is acute, the line 
slopes upwards from left to right ; if a is obtuse, the line slopes down- 
wards from left to right. The angular measure of the direction of 
a line, however, is not metrical. It is, therefore, inconvenient 
for most analytical purposes and a metrical indicator of direction is 
needed. Such an indicator is readily provided by making precise 

* A straight line is a locus of points in a plane and thus a curve. It can, 
however, be regarded as the “ limiting ” case of a curve which does not 
“ ctuve ” at all. 
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our everyday notion of a “ gradient We say, for example, that a 
railway track has a gradient of 1 in 10 if it rises one yard vertically 
for every ten yards horizontally. With the notation of Fig. 16, 
the straight line PQ “rises” a distance NQ over a “horizontal” 

NO 

distance PN. The ratio measures the amount of the rise per 

imit horizontal distance and can be called the gradient of the line. 
Hence : 

Definition : The gradient of the straight line PQ referred to the 
axis Ox is the ratio of NQ to PN. 

Here P and Q are any two points on the straight line and N is 
the point where the parallel to Ox through P cuts the parallel to 
Oy through Q.* 

It is clearly essential that the gradient should depend only on the 

direction of the straight line 
and not on the positions of 
the points P and Q selected to 
express it. This point needs 
investigation. Let P' and Q' 
be any other pair of points 
on the given line. Then, from 
Fig. 17, PQN and P'Q'N' are 
similar triangles, and a well- 
known geometrical property of 
such triangles gives 
NQ_N'Q' 

PN P'N’’ 

The ratio is thus the same for all selections of P and Q. Exactly the 
same result follows if P' and Q' are any points on a hne parallel to 
PQ. Hence, the gradient of a line depends only on its direction and 
aU parallel lines have the same gradient. 

It must be stressed that the lengths NQ and PN of the gradient 
ratio must be given signs according to the usual conventions. It is 
easily seen that the gradient of a line sloping upwards from left to 

* The gradient is sometimes referred to as the “ slope ” of the line. If a is 
the angle the line makes with the axis Ox, then the gradient is the trigono- 
metric tangent of a, i.e. gradient = tan a. 
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right is positive and that the gradient of a downward sloping line 
is negative. In the first diagram of Fig. 16, where the line slopes 
upwards, NQ and PN are both positive and the gradient is positive. 
In the second diagram, where the line slopes downwards, NQ is 
negative and PN positive, i.e. the gradient is negative. 

Finally, we can show how the magnitude of the gradient indicates 
the steepness of the line. Since all parallel lines have the same 
gradient, we can draw fines through 
0 for convenience and Fig. 18 shows a 
number of such fines sloping upwards 
with increasing steepness. The points 
-^21 -f*3J ••• are taken on the fines 
with the same abscissa 031. Then 

MP, MP. MP. 

031 ^ 031 ^ 031 ^’"’ 

i.e. the gradient of the fine increases 
as the fine becomes steeper. In the 
same way, if a fine slopes downwards, 
its gradient is negative but increases 
numerically as the fine becomes steeper. The following results are 
thus established : 

(1) The gradient of a line is a metrical indicator of its direction, all 

parallel fines having the same gradient. 

(2) A fine sloping upwards from left to right has a positive gradient, 

and a downward sloping fine a negative gradient. 

(3) The steeper the fine, the larger is the numerical value of its 

gradient. 

Two limiting cases arise when a given fine is parallel to one or 
other of the axes of reference. In Fig. 18, as the fine becomes less 
steep and tends to coincide with Ox, the gradient decreases and tends 
to zero. Again, as the fine becomes more steep and tends to coincide 
with Oy, the gradient increases indefinitely.* Hence, the gradient of 
a line parallel to Ox is zero and the gradient of a line parallel to Oy is 
indefinitely large. -J 

The angle between two given straight fines is independent of the 

* In the terminology of the following chapter, the gradient “ tends to 
infinity ”, and the gradient of a line parallel to Oy is “ infinite 




66 MATHEMATICAL ANALYSIS FOB ECONOMISTS 

positions of th.6 linos as long as the gradients are fixed. In particular, 
the conditions that two lines are parallel or perpendicular involve 
only the gradients of the lines. If and m 2 are the gradients, then 
the lines are parallel if m^=m 2 S'lid perpendicular if 7% x 7/12= — 1 . 
The first of these results needs no further proof ; we have seen that 
parallel lines have the same gradient. The proof of the second result 
proceeds : 

In Fig. 19, P and Q are two points with the same abscissa OM on 
two perpendicular lines drawn, for convenience, through the origin. 
The triangles OMP and QUO are similar and, since MP and MQ are 

necessarily lengths of opposite sign, the ratio 
of MP to OM equals minus the ratio of OM 
to MQ. Hence, 



MP MQ 

X 


-1 or m^xm 2 = -1. 


OM OM 
The condition can also be written 


mj= -■ 


or m 2 = , 


mg Wi 

i.e. perpendicular lines are such that the 
gradient of one is minus the reciprocal of 
the gradient of the other. 


3.3 The equation of a straight line. 

A straight line is fixed in position if two things, e.g. two points on 
the fine or one point on the fine and the gradient, are known about 
it. Our problem now is to find the equation of the line referred 
to some selected axes of reference, i.e. the relation between the 
co-ordinates of a variable point on the fine. 

A fine passes through the fixed point P with co-ordinates {x^, yf) 
and its gradient is known to be m. Then, from Fig. 16, 

^_NQ MQ-LP y-y, 

PN OM-OL~x-x^' 

for any position of a variable point Q {x, y) on the fine. Hence, 


The equation of the straight line with gradient m passing through 
the fixed point (x^, y^) is 


y -yi=m{x-xf). 


( 1 ) 
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Next, suppose that the line with equation (1) also passes through 
a second fixed point with co-ordiuates (xj, y^. These co-ordinates 
must, therefore, satisfy the equation, i.e. equation (1) holds when 
*2 is substituted for x and for y : 

ys-yi=m{x^-xj) or 

Hence, 


The gradient of the straight line passing through the two fixed 
points {Xi, yj) and (agi 2 / 2 ) is and the equation of 

the fine is ' 

( 2 ) 

*^2 “*‘1 

The equation (2) can also be shown to be algebraically equivalent to 
the alternative form 

y~y2=^^—^(x-Xz). 

X2-X1 

Attention is drawn to the values m, x^ and X 2 appearing in the 
equation (1), and to the values * 2 , yi and yj in the equation (2). 
For any given line, these values must be fixed but, by varying the 
values, different lines are obtained. The values are, in fact, para- 
meters and the equation (1) or (2) is a function type representing the 
whole class of straight lines. Various sub-classes of the complete 
class of lines are obtained by varying the parameters in defined 
ways. For example, if the point (Xi, y^) is kept fixed and the para- 
meter m varied, the equation (1) represents a set of lines of varying 
gradient aU passing through a fixed point, a set technically known 
as a “ pencil ” of lines. Again, if to is fixed and the point (Xj^, yi) 
varied, we obtain a set of parallel lines with a given gradient to. 

The equation of the straight line, in form (1) or (2), is seen to be 
of the “ linear ” type, i.e. x and y appear only to the first degree. 
The converse is also true and any linear relation between x and y 
represents a straight line. The relation 

ax+by-\-c = 0 (3) 

can be written* 



* This arrangement of the relation holds, provided that 6=t=0. When 6 — 0 
we have a straight line parallel to Oy (see below). 
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On comparison with the equation (1), we see that (3) must represent 

a straight line of gradient - 1 and passing through ( - o) • So, 


The equation ax +by +c = Q always represents a straight line and 
the equation of any Kne can be written in this form. 

There is, therefore, a perfect correspondence between the class of 
straight lines and the linear functional relation. 

We have shown, incidentally, how the gradient of a straight line 
can be determined from the equation of the line. The gradient of 

the line with equation (3) is given by i.e. the gradient is minus 

the ratio of the coefficients of x and y when the equation is written 
with both terms on the same side. It follows that 

cqa; +Ci = 0 and a^x +b^y +0^ = 0 


represent parallel lines if 


■fix' 




, i.e. if 


bz 

and perpendicular hnes if ^ 


cqcia +b]b2=0. 

For completeness, we must examine the cases where a line is 
parallel to one or other of the axes. It is easily seen that the equation 
of a line parallel to Ox is of the form y= constant, and the equation of a 
line parallel to Oy is of the form x=consiant. This follows since the 
j/-co-ordinate of any point on a line parallel to Ox has the same 
value as the 7/-co-ordinate of any other point on the line, and simi- 
larly for the a;-co-ordinates when the hne is parallel to Oy. The 
results can also be derived from the equation (1). A hne parallel to 
Ox has gradient m equal to zero and so its equation is 


y-yi=0 or constant. 

A hne paraUel to Oy has an indefinitely large gradient. The equation 
(1) can be written in the form 
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and, when the value of m is increased indefinitely, the equation tends 
to assume the form 

x-o(^ = 0 or a; =a^ = constant, 

which is the equation of a line parallel to Oy. Notice, also, that the 
equation (3) represents a line parallel to Ox when a = 0 and a line 
parallel to Oy when 6=0. The axes themselves are straight fines 
with equations y = 0 (the a;-axis) and x = 0 (the y-axis). 

EinaUy, the equation of a straight fine passing through the origin 
with gradient m has equation y =mx. So, the equation (3) represents 
a fine through the origin if c = 0, when it appears in the form 

ax +by=0. 


3.4 The parabola. 

A parabola is a curve defined as the locus of a point which is 
equidistant from a given point S and a given fine d in a plane. The 
point S is called the fociis, the line d is called the directrix and the 



fine KS perpendicular from (S' to d is called the axis of the parabola. 
The distance of S from d {SK) is denoted by 2«, where a. is some given 
constant. The general form of the parabola is shown in 'Eig. 20. The 
curve is symmetrical about its axis KS and must pass through the 
mid-point of KS, called the vertex V of the parabola. 

A whole set of different parabolas are obtained by varying the 
positions of S and d ; the general shapes of all parabolas are similar 
but the particular position and shape of a parabola depend on the 
location of S and d. The most important thing distinguishing one 
parabola from another is the distance of S from d, i.e. the value of 
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the parameter a. If a is small, then S is close to d and the parabola 
is elongated as shown in the first curve of Fig. 20. If a is large, then 
S is distant from d and the parabola is fiat as shown in the second 
curve of Fig. 20. 

The equation of a given parabola can be obtained when the axes 
of reference are selected. We propose, here, to select the axes in such 
a way that the axis of the parabola is vertical, i.e. parallel to Oy. 

The position of the origin is 
still at choice and it is found 
that the simplest result is 
obtained when the origin is 
taken at the vertex of the 
parabola. In this case, the 
equation of the parabola is 
derived as follows. 

Take axes of reference as 
shown in Fig. 21 and suppose 
that the focus S is above the 
vertex of the parabola. The 
point S has co-ordinates (0, a) and the line d is parallel to Ox and a 
distance a below it. If P is any point {x, y) on the parabola, then 
the definition of the curve gives SP = MP. But 

SP = Jx^ +{y - a)2 and MP =NP +MN =y +a. 

So, +(y — a)® = (?/ -f a)^ 

and this, on reduction, gives the equation of the curve in the form 



On the other hand, if S is below the vertex, the co-ordinates of S 
are (0, - a) and d is parallel to Ox and a distance a above it. An 
argument exactly similar to that given above then shows that the 
equation of the parabola is 



The following result is thus established : 

The equation of a parabola Vfith axis vertical and vertex at the 
origin of co-ordinates is y—ax^ where a is some constant. 
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The sign of the constant a indicates the position of the parabola. 
If o is positive, the axis of the parabola points upwards (as in Fig. 
20) ; if a is negative, the axis of the parabola points downwards. 
The numerical value of a is the reciprocal of twice the distance of S 
from d. If a is large, then S is near d and the parabola is elongated ; 
if a is small, S is distant from d and the parabola is flat. 

Suppose, now, that the axes are selected so that the vertex of 
the parabola has co-ordinates (f, ij), the axis of the parabola being 
parallel to Oy as before. Then, if S lies above the vertex, the co- 
ordinates of S are (|, -g + a) and the directrix d is parallel to Ox and 
a distance {tj - a) above it. If P is any point (x, y) on the parabola, 
the condition that P is equidistant from S and d gives 

J{x-^)" +{y--q-a.Y = y-{y-cc). 

On squaring each side of this equation and expanding, we obtain 
{x-i)~ + {y -r])^ -2oc{y -7]) +a.^ = {y -7j)^ +2cc{y -Tj) + 

i.e. 

Similarly, if S lies below the vertex, the equation is 

So, 

The equation of a parabola with axis vertical and vertex at the 
point (I, 7])iB {y-7j)=a{x- 

The constant a is to be interpreted, in sign and magnitude, a® 
before. The only difference between this general form of the equation 
of a vertical parabola and the previous simpler form lies in the sub- 
stitution of (a: - for x and {y - rf) for y. Wlien f =•>? = 0, the vertex 
is at the origin and the general case reduces to the special case. 

The most important feature of the general equation of a vertical 
parabola is that it gives y as a quadratic function of x. The converse 
of this is also true. The general quadratic function 

y^ax^ -hbx +c 

can be written (by completing the square in a:) in the form 

f 6 6® — 4ac 
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i.e. 



6® _ 4fl!c 

4a 



Comparing this with the equation of the parabola above, we deduce : 


The equation y—ax^ +bx+c, for any values of the constants a, b 
and c{a^0), represents a parabola with axis vertical. 


The constant a is to be interpreted exactly as before and the vertex 
of the parabola is at the point with co-ordinates 

/ 6 b^ - 4ac\ 

\ 2a’ 4a ) ' 

There is, therefore, a correspondence between the quadratic function 
type and the class of parabolas with axis vertical.* 


3.5 The rectangular hyperbola. 

A rectangular hyperbola is a curve which can be defined as the 
locus of a point the product of whose distances from two fixed per- 
pendicular lines is a positive constant ofi. The fixed fines are called 

the asymptotes and their point of 
intersection the centre of the rect- 
angular hyperbola. A convention 
is required regulating the signs 
to be allotted to the distances 
of a point on the curve from its 
asymptotes. Here, we draw one 
asymptote horizontally and the 
other vertically, taking distances 
above the first asymptote and to 
the right of the second as positive. 
The general form of the curve is 
shown in Fig. 22. There is one 
portion of the curve in the positive 
(or N.E.) quadrant of the plane, and, as a point P moves along thia 
portion to the right, the distance PM from the horizontal as 3 nnptote 

* The quadratie function and its graphical representation have been con- 
sidered in the previous chapter (e.g. Ex. 1 of 2.2). From our point of view, 
parabolas are important because they represent such a simple and useful 
function type as the quadratic. 
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decreases in the same proportion as the distance PN from the 
vertical asymptote increases. The area of the rectangle ONPM 
remains constant {(P), and the curve approaches but never cuts the 
asymptotes. There is a second portion of the curve, exactly similar 
iu shape, in the S.W. quadrant. 

A whole set of different rectangular hyperbolas is obtained by 
varying the positions of the asymptotes and the value of the constant 
a*. The general shape of all curves is the same but the particular 
shape of one curve, when the 
asymptotes are fixed, is de- 
termined by the value of 
a?. Eig. 23 (where, for con- 
venience, only the portions 
of the curves in the positive 
quadrant are drawn) shows 
a set of different rectangular 
hyperbolas corresponding to 
the values of cP indicated. 

In obtaining the equation 
of a rectangular hyperbola 
here, we take the co-ordinate 
axes parallel to the asymp- 
totes of the curve, only the 
position of the origin being at choice. The simplest case arises 
when the origin is taken at the centre of the curve, i.e. when the axes 
are the asymptotes. If P is any point [x, y) on the rectangular 
hyperbola in this case, then in Fig. 22 

NP^MP = oi\ 

But, NP = OM =x and MP = ON =y. 

So, xy=cP, 

The equation of a rectangular hyperbola referred to its asymptotes 
as axes is xy=ofi, where cP is a constant. 

The equation can be written w = — or a:=— , showing that j/ is a 

X y 

single-valued decreasing function of x, and conversely. 
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In the general case, where the asymptotes are parallel to the axes 
and the centre of the curve is at the point rj), the distances of 
any point (x, y) on the rectangular hyperbola from the asymptotes 
are seen to be {x - and {y - rj) respectively. The equation of the 
curve is then provided by the condition that 

The equation of a rectangular hyperbola with asymptotes parallel 
to the axes and centre at the point (^, -q) is {x -^){y - r])=a!‘. 


This general form is only different from the previous special case 
in that {x - i) replaces x and (y -tj) replaces y. When ^ =7^ =0, the 
centre is at the origin and the special form is obtained. 

The general equation of the rectangular hyperbola in the form just 
obtained is found to give y as the ratio of two linear expressions 
in X, y being a single-valued decreasing function of x. Similar 
remarks apply to x as a function of y. The converse is also true. 
The function t3q)e 

OiX -t-6, 

y=— r 

a^x -t-02 

can be written in the form 


{a^x +b2)y- (OiX +bi) =0, 


i.e. 


xy- 



^2 



On factorising, this reduces to the form 



~ ^^2 


G/n 


Comparing this with the above equation of the rectangular hyperbola, 
we deduce : 


“f* 6 

The equation y= for any values of the constants 

Cl^ "rOa 

represents a rectangular h3q)erbola with asymptotes parallel to the 
co-ordinate axes. 


The centre of the curve is at the 



— , — The class of 
®2 ® 2 ' 
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rectangular hyperbolas, with asymptotes parallel to the axes, is in 
correspondence with a simple algebraic function type.* 


3.6 The circle. 

A circle is the locus of a point which moves at a constant distance 
from a fixed point. The fixed point is the centre and the constant 
distance the radius of the circle. The circle is a curve discussed in 
aU elementary geometries and needs no description here. It can be 
stressed, however, that there is a whole class of different circles 
obtained by varying the position of the centre and the length of the 
radius. 

A circle is symmetrical about any diameter. The choice of the 
origin, therefore, is more important than the direction of the axes 
in obtaining a simple equation of a given circle. If the origin is 
taken at the centre of the circle, the equation of the circle is found 
(by the method described in 2.3) to be 

where a is the radius. This is the simplest equation possible for the 
circle. Similarly, if the centre has co-ordinates (^, tj) referred to the 
selected axes, the equation of the circle is 

{x-^Y +{y —qf=a\ 

This is the general equation of a circle. 

If the squares in this latter equation are expanded, the equation 
of a circle is seen to be a quadratic relation between x and y of such 
form that the coefficients of x^ and y'^ are equal and the term in xy 
absent. The converse of this result is also true. By completing the 
squares in both x and y, the quadratic relation 

a:^ +y 2 ^ax +by +c = 0 
can be written in the form 

{x +\aY -i-(7/ +\bY=\{a^ +6® -4c). 

• Our expression of this result is not quite complete. The function type 
only represents a rectangular hyperbola of the form considered if (oj6i — Oi&j) 
is positive. If that quantity is negative, the curve represented by the function 
type is of the form -■q)= - a}. This is a recta,ngular hyperbola lying 

in opposite quadrants of the plane to that shown in Fig. 22. 

The function tjpe represented by a rectangular hyperbola (i.e. the ratio of 
linear expressions) will be considered particularly in the following chapter (see 
Ex. 7 of 4.2). 
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The equation thus represents a circle with c entre at th e point with 
co-ordinates ( - - \b) and with radius -f 6^ - 4c. 

This statement, however, needs some qualification. It is only 
when c<\{a^ +b^) that the radius has a definite and positive value. 
If c = +62), the radius is zero and the circle reduces to a point. 

If c>J(a2+62), the square of the radius is a negative quantity, 
i.e. no real radius or circle exists at all. In this last case, the locus 
represented by the equation contains no points whatever. Hence, 

If c<l{a^+b% the equation +y‘^ ->rax +by +c = 0 represents a 

definite circle with centre at the point ( — \a, — \b) and with radius 
+62 -4c. 

3.7 Curve classes and curve systems. 

We can now pass to a number of more general considerations in 
the field of analytical geometry. The curves we have discussed 
belong to particular curve classes, the class of straight fines, of 
parabolas, of rectangular hyperbolas or of circles. In each case, an 
equation has been derived to represent the whole curve class and the 
equation is a particular function type involving certain parameters. 
Analytical geometry, in fact, is simply the study of curve classes in 
relation to the corresponding function types, and, if a definite curve 
of a certain class is given, we need only substitute the appropriate 
values of the parameters in the corresponding equation or function 
type. Our results can be summarised : 


Curve class 

General equation 

Straight fines ...... 

ax + by + 0 = 0 

Parabolas (axis vertical) .... 

y =ax^ + bx + c 

Rectangular hyperbolas (asymptotes parallel 
to the axes) 

a.* + 6. 

V=— 7^ 

a^x+b^ 

Circles . 

x^ -\-y'^ +ax+by + c=^(i 


A nmnber of useful comparisons can be made. The general 
equation of a straight fine or rectangular h3rperbola gives y as a 
single-valued monotonic function of x, and conversely. The general 
equation of a parabola gives y as a single-valued (but not monotonic) 
function of x while a; is a double-valued function of y. The general 
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equation of a circle gives ?/ as a double-valued function of x, and con- 
versely. These results correspond to obvious geometrical properties 
of the curves themselves. For example, any parabola is cut by a 
line parallel to its axis in only a single point, whereas it is cut by 
lines perpendicular to its axis either in no point or in two points. 
The number of parameters in the equations of the different curve 
classes is significant. The general equation of a straight line con- 
tains two parameters, the ratios of a, b and c* This corresponds to 
the fact that two things (e.g. two points on the fine) are needed 
to define the position of the line. On the other hand, the general 
equations of the parabola (axis vertical), the rectangular hyperbola 
(axis parallel to the asymptotes) and the circle are function types 
containing three parameters. Three things are required to fix the 
position of one of these curves ; a definite vertical parabola can be 
drawn, for example, to pass through three points known to lie on the 
curve. 

Special sub-classes of a complete curve class can also be con- 
sidered. In a sub-class, the munber of parameters in the corre- 
sponding function type or equation is less than the number in the 
complete class, and the most useful sub-classes are those defined 
by a single parameter. A sub-class of curves of this latter kind is 
described as a system of curves. We can define, therefore, various 
systems of straight lines, parabolas, rectangular hyperbolas or 
circles, each system corresponding to a functional equation with one 
parameter. The following examples are instances of some of the 
many ways in which systems of curves can be specified. 

Ex. 1. The two most important systems of straight lines have been 
referred to already (3.3 above). They are the system (or pencil) of straight 
lines through a given point and the system of parallel straight lines with 
a given gradient. 

''In the linear equation ax + by +c=0, both a and b cannot be zero. If 

6 0, we can write y = ax+B where a = - ^ and j3=-T; ifa=9!=0, we can write 

. t c ^ ^ 

X = a'y + B' where a.' = — and B' — — • There are only two independent 
a a 

parameters, either a and B or a' and The same reasoning shows that the 

equation of the rectangular hyperbola y=— — contains only three inde- 

pendent parameters, the ratios of Oi, bj, Oj and bj. We have only to divide 
numerator and denominator by o* (which cannot be zero) to see this. 
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Ex. 2. The system of parabolas with axis vertical and vertex at the 
origin is defined by the equation y=ax^ with one parameter a. A less 
obvious system of parabolas is given by the equation 

y^jc=:^{x-'h{a-l)Y - Jh) -Ti 

a 

where h and h are fixed positive numbers (h>Jh) and o is a positive para- 
meter. Any parabola of the system has vertex at a point {h{a - 1), -k} 
lying on a fixed line parallel to Ox, and its focus is a distance from the 

directrix. As the parameter a 
increases, the vertex moves to the 
right and the parabola becomes 
flatter. A parabola of the system 
cuts Ox where 

y=0 and x—h{a-l)±a^k. 

It cuts Ox, therefore, at only one 
point, at the end of the range of 
values of x considered, i.e. at the 
point where x=a{h- Jk) - h. The 
curve also cuts Oy at one point 

where x=0 and -k. 

As a increases, the parabola cuts 
the axes at points farther and 
farther from the origin. Notice 
that the range of x is so chosen, 
Fiq. 24 . in each case, that only the part 

of the parabola in the positive 
quadrant is taken. The system of parabolas is illustrated in Eig. 24, 
where certain curves of the system obtained when Z^ = 10 and h=4 are 
drawn. 

Ex. 3. The system of rectangular hyperbolas with asymptotes as axes 
is defined by the equation xy=o? with one parameter a. This system -is 
illustrated in Eig. 23. 

A rather different system of rectangular hyperbolas is defined by 

where h and k are fixed positive numbers and a is a parameter. Here 

{x + Ti){y + k)=a, 

i.e. the rectangular hyperbolas have fixed asymptotes parallel to the axes 
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and mth centre at {-h, ~k). The range limits each curve 

of the system to the positive quadrant. Certain curves of the system in 
the case h=2,k = l are sho-\vn in Kg. 25, 



Fio. 26 . 


Ex. 4. The equation represents a system of concentric 

~ circles, a being a parameter. A different system of circles is defined by 
the equation 

z+y ■^>j2^=a, 0<a:<a, 

where a is again the parameter. (The square root is assumed positive.) 
The equation can be written 

-J2xy=a~x-y, 
and, on squaring and collecting 
terms, we obtain 

(x ~aY + (y -aY =a^. 

The circle of the system with 
parameter o thus has centre 
(a, a) and radius o; as the 
parameter a increases the centre 
of the circle moves away from 
_ 0 along a line bisecting the angle 
between the axes and the radius 
of the circle increases. From 
the equation, it foUows that 
O^x+y^^o and, since x is 
limited to the range 0<x<a, both x and y are positive and less than a. 
This limits each circle of the system to one quarter of its circumference, 
as shown in Kg. 26. 
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Any system of curves defined by a single parameter a can be 
represented by the equation 

f{x, y\ a)=0, 

where, for convenience, the parameter is included in the functional 
expression. An important kind of curve system arises when the 
cmves do not intersect each other, one and only one curve of the 
system passing through each point of the relevant part of the plane. 
Here, each pair of values of x and y is associated with only one value 
of the parameter a, i.e. the value defined by the curve of the system 
passing through the point {x, y). The parameter a can, therefore, 
be separated off explicitly and the equation of the curve system can 
be written in the form 

fix, y)=a. 

Each of the curve systems instanced above is of this t 5 q)e.* In 
particular. Figs. 24, 25 and 26 show non-intersecting curve systems 
in the positive quadrant of the plane and their equations can be 
written 

X +h 

{x -^my ■\-k)=a and x -\-y +sl2xy=a 

respectively, i.e. in the form f{x,y)=a. Non-intersecting curve 
systems are of particular interest in economic theory (see 5.7 below). 

3.8 An economic problem in analytical geometry. 

The consumers of a certain commodity are distributed over a geo- 
graphical area which can be considered as a two-dimensional plane. 
The commodity is produced by two firms situated respectively at 
the points Ai and A 2 in the plane. The problem is to determine how 
the whole area is divided into two parts by a curve, the consumers of 
one part obtaining their supplies of the commodity from the firm at 
Ai and the consumers in the other part buying j^om the firm at Ag.f 
The solution of the problem depends on what is assumed about the 
price “ at works ” charged by each firm, and about the nature of 
the transport costs from factory to consiuner. It is assumed, here, 

* If the curve systems of Figs. 24 and 2C were not confined to the positive 
quadrant in the way shown, they would cease to be of the non-intersecting 
type. 

f The solution of this problem, as given here, is based on the work of Prof. 
Schneider. See Bemerkungen zu einer Theorie der Baumwirtschaft, Econo- 
metrica, 1036. 
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that the factory price p per unit of the commodity is the same for 
both firms. Further, it is taken that the transport cost varies 
directly with the distance of the consumer from the factory con- 
cerned, the distance being measured in a straight line. The transport 
cost per mile is, however, different for the two firms, being per unit 
of the commodity for the firm at and fg for the firm at Ag. To fix 
ideas, we can take < 2 >ii, so that it is more expensive, other things 
being equal, to buy from the firm at Ag. 

If a consumer is miles from Aj and Sg miles from Ag, then he 
pays {p per unit of the commodity if he buys from A^ and 
[p -ffgSg) if his supply comes from 
Ag. Assuming that consumers 
buy from the firm for which total 
price is cheaper, the boundary 
between the two areas required is 
defined by the points in the plane 
where the total prices for the two 
supplies are equal : 

Choose axes of reference as sho-vvn 
in Fig. 27, where the origin 0 is 
taken as the mid-point of A^Ag. 

If the firms are 2a miles apart, Aj is the point ( - a, 0) and Ag is 
point (a, 0). If P is any point {x, y) on the boundary, then 

s^ = J{x+aY+y^ and s^ = sl{x -aY +y^ 



Fig. 27, 


and +aY +y'^ =t 2 ‘J {x - aY 

i.e. +2/^ +2ax =tY{x^ +y^ - 2ax 

Collecting terms and dividing through by (ig^ - tY), we have 

a ;2 + 1/2 - 2a '^^ -x +a^ = 0, 

H ~h 

as the equation of the boundary referred to our selected axes. Write 

. t2^+tY 


tY-ti 


a>a. 


The boundary is then seen to be a circle with centre at (6, 0) and with 
radius Jb^-a^. The circle has centre beyond A 2 on the line A^Ag, 
and encloses the point Ag as shown in the figure. On the assumptions 

M.A. 

D 
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we have made, therefore, the firm at supplies all consumers 
within this definite circle, and the firm at supplies all consumers 
outside the circle. Many other problems of this kind can be devised 
by varying the assumptions ; the method of solution is similar in 
aU cases. 


EXAMPLES III 
The straight line 

■ 1. Find the distance between the points (1, 2) and ( -2, 1) and the co- 
ordinates of the mid-point between them. Verify your results by drawing an 
accurate graph. 

2. Obtain an expression for the distance between the points (ati*, lat^) 
and 2 at 2 ), where a, tj and t^ are constants. 

3. Show that the points (1, 1), (-3, -1) and ( - 4, 1) form a right-angled 
triangle. 

4. Show that the point (2, - 1) forms an isosceles triangle, and the point 
(s/3, 1 - s/3) an equilatei-al triangle, with the pair of points (1, 2) and ( - 1, 0). 

5. A quadrilateral is formed by the points A (5, 2), B (20, 10), G (3, 8) and 
D ( - 12, 0). Write down the equations of the sides and show that the quad- 
rilateral is a parallelogram. Show that the diagonals AC and BD have the 
same mid-point, i.e. bisect each other. 

6. By considering an isosceles right-angled triangle, show that the gradient 
of a line at 45° to the horizontal is unity. 

7. An equilateral triangle has a side of 2 inches ; show that the perpen- 
dicular from a vertex to the opposite side is of length s/3 inches. Deduce that 

the gradients of lines making angles 30° and 60° with the horizontal are 
and kJ3 respectively. 

8. Find the equations of the lines passing through the point (2, 1) (a) with 
a gradient of 2, (6) making an angle of 60° with Ox. 

9. Show that the line joining the points (a, b) and (ka, kb) passes through 
the origin whatever the values of a, b and k. 

10. Find the equation of the lino joining the points (4, 3) and ( - 2, - 1) and 
deduce that the point (1, 1) is collinear with these two points. 

11. Show that the line joining the points (-1, -J) and (2, 1) passes 
through the origin, w-hieh is one point of trisection. 

12. Find values of a, b and c so that the line ax -f- by + c = 0 passes through 
the points (1 , ^) and ( - 1, 2). Verify your result by writing down the equation 
of the line joining these points. 

13. Find the gradient of the line 2x-3y + \=0 and the co-ordinates of the 
points where it cuts the axes. Hence, describe the simplest method of 
plotting the line on squared paper. 

14. By finding the condition that the point {x, y) is equidistant from the 
points (3, 1) and ( — 1, 2), obtain the equation of the line which is the perpen- 
dicular bisector of the line joining these points. 
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15. Write down the gradients of the lines a:-j/ + l=0, x+y + 1 =0 and 
2a; - 3t/ + 1 = 0, and show that they form a right-angled triangle. Plot a graph 
to illustrate this fact. 

’■ 16. Obtain the equations of the lines which pass through the point (2, 2) 
and are respectively parallel and perpendicular to the line 2a;-j-j/-3=0. 
Verify graphically. 

17. Find the co-ordinates of the vertices of the triangle formed by the 
lines x = \, a:-3y-l=0 and a:-t-j/-5=0. Show that the line joining the 
point (2, 1) to any vertex is perpendicular to the opposite side. What is 
the geometrical meaning of this result? 

18. Show that the lines 3a:-fi/-4=0, x-2y + l=0 and x + 5y -6=0 all 
pass tlirough the same point. Show that the equation of the third line cem be 
written in the form (3a: -f2/-4)-A{a:-2i/-fl)=0 for some value of A. Why 
should we expect this? 

Curves and curve systems 

19. Use the definition of the ciuwe to find the equation of the parabola 
with focus at the point (2, 1) and directrix t/= - J. 

20. Plot a graph of the curve y =x-. Mark the position of the focus and 
directrix of this parabola and verify that points on the curve are equidistant 
from focus and directrix. 

21. Locate the focus and the directrix of each of the parabolas 

y=x-+3x-2, y=2x" ~2x + l and y=5x-2x^. 

Compare the parabolas as regards size and position. 

22. By considering the parabolas wliich represent the function, show that 
y=ax^ -f 6* -f-c has a greatest value if o is negative and a least value if a is 
positive. At what value of x do these greatest and least values occur? (Cf. 
Examples II, 14.) 

23. Write down the equation of the rectangular hyperbola with asymptotes 
parallel to the axes, with centre at ( - 1, 2) and with a* =3. 

24. Find the centre and the asymptotes of the rectangular hyperbola 
xy ~2x -y -1 =0. (Cf. Examples 11, 9.) 

25. If a point moves so that the diSerence of its distances from the fixed 
points (a, a) and ( - a, -a) is always 2a, show that the curve described is the 
rectangular hyperbola xy = \a". 

26. If the two fixed points of the previous example are (*/2o, 0) and 
( - »/2a, 0), show that the equation of the rectangular hyperbola is x^ -y^ =a®. 
Plot a graph of the curve when a = 1 and verify that it is the same curve 

- as in the previous example with different axes of reference. Where are the 
asymptotes now ? 

27. Write down the equation of the circle with centre at the point (2, f) 
and with radius f. Where does the circle cut the axes? 

28. Find the co-ordinates of the centre and the radius of the circle whose 
equation is a:* -f y' - 3a: =0. 

29. Show that (a: -f 1) (a: - 2) -t-y® - 1 = 0 is the equation of a circle with the 
fixed points ( - 1, 1) and (2, - 1) at the ends of a ^ameter. 
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30. From the results of Examples 11, 38, deduce the length of the chord 
cut oS the line 2a: -y +3=0 hy the rectangular hyperbola a:y=2, and the 
length of the chord cut off the line a: - 2y + 1 = 0 by the circle +y^ =9. 

31. Re-examine the problems of Examples II, 40, in the light of the results 
of the present chapter. 

32. Draw a diagram to illustrate the system of curves y='^a^-x^, where 
0 ^a; and where the positive square root is taken. What are the curves ? 


83. If h and h are fixed positive numbers and a a positive parameter, show 


that y=k- — {x+hY, where Q^x^a-Jk—h, represents a system of parabolas. 


only the parts in the positive quadrant being taken. Draw a graph of certain 
curves of the system when h=b and k = 25, and verify that each curve is 
concave to the origin. Compare with the system of parabolas of Fig. 24, where 
each curve is convex to the origin. 


34. Show that (x - h) (y -k)=a, where O^x^h-j , and where h and k are 

tC 


fixed positive numbers and a a positive parameter, represents a system of 
rectangular hyperbolas confined to the positive quadrant. Taking h=2 and 
k = l, plot a graph showing the four curves of the system corresponding to 
® =i» h 1 f. Compare with the curve system of Fig. 25. 


35. Consider the curve system y = V(o - a;)® where a is a positive parameter 
and O^x^a, Draw a diagram showing the curves for a = l, 2, 3 and 4, 
verifying that the curves are non -intersecting and convex to the origin. 

36. In the problem of 3.8, two firms are 10 miles apart, the price of their 
product at works is the same for each and transport cost per mile per xmit of 
the commodity is three times as high for one firm as for the other. Show that 
the former firm supplies an area within a circle of radius 3f miles. Draw a 
graph to illustrate the distribution of the market. 

37. In the problem of 3.8, the two firms are 2c miles apart, the prices at 
works are £p^ for one firm and £,p^ for the other and transport costs are £t per 
mile per vmit of the commodity for each. Show that the cmve separating the 
areas supplied by the firms has equation (referred to the same axes as in 3.8) 
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^-^ = 1, where a = — ° ^ and 6^=c®— Plot a graph to illustrate the 

distribution when pi=£32, p2=£40, t=£l and 2c = 10 miles. 



CHAPTER IV 

LIMITS AND CONTINUITY OF FUNCTIONS 


4.1 The fundamental notion of a limi t. 

We are now in a position to begin the promised discussion of the 
concept of the “ infinite ” so essential for the full appreciation both 
of the power and of the limitations of mathematical analysis. We 
must first go back to the number system itself and elaborate the 
associated notions of order, continuation and limit.* 

Real numbers are capable of arrangement in order of magnitude 
and we can select, from this order, a particular set of numbers 
according to any rule we care to specify. For example, 

1, 2, 3, 4, 5, 6, ... , 

12 3 4 6 6, 

25 S'J 5> 6> 7 > ••• > 

are two instances of increasing sequences of real numbers and it is 
clearly possible to quote many other examples. All such sequences 
display the property that the numbers of the sequence can be 
written down one after the other, by the rule of selection, without 
coming to an end. This is the property of indefinite or endless con- 
tinuation. 

Increasing sequences can be divided into two classes. In one class, 
of which the first sequence above is a member, the numbers of the 
sequence get larger and larger without limit as we proceed through 
the order. Given any number we like to name, no matter how large, 
we can always find a number of the sequence which exceeds it. The 
numbers of an increasing sequence of this class are said to tend to 
infinity and here we have the idea of the infinitely large, the endless 
continuation of an order of larger and larger numbers. 

* Much of the detail of the present chapter is, perhaps, unsuitable at a first 
reading. In any case, only general ideas concerning limits and continuity 
need be obtained at first and, after the development of the difierential calculus 
in subsequent chapters, the reader can return profitably to a further study of 
the present chapter in conjunction with the examples set at the end. 
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In the other class, of which the second sequence above is a member, 
the numbers increase as we proceed through the order but not with- 
out limit. On the contrary, the particular example above is such 
that the numbers steadily approach nearer and nearer to the value 1, 
without ever attaining this value. We can get a number as close as 
we like to 1 by going far enough through the order. In this case, 
the numbers of the sequence are said to tend to 1, and 1 is the limit, 
or limiting value, of the sequence. Each increasing sequence of this 
second class tends to some definite number as a limit and, since the 
interval between any member of the sequence and the limit is sub- 
divided ever more and more finely by later members, we have 
the basis of the idea of the indefinitely small or continuous, an idea 
again dependent on endless continuation.* 

In the same way, we can select decreasing sequences of real numbers, 
i.e. sequences in which the order of magnitude of the numbers is 
reversed. Two examples of decreasing sequences are 
1) ~ 1) ” 2 , — 3 , — 4 , , 

o a 4 6 G 7. 

^ 2) 3> 4> 6j 6> ••• • 

Again, there are two classes, one class illustrated by the first and 
the other by the second example. In a sequence of the first class, 
the numbers grow indefinitely larger numerically, but through 
negative values instead of positive values. Such a sequence is said 
to tend to mimes infi7iity and we have the idea of the infinitely large 
and negative, of “ minus infinity ” as the counterpart to “ infinity ”. 
In the second class of sequence, the numbers tend to a limiting value, 
decreasing to the limit instead of increasing to it. In the second 
sequence above, the numbers decrease and approach the value 1, 
i.e. the sequence tends to 1. 

* It may be noticed that we have given no justification for the statement 
that there are only two classes of increasing sequences, those tending to infinity 
and those tending to a finite limit. We have not exeluded the possibility of 
other cases of increasing sequences. It is, however, a fundamental property of 
the real number system that cases other than the two here mentioned do not 
exist. We must assume the result without proof here. In passing, we can 
remark that the same property is not true of the system of rational numbers 
only . An increasing sequence of rationals may tend neither to infinity nor to a 
rational number as lumt. This is, in fact, the way in which irrational numbers 
can be defined — as the limits of increasing sequences of rationals not tending 
to infinity or to a rational limit. For a discussion of these fundamental points, 
based on the work of Dedekind and Cantor, see Hardy, Pure JHathematics 
{3rd Ed., 1921), pp, 1-31. 
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Finally, sequences of real numbers can be 'written do'wn in which 
the order does not proceed according to magnitude at all, sequences 
which are not increasing or decreasing. Any of the three possibihties 
already described may obtain for a general sequence of this kind, 
i.e. the sequence may tend to infinity, to minus infinity or to a 
numerical limit. For example, the sequence 

1 3 3 5 5 ^ 

29 29 4 > 6 > 6 > ••• 

(obtained by “ crossing ” two previously quoted sequences) is 
neither increasing nor decreasing, but tends to the hmit 1. An 
additional complication is here introduced. The sequence may be 
such that none of the three possibilities holds ; the numbers of the 
sequence may “ oscillate ” in value ■without displaying any of the 
three regular progressions discussed above. An example of such a 
sequence is 

■*■5 2) 4j 6) ••• • 

Here the sequence is said to oscillate ■ndthout tending to a limit. 

A given sequence of numbers, therefore, can behave in one of four 
ways. The sequence may 

(1) tend to infinity, 

or (2) tend to minus infinity, 

or (3) tend to a numerical limit, 

or (4) oscUlate ■without tending to a limit, 

as we proceed through the order of the sequence. 

All concepts of the infinite in mathematics, whether of the infinitely 
large or of the indefinitely small or continuous, are based on the idea 
of an endless sequence of numbers. In general terms, the infinitely 
large corresponds to a process of multiphcation ■without end, the 
indefinitely small to a process of division ■ndthout end. The indefin- 
itely large and small are thus closely related (as multiplication is 
to di'vision) and they are merely two aspects of the same essential 
notion of order and continuation. Further, the notions of the 
infini te are implicit in the real number system itself. The system is 
of infinite extent since the order of the numbers can be continued 
indefinitely ; it is continuous or indefinitely di'visible since we can 
continue indefinitely to insert numbers between any two given 
nxunbers. In the present chapter, the ideas of a limi t, of the infinite, 
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and of continuity will be developed. But the development must not 
be allowed to bide completely the fundamental ideas we have 
attempted to set out briefly above. 


4.2 Examples of the limit of a function. 

Our next consideration is the extension of the concept of a bmit, 
as described above, to apply to functions. The most convenient way 
of introducing the variety of cases of a limit of a function is by 
considering a number of actual examples. A careful study of the 
examples below is recommended ; they will be found to cover most 
of the possible cases of limits. We can then proceed to more precise 
definitions. 

Ex. 1. y = l--- 

Giving X in turn the sequence of positive integral values and the 
sequence of negative integral values, the corresponding sequences of 
values of t/ can be obtained from the function as show below : 

X 

y 


X 

y 


The curve representing the function, 
a rectangular hyperbola, can be 
graphed from these tables (Fig. 28). 

The tables show four sequences of 
numbers which have been met before. 
The two sequences of the first table 
are associated in such a way that, 
as the ^-sequence increases indef- - 
initely through integral values, the 
^-sequence increases and approaches 
the limit 1. The variable x is 
actually continuous but it is clear 
that the insertion of further values 
into the x-sequence makes no essential difference ; the y-sequence always 
increases to the hmit 1. This idea of a correspondence between x- and 



1 

2 

3 

4 

6 

6 

7 

... 

0 


2 

Z 

1 

4 

6 

6 

6 

0 

7 

... 


-2 


-3 


-6 


-6 


-7 



89 


mnTS AJSTD CONTESrOITY OF FUNCTIONS 

t/-sequences is expressed by sa3dng that the function w = l -- tends to 1 as 

X 

X tends to infinity. The graph of the function illustrates this fact. As 
X increases through positive values, the curve shown in the graph rises 
from left to right and approaches the horizontal line drawn at unit 
distance above the axis Ox. 

In the same way, the second table provides a further pair of associated 
sequences, the cc-sequence tending to minus infinity and the y-sequence 

decreasing to the limit 1. This enables us to say that the function y = l-- 

tends to 1 as X tends to minus infinity. The graph again illustrates the 
tendency to the limit, the curve falling from right to left and approaching 
the same horizontal fine as before as x decreases through negative values. 


Ex. 2. y=x^+3x-2. 

The following tables of corresponding values are obtained : 


X 

1 

2 

3 

4 

6 

... X 

-I 

-2 

-3 

-4 

-6 

-6 

... 

y 

2 

8 

16 

26 

38 

y 

-4 

-4 

-2 

2 

8 

16 

... 


It follows that, when x is given an increasing sequence of values tending 
to infini ty, the corresponding sequence of values of y also tends to infinity. 
A s imil ar result holds when x is given a decreasing sequence of values tend- 
ing to minus infinity. Hence, we say that the function y =x^ + 3x — 2 tends 
to infinity as x tends to infinity or to minus infinity. Fig. 4 illustrates these 
facts, the curve shown (a parabola) rising indefinitely to the right and left. 

In the same way, the function y=a^ -3a; -3 tends to infinity as x tends 
to infini ty. But as x is allotted a decreasing sequence of values tending 
to minus infinity, the corresponding values of y are seen to form a si mi lar 
sequence. Hence, the function y =x^ —3x — 3 tends to minus infinity as 
X tends to minus infinity. Fig. 12 illustrates this limiting tendency, the 
curve shown falling indefinitely to the left. 

T. « 3 

Ex. 3. y=^- 


The following tables of corresponding values are constructed : 


X 

±1 

±2 

±3 

±4 

±5 

... X 

±1 



±i 

±1 

... 

y 

3 

f 

i 

3 

16 

3 

26 

y 

3 

12 

27 ; 

i 

48 


... 


and the graph shown in Fig. 29 is obtained. 
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In this case, it is immaterial whether positive or negative values of x 
are taken, the value of y being independent of the sign ofz. As x is given 
an indefinitely increasing sequence of values, the corresponding sequence 

3 

of values of y gets smaller and smaller. Hence, the function y=—^ tends 

to zero as x tends to infinity or minus infinity. The value of y is not defined 
at aU when x is zero. But, as x is given a decreasing sequence of values 
tending to zero, the corresponding sequence of values of y is seen to in- 

3 

crease indefinitely. Hence, the function y — —^ tends to infinity as x tends 

to zero. The graph of the function illustrates these limits. The curve 

falls and approaches the axis Ox as 
we move to the right or to the left 
j indefinitely, and it rises indefinitely 

1 and approaches the axis Oy as 

“I X decreases through smaller and 

4 • \ smaller values to zero. 

\ 3 

\ The function y = -, shown graph- 

\ ^ 

^ ■ \ ically in Fig. 5, behaves in a similar 

way, except in one important par- 
^ ticular. As x decreases in numerical 

- 1 ^ i ■ } - ■ 

-4 -2 0 2 ^ X value, the numerical value of y 

29 . increases indefinitely, but y is 

positive when x is positive and 
3 

negative when x is negative. Hence, the function y = " tends to infinity as 

X tends to zero through positive values, and tends to minus infinity as x 
tends to zero through negative values. 
w 4 2x + l 
^ x-1 

The graph of this function is shown in Fig. 33 below, the curve repre- 
sented being a rectangular hyperbola. It is only necessary to construct 
suitable tables of corresponding values of x and y, particular attention 
being paid to the approach of x to the value 1 (where y is not defined). It 
follows that the function y tends to 2 as x tends to infinity or to minus 
infinity. Further, though not defined when x = l, the function y tends to 
infinity as x tends to 1 {through vahies greater than 1) and to minus infinity 
as X tends to 1 {fhrough values less than 1). 

Ex. 5. y = 



91 


LIMITS AOT) CONTINUITY OF FUNCTIONS 

In this case, no value of y corresponds to zero value of x since, if we 
substitute a;=0, the expression for y takes the meaningless form of zero 
divided by zero. The value of y is, however, obtained for any non-zero 
value of X and the following tables can be constructed : 


X 

1 

i 

1 

3 

i 

1 

6 

... X 

B 

-i 

1 

“ 3 

-i 

1 

■“ 6 

... 

y 

3 

2i 


2i 

2| 

y 

B 

14 

B 

B 

14 

■*^6 

... 


From these tables, and from the corresponding graph of the function 
shown in Fig. 30, it is evident that the value of y approaches the limiting 
value 2 as a; is given a sequence of smaller and smaller values, whether 
positive or negative. Though x can never assume the value zero nor y 

attain the value 2, we can say that the function y = -{(l +x)®-l} tends 
to 2 as X tends to zero. 

Ex. 6. Consider the step-function of 
Ex. 7 in 2.1 above. At the value a; = 3, 
the corresponding value of y = 6. Further, 
as X approaches the value 3 through values 
smaller than 3, the corresponding value of 
y remains 6. But, as x approaches 3 
through values greater than 3 (e.g. as x 
decreases from 4 to 3), the corresponding 
value of y is fixed at 7. Hence, we must 
say that, for this step-function, y tends to 
the value 1 as x tends to 3 {through values 
greater than 3) and tends to the value Qasx 
tends to 3 (through values less than 3). The 
nature of the graph of the function (Fig. 8) near the point where a; =3 
illustrates this unusual limiting case. 

4.3 Definition of the limit of a single-valued function. 

The examples of the previous section show that the notion of a 
limit of a fimction is to be derived from that of the Hmit of a sequence 
of numbers. If y is a given single-valued function of x, a sequence of 
values can be allotted to x according to some prescribed rule and the 
limit of the function is then dependent on the behaviour of the 
corresponding sequence of values of y. The limit is essentially a 
relative concept, the value approached by the sequence oi y as the 
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independent variable x is made to change in some given way. We have, 
therefore, to fill in the two blanlcs in the stock ^Dlirase 

“ y tends to , as x tends to 

The second blank is at our choice ; the first blank is then determined 
from the behaviour of the function. 

The following definitions include all the cases of the limit of a 
function y=f{x) which is explicit and single-valued.* 

(1) The limits of f{x) as x-> ±ao . 

For the hmit of the function as x tends to infinity, we observe the 
behaviour of the sequence of values of the function corresponding to 
a selected sequence of indefinitely increasing (positive) values of x. 
There are four possibilities : 

(a) The values of f{x) may be positive and becoming larger and 
larger as x increases. The value oif{x) can be made to exceed any 
given number, no matter how large, simply by allotting a sufficiently 
large value to x. Here, we say that “ /(x) tends to infinity as x tends 
to infinity ”, a phrase which can be symbohsed 

f{x)-^cc as x-^co or Lim /(.r) = oo. 

In this case, the curve y—flx) rises indefinitely to the right (the axis 
Ox being horizontal) as shown in cm-ve (a) of Fig. 31. 

(b) The value of f{x) may be negative and numerically larger and 
larger as x increases. This case is similar to the first and we say that 
“/(a;) tends to minus infinity as x tends to infinity ”, the symbohc 
expression for which is 

f{x)-^-oo as x-^co or Lim f{x)=-co. 

x^co 

The curve y—f{x) now falls indefinitely to the right (see curve (6) 
of Fig. 31). 

(c) The values off{x) may form a sequence approaching a definite 
value A as a; increases. The value off{x) can be made to differ from A 
by as httle as we please simply by allotting to x a, sufficient!}’' large 
value. Here we say that “ f{x) tends to the hmit A as a; tends to 
infinity ” and we write 

/(.t)-^A as x-^oo or Lim f{x)=X. 

* The definitions given here, though clear enough in a general way, are not 

sufficiently rigorous from a purely analytical point of view. For more precise 
definitions, see Hardy, op. cit., pp, 162-8. See also Examples W, 19 and 20. 



LIMITS AND CONTINUITY OF FUNCTIONS 


93 


The curve y =f(x) now approaches nearer and nearer (from one side 
or the other) the fixed horizontal fine y=X as we move indefinitely 
far to the right (see curve (c) of Fig. 31). 

(d) The values of f{z) may behave in none of the previous three 
ways, oscillating without settling down to any “ trend ” as x in- 
creases. In this case, the function f{x) has no limiting value as x 
tends to infinity and the curve y =/(x) continues its finite oscillations 
as we proceed indefinitely to the right (see curve (d) of Fig. 31). 



Fio. 31. 


The following examples illustrate this class of limits i 


i-Ui 

as 

a;->oo ; 


as 

x^<x) ; 

X 

x^ +3a;-2^oo 

as 

a;-»oo ; 

a;- 1 

a;® - 3 p; - 3->co 

as 

a;->oo ; 


as 

a;^oo ; 


as 

a;-^oo . 

x^ 



X 




The limit of f{x) as x tends to minus infinity is defined and denoted 
in s imil ar ways. For example ; 

as £C->-oo; a;S — 3a; — 3 -^- 00 as a;->--<». 

X 
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(2) The limits of f{x) as x-^a. 

The problem of definition here is to trace the behaviour of 
the values of f{x) as the variable x is allotted a sequence of 
values approaching nearer and nearer to the given value x=a. In 
no case does x ever actually attain the value a;=a in the limiting 
process. 

Suppose, first, that the a:-sequence approaches x=a only through 
values greater than a. The corresponding sequence of values oif{x) 
is subject to the same four possibilities as before, i.e. the function 
f{x) can tend to infinity, to minus infinity, to a finite limit A or to no 
limit at aU as x approaches a through values greater than a. The 
symbolic notation here is similar to that adopted above, the phrase 
“ X tends to a through values greater than a ” being used and ^vritten 
“ x->a + For example, 

f{x)-^X as x-^a + or Lim f{x)=X 

x-*a-h 

indicates the case where /(re) tends to the limit A. 

Similar remarks apply when the a:-sequence is taken through 
values less than a. Here, x tends to a through values less than a 
(■written - ) and we have, for example, 

f{x)^X as x-^a- or Lim f{x)=X. 

Finally, if it is foimd that/(a:) tends to the same limit as x-^a + 
and as x-^a - , we say that f{x) tends to this limit as x tends to a 
(■written x->a). So, for example, 

f{x)->X as x-^a or Lim f[x)=X 

implies that /(a:) tends to the limit A as a; tends to a through values 
both greater and less than a. This is the most important case in this 
class of limits. If the limits as x-^a + and as x-^a - are different, 
it is not possible to combine them in one notation. The diagrammatic 
significance of limits as x tends to a is sho^wn in Fig 32, which exhibit 
the curve y=f{x) in the neighbourhood of the point x=a. In the 
cases of curves (a) and (b), f{x) has a single limi t as x-^a, the limit 
being fimte in one case and infimite in the other. In the cases of 
curves (c) and {d), the limits as x-^a + and as x-^a — are different, 
both being fimte in one case and both being infinite in the 
other. 
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The following examples illustrate the possibilities : 

as a:^0 : ^ ^“2 as z->0 ; 

tv 

2tv * 1 “ 1 

as a:-^0+: -->co as a;-?-l + ; 

*- 1 

as a;— >0 — ; oo as a:-^i— . 

The step-function of Ex. 7 of 2.1 above gives 

as a: ->3 and j/-> 6 as a;-i>-3 - . 

All the cases of Fig. 32 are illustrated by these examples. 


3 

>-00 

x~ 

3 

>-00 

X 

— 00 





4.4 Limiting and approximate values. 

It is important to point out and emphasise the connection between 
limiting and approximate values. If a sequence of numbers tends 
to a finite limit, then, by definition, the numbers of the sequence 
approach nearer and nearer to the limiting value without ever at 
taining it. It follows that any number of the sequence is an approxi- 
mate value of the Umit, and conversely. Further, the approximation 
becomes closer the farther advanced in the sequence is the number 
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taken. Thus, no number of the sequence 

1 2 3 4 5 .^ 

2) ¥> 6> 0) 7J ••• 

is ever equal to the limit 1. But 1 is an approximate value of any 
number of the sequence, and the farther we proceed through the 
sequence the closer is the approximation. 

Similar remarks apply when we come to the case of a limit of a 
fimction. To fix ideas, suppose the function f{x) tends to a finite 
limit A as X tends to infinity, i.e. the value of / (. 1 ;) approaches, but 
never attains, the value A as x increases indefinitely. It follows that 
A is an approximate value of the function f{z) when x is large and 
the approximation becomes closer as we allot larger values to x. 
For example, since we know that 


2x +1 

as .r->oo, 

x-l 


it follows that this expression is approximately equal to 2 when the 
value of X is large. And the larger the value of x taken, the better 
is the approximation. To check this statement, put x = 100 ; 

2x+l 201 


x-l 99 


= 2-0303 


which is within 0-04 of the limiting value 2. 

The limit of a frmction is thus an abstract notion in the sense that 
the function never attains its limiting value. On the other hand, 
this abstract notion is precise and does correspond to a mathemati- 
cally significant property of the function. One of the main uses of 
the limiting concept is derived from the definition ; the limiting value 
serves as an approximate value of the function for large values of x 
(if the hmit is obtained as x tends to infinity) or for values of x near 
a (if the Limit is obtained as x tends to a). In short, the precise 
notion of a limit covers the vaguer notions of approximate values. 

In conclusion, it is hardly necessary to stress the fact that the 
symbol “ co ” which appears in the symbolic expression of certain 
Limits does not stand for a number “ infinity ”. The symbol means 
nothing by itself and must never be detached from its context. The 
phrase “ x tends to infinity ”, or its symbolic expression “ x->oo ”, 
is to be taken as a whole ; it is simply a convenient way of expressing 
the fact that the variable x is being allotted a sequence of larger and 
larger finite values and that the corresponding variation in the value 



mnTS AJSID CONTINUITY OF FUNCTIONS 97 

of the function is under observation. Similarly, when we use the 
phrase “ f{x) tends to infinity ”, we must remember that the values 
of f{x), however large they may be, are always finite values. The 
development here given of infinite limits involves only finite numbers 
together with the idea of processes which can be apphed to finite 
numbers repeatedly and without end. 


4.5 Some properties of limits. 

Two single-valued functions ^{x) and ijj{x) are given and it is 
found that -> A and tp{x)-^fi as a;->co , where A and p are finite 
values. The following results can then be estabhshed : 

(1) ^{x) +ip{x)^X+fi as x-^oo. 

(2) (f) (x) - ip (x) ^ X - [z as x-^oo . 

( 3 ) <p (x) . tp (x) Xiz as a: ->-00. 

From our definitions of limits, it appears that these results are 
too obvious to need formal proof. Since the value of ^ [x) approaches 
nearer and nearer to the value A, and tp(x) nearer and nearer to the 
value fi, the value of (e.g.) the sum of these two functions must 
approach nearer and nearer to the value (A -Fp) as x increases 
indefinitely. Hence, (A -t-p.) must be the hmit of {(p{x) +ip{x)} as 
X tends to infinity. Exactly equivalent results hold for limits as x 
tends to minus infinity or to a finite value a. Further, the results 
extend, in an obvious way, for cases of sums, differences and pro- 
ducts or quotients involving more than two functions.* 

We are now able to evaluate the limit of a comphcated function, 
making use only of the limits of the simpler functions included in its 
expression and the general results set out above. The method is 
illustrated by the following examples : 


Ex. 1. The constant value 2 has, of course, the Hmit 2 as a:->oo , 

The function — >-0 as a:->oo . Hence, by result (1), 

X 


2 "I* ■” 2 Q-S X ■ 

X 


'00 . 


* With more strict definitions of linuts (see 4.3, footnote), the results 
here given are rigidly proved only with some difficulty. See Hardy, op. cit., 
pp. 126-30. 



98 


RIATHEMATICAL ANALYSIS FOR ECONOmSTS 


Ot- + 1 ] 

Ex. 2. We know that and 1 

X -1 X 


- 1 as x-^ao . But 


a:® + 3* - 1 _2a: + 1 a;-l_2a; + l A _2'\ 
x{x-l) x-1 X x-1 \ xJ 

From result (2), it follows that 


+ 3a: - 1 , 

; rr > 1 US a; -> 00 . 

a: (a: - 1) 


Ex. 3. 


Since 


2a: + 1 
a: - 1 


>2 and — ^0 as a: -^oo , the result (3) shows that 


2a: + 1 
x{x - 1 ) 


^0 


9/S X — > CO • 


It is to be noticed that the results do not necessarily hold when 
the limit of either of the functions (j){x) and i/i(a:) is intinite. If, for 
example, both fimctions tend to rnfinit}' as x tends to infinity, then 
we can deduce nothing about the limit of the quotient of the 
functions. Numerator and denominator both increase indefinitely 
as X increases and the quotient can vary in diverse ways according to 
the forms of the two functions. If (f>{x)=2ip(x) the quotient has the 
h'mit 2, while if ^ (a:) — \tfj{x) the quotient has the limit |. And there 
are many other possibilities. Care must be taken, therefore, in the 
use of the above results to avoid reaching fallacious conclusions 
about limits of functions made up of simpler functions with infinite 
Umits. 


4.6 The continuity of functions. 

The definition of a function is based on the correspondence be- 
tween values of two variables ; to each value of one variable there 
corresponds a definite set of values of the other variable. The 
variables themselves may be continuous (in the sense that the 
number system is continuous) or they may be discontinuous. But 
the definition of the function is quite independent of any idea of 
continuity. The substitution of a value of one variable in the func- 
tion, to give the corresponding values of the second variable, is quite 
independent of the substitution of other values. 

The step we now propose to take is to extend the idea of con- 
tinuity to qualify functions, to distinguish between functions which 
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are continuous and functions which are discontinuous. The distinc- 
tion can be expressed, in a rough preliminary way, by saying that a 
function is only continuous if the related variables vary continuously 
together. The variables must be separately capable of continuous 
variation. But this is not enough ; the continuous variation of the 
two variables must be synchronised. 

The discussion is again restricted to the case of a single-valued 
function of a continuous variable: y=f[x). The general idea of a 
continuous function applies to the function as a whole and involves 
the continuous variation of y as a: varies continuously. When we 
attempt to formulate a precise mathematical definition, however, we 
find it necessary to define first the concept of continuity at a point, 
i.e. at one value of x. Point continuity is mathematically more 
significant than general continuity. 

The first requisite for the continuity of the function at the point 
a;=a is that /(a:) should be defined both for the value x—a and for 
all values of x near x—a. There are now several possibilities con- 
cerning the variation off{x) as x approaches x=am relation to the 
value /(a) assumed at x=a. Firstly, /(a;) may tend to no limiting 
value or to two different limiting values as x tends to a from one side 
and from the other. Secondly, f{x) may tend to a definite limiting 
value as x tends to a from either side but this hmit is different from 
f{a). Thirdly, f{x) may tend to the value f{a) as x tends to a from 
either side. It is only in the third case that the function is described 
as continuous at a;=a. 

In diagrammatic terms, the function y=f{x) is represented by a 
curve in the plane Oxy which is cut by lines parallel to Oy in single 
points. Two conditions are needed if the curve is to be continuous 
at the point where x=a. Firstly, there must be a definite point P 
on the curve at a;=a ; there can be no gap in the curve. Secondly, 
as we move along the curve towards the value x=a, we must arrive 
at this point P whether we approach from one side or the other ; 
there can be no jump in the curve as we pass through P. A cmve is 
continuous at a point x=a, therefore, if there is neither a gap nor a 
jump in the curve at the point. In Fig. 32, the curve (a) is the only 
one which is continuous at x=a. Curves (6) and (d) are discon- 
tinuous because there is a gap in the curve at the point, and the 
curve (c) because there is a jump in the curve. 
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The formal definition of continuity of a function at a point is i 

Definition : The function y=f{x) is continuous at x=a if 
(l)/(a) exists and is finite ; 

{2)f{x) exists and is finite at all values of x near x=a in such a 
way that Lim f{x) =/(«). 

x^a 

The definition is equivalent to the identity of limit and value off{x) 
at the point, and it is essential to see the necessity of the two con- 
ditions — vhatf{x) assumes a definite value /(a) at the point and that 
f(x) tends to the same value as x approaches a from either side. The 
conditions correspond to the diagrammatic conditions that the curve 
y =f [x) should have neither gap nor jump at the point in question. 

It is now a simple matter to extend the definition to include con- 
tinuity of a function in general. A function is continuous over a 
range of values of a: if it is continuous at every point of the range. 
On the other hand, a function is not continuous if it exhibits at least 
one point of discontinuity in the relevant range. 

4.7 Illustrations of continuity and discontinuity of functions. ^ 

If a function is continuous over a range, it is continuous at every 
point of the range and can be represented by a curve which has no 
gaps and no jumps in the range concerned. This implies, roughly 
speaking, that the curve can be drawn graphically on squared paper 
without taking pencil point from paper. It is important, however, 
to stress the fact that a continuous curve is not necessarily a 
“ smooth ” curve (using the everyday meaning of the term 
“ smooth ”). Smoothness is, in fact, more limited than continuity.* 
In Fig. 33, the curves (a) and (6) are both continuous over the whole 
range. The first of these, the parabola y = \{x^ +3x-2), is smooth 
as well as continuous. The second is the curve drawn from the 
equation y = l +v'(a: - 1)^ and it is continuous since it can be drawn 
without taking pencil from paper. But it is not smooth in the usual 
sense since it has a-“ sharp point ” at the point where x = \. 

If a, function is, discontinuous in a range, it must have at least one 
point of discontinuity where one or other of the conditions for con- 

Smoothness of a curve is a concept connected with the “ derivative ” of 
the function (see 6.5 below). 



LDIITS AJSTD CONTINUITy OF FUNCTIONS 101 

tinuity fails to obtain. In diagrammatic terms, the curve represent- 
ing the function has at least one gap or jump somewhere in the range 
concerned. The most important example of a discontinuity arising 
from the non-existence of some point on the curve, i.e. by reason of 
a gap in the curve, is that of an infinite discontinuity. The value of 
the function y=f{x) at such a point x=a is infinite in the sense that 
/{.r)->±oo as x-^a. The curve “ goes off to infinity ” as we approach 
the point from either side. This kind of discontinuity is of frequent 
appearance even when we consider quite ordinary algebraic functions. 




The function which represents a rectangular hyperbola with asymp- 
totes parallel to the axes (i.e. the function which is the ratio of two 
linear expressions in x) always includes one infinite discontinuity, at 
the point where we have the vertical asymptota|^j^inj,cuj^. The 
curve (c) of Fig. 33 shows a rectangular hyperfma •mth'-'afr ihnnife '' 
discontinuity at « = !. Infinite discontinuities 

but they can be allowed for, in mathematical anal&ifTipxA^ dg^, 
of infinite limits. | i-'ala tllti 

The case where the discontinuity arises becausj of a j^n^ in^he ^ 
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curve is very different. The curve {d) of Fig. 33, corresponding to 
the step-function of Ex. 7 of 2.1 above, displa 5’’8 six points of dis- 
continuity of the “ jump ” kind. Such a discontinuous function is 
clearly of little service in mathematical analysis, and it cannot be 
represented by a simple analytical formula of the kind we usually 
consider in mathematical work. But, as we shall see in the following 
chapter, it is the kind of function that applies most closely to many 
problems of economics and other sciences. We are here faced with 
the difficulty that the functions most suitable for the description of 
economic phenomena are often those which are most inconvenient 
from the point of view of mathematical analysis. Some way 
out of this difficulty of the discontinuous element in economics 
must be fomid if the full power of mathematical analysis is to be 
apphed. 

4.8 Multi-valued frmctions. 

Limits and continuity have been discussed above only in relation 
to single-valued functions. It is possible, however, to extend the 
definitions to apply to functions which are multi-valued and given 
in implicit form. Since no essentially new ideas are involved, it is 
not necessary here to consider the extended definitions in detail. A 
brief general account is all that is required. 

An implicit relation between x and y usually gives y as a multi- 
valued function of x. The ideas of limits and continuity, as apphed 
to such a function, necessitate the separate treatment of each of the 
several values of y that correspond to any given value of x. If the 
function is easily divisible into a number of distinct “ branches ” each 
of which is single-valued (see 2.4 above), there is httle difficulty. 
The hmit of each branch ” of the function, as x tends to infinitv 
or to a definite value a, is defined as before and so the limits of 
the whole function are described. Further, each “ branch ” can be 
considered separately from the point of view of continuity. All 
“ branches ” may be continuous or one or more “ branches ” may 
show points of discontinuity. 

. terms, taking the axis Ox as horizontal, the curve 

representing .y .as a multi-valued function of x shows several “ sec- 
tions in vertical fine with each other. Each “ section ” corresponds 
to one single-valued “ branch ” of the function. All sections may be 
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continuous and fit on to each other in such a way that the whole 
curve can he drawn without taking pencil from paper. On the other 
hand, points of discontinuity (whether of the infinite or “ jump ” 
kind) may appear on one or more sections of the curve. 

To take an actual example, the relation a:® - 2 /® = 9 defines y as a 
double-valued function of x with the single-valued branches 

y = ‘Jx--Q and y=--Jx^-9, 

where we can consider x as talcing values numerically greater than 3. 
Each branch is foimd to be continuous at all points. For the first 
branch, y — >00 as x->±ca. For the second branch, y->-(xi as 
a:->± °o . Fig. 34 shows the graph of the function and illustrates the 
fact that it is a continuous function 
with the specified limiting ten- 
dencies. The curve is an example 
of a rectangular hyperbola but the 
asymptotes of the curve (sho^vn 
by broken lines in Fig. 34) are not 
parallel to the axes of co-ordin- 
ates. The double-valued function 
corresponding to the 
circle of Fig. 6, can be shown to be 
continuous in the same way. 

When a multi-valued function Fia. 34. 

cannot be divided easily into dis- 
tinct “ branches ”, some difficulties emerge. But the ideas of limits 
and continuity still apply in general. We can instance the triple- 
valued function x^ -f y® - 3.ry = 0. The graph of this function (Fig. 7) 
indicates that it is continuous, being a looped curve with three 
sections fitting continuously on to each other. 

EXAMPLES IV 
Limits of functions 

1 . By giving x an arbitrary sequence of increasing positive values, find 
the limit, as a; ^ CO , of each of the following functions : 

1 _ 1 -» 1 _ 2x-+x + l l+2x + 3x^ 

2 * + !’ 1+x’ l+2x’ 6X-+X-2’ l+2x-5x^ 

Illustrate graphically. Are the same limits obtained as *-»• - 00 T 



^ ’ 3x2 -4* + 1 
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2. What are the limits, as x-j-oo , of the functions : 

, , x + 1 2x + l 7*2 +X-: 

^‘^^3x2-4x + 

Noticing that (c) is the sum of (a) and (6), and that (d) is the product of 
(o) and (6), verify the general results that the limit of a sum or product is 
the sum or product of the separate limits. 

CO \ 

3. Explain why the limit, as x-^-oo, of cannot be obtained by 

2 3x "• 1 

multiplying the limits of (x + 1) and . 

OOC ~ J. 


4. Show that 


x-l_x2— 2 l+x-x’ 
x + 2 x + 2 x + 2 

. X - 1 


•C 1 

Why cannot the limit, as x^oo , of be deduced as the sum of the limits 

of the other two expressions ? x + 2 

3x 4- 1 3 

5. Show that ~ — x-^co . WTiat percentage error is involved by 

taking | as the value of this expression in x when x = 10 and when x = 100? 
How large must x be for the expression to differ from J by less than -005 ? 

6. Establish the general result that, as x^oo , 

(XjX + Oj 

OgX + Og 

by writing numerator and denominator as x +^^ and x ^Cg + — ^ respec- 
tively and by using the general results for the limits of sums, products and 
quotients. Check the validity of the general result by reference to the 
particular cases given in previous examples. 

7. Find an expression for the difference between ^ 

a^x+bi a« 

that it tends to zero as x -^00 . Hence deduce the general result of the previous 
example. 

8. By methods similar to those of the previous two examples, show that 

diX^ +6ia; +Cg o, 

^ , , — ; 5 — as x-^-oo . 

OgX^ + biX + Cg Og 

^at modifications are necessary when Oj or Oj is zero? Check this result 
by reference to the particular cases of the first two examples above. 

« II y=^^^+bx +c, show that 2 /->±oo as x-^oo . How does the sign of o 
affect the result? ° 

10. H X is positive and y=2x-3+l, show that y->«) as x-^0 and as 
x->oo . Verify that these results can be obtained by adding the limits of 
(2x - 3) and - evaluated separately. 

11. A relation between x and y is defined by x=t^, y=2L Show that 

conversely. Can an exact meaning be attached to the 
statement that x tends to infimty “ faster ” than y? 
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12. Show that ^{(1 +*)’ - l}->3 os x-yQ. Generalise by finding the limit 
as a:->0 of the expression -{(a +a:)’ -a*}. 

X 

13. Show that - — 1 as x-yO, and generalise by finding the 

.. . rl/' 1 

limit of - ( 1 as x-vO. 

x\a+x a/ 

14. Wliat error is involved by taking - 1 ns the value of - { ^ 1 1 when 

X =0-1 and when X =0-01? x ' 1 +x ] 

15. Verify that ^{1 - s'i -x) is equal to the reciprocal of {1 +Vl -x} as 

long as x^Q. Deduce that, as x->-0, -{1 — Vl — x}->-i. By a similar method, 

1 ^ 

show that -{vl+x - -x}->-l as x->-0. 

X 

16. A lend shot is allowed to fall in a vacuum. It is known that the shot 
falls ICx" feet in x seconds. Find an expression for the average number of 
feet fallen per second between the ath and the (o+x)th second. Find the 
limit of the expression as x-yO and gh'o a meaning to this limit. 

17. P is the point with abscissa a, and Q the point with abscissa (a+x) on 
the ciuwe y sx*. The lino through P parallel to Ox cuts the line through Q 
parallel to Oy in the point L. The ratio of LQ to PL is the gradient of the 
chord PQ. Find an expression for this gradient in terms of o and x, evaluate 
its limit as x->-0 and explain the meaning of the limit. 

(The results of this and the previous example illustrate problems of funda- 
mental importance in the development of the following chapters.) 

18. A right-angled triangle has two equal sides of 1 inch. One of these 
sides is dra^nl horizontally and di\’ided into (n + 1) equal portions. On each 
of the portions after the first a rectangle is formed with height equal to the 
vertical distance from the left-hand end of the portion to the hypotenuse of 
the triangle. Find an expression for the sum of the rectangle areas and 
evaluate the limit of the sum as n->-co . What is the meaning of the limiting 
value ? 

19. Show that a more rigid definition of the idea of a limit of a function is 
provided by the following : 

The function /(x) tends to the limit A as x tends to o if, for nny selected 
small quantity t, we can find a small interi'al a-S<x<a + S such that 
{/(*) - A} is numerically less than e for any x of the interval. 

20. In the same way, examine the more rigid definition : 

The function /(x) ->oo as x-yco if, for any quantity b no matter how large, 
we can find a quantity a so that/(x) >6 for all values of x >a. 

Continuity of functions 

21. Examine the fimction y = ^ — - from the point of view of continuity and 

illustrate graphically . 1 

22. From the function xy+2x+y-\ =0, find the limit of y as x-v - 1, 
the limit of x as y-yl. What restriction must be added to the statement that 
1/ is a continuous function of x, and conversely? 
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23. In the general relation type axy +hx +cy +d —0, show that y is a single- 
valued function of x which is continuous except for an in6nite discontinuity 
at one point. Show also that a: is a similar function of y. Relate the result 
to the properties of the rectangular hyperbola. 


24. For what values of x does y=- 


x-i-1 


tend to infinity? Indicate 


(a:-f2)(x-f 3) 

the form of the graph of the function and describe its discontinuities. 


25. What are the discontinuities of the function 

2x- -)- 3x -t 1 ^ 

^ 3x^ - 4x -i- 1 ' 


Illustrate graphically. 

26. Show that the function y = 


a,x* -f 6,x -f C] 

OjX^ +b^ -t-Cj 


never tends to 


infinity if 


62^< 40,02, and tends to infinity for two values of x if >4a„C2. Examine 
also the case where Interpret in terms of the continuity of the 

function. 


27. Show that y = 


X --1 

X - 1 


is continuous except at x = 1. 


\Vliat is the nature 


of the discontinuity at this point? Show that the function becomes com- 
pletely continuous if the value y =2 at x = 1 is inserted. 


28. Describe the discontinuities of the step-function, illustrating with the 
function defined by the table : 


0<x<4 

4 ^ x <6 

6 ^ x< 10 

o 

11 

y=5 

o 

11 


29. The fimction/(x) is defined as taking the value x when x is po.sitive and 
the value ( -x) when x is negative. Deduce that the function is continuous 
but has a “ sharp point ” where x =0. 


30. If o is a fixed positive number and if n->oo through integral values, 
show that a"->-0 if a< 1 and that a”->oo if a>l. ^\^lat can be said of the 

case 0 = 1? Deduce the limit of - — ^ — as n->co for various fixed values of o. 

1 -to" 

31. The fimction /(x) is defined as taking its value from the limit of 

1 -f-x" 

as n tends to infinity. Describe the variation of the function for positive 
values of x and illustrate graphically. Show that the function is discontinuous 
at X = 1. What is the nature of the discontinuity? 

32. Draw the graph of the function 4x“-(-9y”=36 and show that it repre- 
sents a continuous oval curve. 


33. The relation (1 -x)^ -^y^ =0 defines y as a double-valued function of x. 
Obtain the two single-valued “ branches ” and draw the graph of the function, 
showing that the curve is continuous with a “ sharp point ” at (1, 0). What 
are the limits of y as x->0? 

34. Show that the curve representing the double-valued function 

y"=(x-lF(x- 2) 

can be taken as continuous, except that there is a point (1,0) which must be 
regarded as a part of the curve but completely separate from all other parts 
of the curve. 



CHAPTER V 


FUNCTIONS AND DIAGRAMS IN ECONOMIC THEORY 
5.1 Introduction. 

Economics is an analytical study, concerned with the relations that 
exist, or can be assumed to exist, between quantities which are 
numerically measurable. As instances of variable quantities in 
economics, we need refer only to prices, interest rates, incomes, 
costs of production, ammmts of goods bought or sold on a market 
and amounts of factors of production employed by a firm or industry. 
Some of these quantities can be measured in physical or “ natural ” 
imits, others only in money or “ value ” tmits. The relevant point 
here is that they are measurable in some units. There are, however, 
other concepts of considerable importance in economics, concepts 
which are ordered magnitudes rather than measurable quantities and 
which can only be represented by “ indicators ” or “ index-numbers ”. 
All concepts of “ utility ” or “ satisfaction ” are of this nature, as 
are notions of the general level of prices or production. But, for the 
moment, we content ourselves with the fact that economic measur- 
able quantities exist and leave the “ ordinal ” concepts for later 
consideration. 

It follows that there can be no doubt that mathematical methods 
are possible in economics and that economic relations are expressible 
by means of mathematical functions. Whether it is helpful to intro- 
duce the mathematical technique is another question and it is not 
proposed to devote any space here to a discussion of this purely 
methodological matter. It is sufBcient that mathematical analysis 
is apphcable and can be called into service when convenient. 

An important point is that the relations of economics, and the 
functions which express them, are usually of unspecified or unknown 
form. It is not often that we can say that an economic function is 
(e.g.) of linear or quadratic form, though it is sometimes convenient 



108 MATHEMATICAL ANALYSIS FOR ECONOMISTS 

to assume that it can be approximately represented in one of these 
ways. Even in the most general case, however, the economic con- 
ditions of the problem impose certain limitations on the form of the 
functions. By considering the economic nature of our problem, we 
are usually able to say that the function concerned has the mathe- 
matical property (e.g.) of being single-valued and decreasing, or of 
being represented by a U-shaped curve. And this is enough for the 
profitable use of mathematical analysis. 

Analytical methods, then, are directly applicable to economic 
problems. But diagrammatic methods are also of great service. 
Any economic problem capable of symbolic representation can, in 
general, be Ulustrated with the aid of diagrams. There is a curve 
corresponding to each function we use to interpret a relation between 
two economic variables ; we have demand or cost curves as weU as 
demand or cost functions. Diagrams displaying the properties of 
such curves and relating one curve to another are extremely useful. 
At least they throw into prominence just those points we are attempt- 
ing to make in our main argument. 

We can now pass to a consideration of some of the functions and 
curves commonly employed in economic analysis, stressing their 
general forms and giving an indication of the more limited forms to 
be assumed in “ normal ” cases. Each problem must be considered 
on its own merits and allowed to dictate what is or is not to be 
regarded as “ normal ”. Mathematics is the servant of the sciences, 
not the master. The present chapter is divided into two main 
sections. In the first section, we are concerned with those economic 
functions which are expressible directly in explicit and single-valued 
form, \vith demand and cost functions in particular. In the second 
section, we pass to more complicated cases where the economic 
functions emploj^ed appear in implicit, and not necessarily single- 
valued, form. Here we are concerned with function types and 
curve systems (see 3.7 above) as applied in the interpretation of 
“ indifference maps 

5.2 Demand functions and curves. 

Our first problem is to express, in symbolic and diagrammatic 
form, the conditions of demand on a consumers’ goods market. We 
hmit our discussion to the case where there is pure competition 
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amongst consumers, where (to use Professor Frisch’s term) each 
consumer acts only as a “ quantity adjuster This case occurs 
when no individual consumer has any direct influence on market 
prices (which are the same for aU consumers), each consumer being 
able to choose only the amounts of the various goods he wfll take at 
the ruling prices. In other cases (e.g. when consumers have some 
direct influence on prices), the construction of the demand relations, 
on the lines described below, automatically breaks down. 

Consider the amount of a deflnite good X demanded by a market 
consisting of a definite group of consumers. In order to obtain a 
simple representation of the demand for X, we must assume that 

(1) the number of consumers in the group, 

(2) the tastes or preferences of each individual consumer for aU 

the goods on the market, 

(3) the income of each individual consumer, and 

(4) the prices of aU goods other than X itself 

are fixed and known. The amount of X each consumer will take can 
then be considered as uniquely dependent on the price of X ruling 
on the market. By addition, it follows that the total amount of X 
demanded by the market depends uniquely on the market price 
of X. The demand for X can only change if its market price varies. 

This expression of market conditions can be translated at once 
into symbolic form. Let p denote, in definite units, the market 
price of X, and let x denote, in definite units, the amount of X 
demanded by the market. Then a: is a single-valued function of 
p, which can be written, in general, in the symbohc form : 

x = <f> (p) the demand function for X. 

The variables x and p take only positive values. 

The demand function can be represented as a demand curve in a 
plane referred to axes Op and Ox along which prices and demands 
are respectively measured. Since we have taken price as the inde- 
pendent variable, we should, according to the mathematical con- 
vention, draw the axis Op horizontally. Since the days of Marshall, 
however, the economic convention has been otherwise and the axis 
Op has been taken vertical. V/e shall here adopt the economic con- 
vention and all the demand curves we use are referred to a vertical 
price axis. 
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It must be emphasised, at the very outset, that the demand 
relation is a completely static one and does not refer to changes in 
demand over time. The demand function and curve assume a fixed 
situation in which a set of alternative and hypothetical prices are 
given. These prices cannot be taken as those actually ruling on a 
market at successive points of time. 

The demand function and curve can only be specified if the four 
factors given above are known. The form of the function and the 
shape of the curve depend on these factors ; if changes occur in any 
of the factors, then the whole form of the demand function and curve 
changes. We can describe this by saying that a change in any 
one of the factors causes a shift in the position of the demand curve, 
the new demand curve being different, in shape and location, from 
the old in a way dependent on the nature of the change assumed in 
the factor. A shift in demand, corresponding to a change in the 
demand situation as a whole, must be carefully distinguished from a 
move along a given demand curve. The former implies a change of 
data and may easily take place over tune : the demand curve can 
shift over time. The latter implies a hypothetical and non-temporal 
change in price in a given situation. Another way of putting the 
point is to say that the demand function x=-f> [p) has form depend- 
ent on a number of parameters, e.g. the number of consumers, their 
incomes and tastes and the prices of other goods. The parameters 
are fixed for one demand function ; they assume different values 
only for a shift of demand, for a change in the whole demand 
relation. 

To take an illustrative case, suppose the market demand curve for 
sugar has been fixed. The population now increases, the consumers’ 
tastes change in favour of sugar, the prices of tea and coffee faU and 
the mcome distribution changes so that the poor have more and the 
rich less to spend. We can say that the demand for sugar, at any 
one price whatever, is greater now than it was before. The whole 
demand curve for sugar has shifted to the right. 

We must now examine the general nature of the demand function 
and curve in the light of the economic conditions of demand. The 
first point that arises here concerns the continuity of the variables 
X and p and the demand function itself and it is worth while treating 
this point at some length since our remarks apply, with little modifi- 
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cation, to other functions introduced later. It would appear that 
the demand for (e.g.) sugar can only be defined for a limited number 
of isolated prices, for (say) prices at halfpenny intervals from Id. to 
6d. per lb. Given the relevant data, the demand “ curve ” for sugar 
then consists of an isolated set of points in the plane Ox'p. The 
adoption of such a discontinuous representation is clearly incon- 
venient for a theoretical and mathematical development of the 
demand problem. Can price be taken, for theoretical purposes, as 
a continuous variable ? There is certainly nothing logically incon- 
sistent in the notion of a continuously variable price. Fm-ther, an 
examination of actual practice shows that prices are less discontinu- 
ous than they appear at first sight. Sugar may be quoted at 2id. 
or 3d. per lb. But it is possible to insert intermediate prices by 
quoting sugar at two lbs. for 5|d. ; at three lbs. for 8d. or 8|d. ; at 
five lbs. for Is. Id., Is. l|d., Is. 2d. or Is. 2jd. ; and so on. Hence, 
unless there are strong reasons to the contrary, it can be safely 
assumed that the price m a demand relation is a continuous variable 
taking all positive values. The 
demand is then uniquely deter- 
mined for each price of this 
continuous range. 

But, even when p varies con- 
tinuously, it does not neces- 
sarily follow that X varies 
continuously with p, i.e. that 
the demand function is con- 
tinuous. On the contrary, it 
is reasonable to assume that 
demand varies by a series of 
“jumps” as price increases 
continuously. Demand maj" be insensitive to small price changes and 
“ jumps ” only when price has increased by a definite amoimt. In 
tliis case, the demand function has “ jump ” discontinuities at 
certain prices and is a step-function of the kind already considered. 
The demand curve takes the form illustrated in Fig. 35. 

It is clearly convenient, for theoretical purposes, to assume that 
the demand function and cmrve are continuous, that demand varies 
continuous^ with price. There is, at least, nothing that violates our 
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logical sense in this assumption. And it is reasonable to suppose that 
any actual demand conditions, for a large market at least, can be 
“ fitted ” sufficiently well by a continuous demand curve for the 
latter to be assumed. Fig. 35 illustrates a hypothetical fitting of a 
contmuous demand curve. It is not proposed, however, to consider 
here the “ fit ” of a continuous demand curve to actual data, even 
if such data can be obtained. We need only notice the convenience 
of the continuous demand function for theoretical purposes and point 
out the limitations of this continuity assumption. We proceed, there- 
fore, on the assumption that demand is a contmuous function of a 
continuously variable price. The assumption is made for purposes 
of mathematical convenience ; it can be given up, if necessary, at 
the cost of considerable comphcations in the theory. 

5.3 Particular demand functions and curves. 

We come now to an assumption of very different nature from that 
of continuity. It is assumed that the larger is the price the smaller 
is the market demand for the good concerned. The vafidity of this 
assumption must be examined, m the light of actual conditions, in 
each particular case. In some cases of demand, as Marshall has 
pointed out following Giffen, it is certainly not vahd. But it is 
surely appropriate to all usual or “ normal ” cases of demand. Our 
main development can thus proceed on this assumption of faUing 
demand, and the theory can be modified where necessary to meet 
any exceptional cases that arise. 

The assumption imphes that z decreases as p increases, i.e. that 
the demand function is monotonic decreasmg. It follows that the 
inverse function is also monotonic decreasing. We can take either 
demand as dependent on price, or conversely : 

^ = 3,nd p = tp{x). 

Here, both functions are single-valued, continuous and monotonic 
decreasing. In diagrammatic terms, the demand curve falls con- 
tinuously from left to right and it has the same general appearance 
whether we take Op horizontally or (as we do here) vertically. 

Further restrictions on the form of the demand relation can now 
be added according to the particular requirements of the demand 
problem considered. Fig. 36 shows three general demand curves in 
certain hypothetical and illustrative cases. The first curve is 



FUNCTIONS AND DIAGRAMS IN ECONOMIC THEORY 113 

taken to represent the demand of a single family for sugar.* The 
price is measured in pence per Ih. and the demand in Ihs. per month 
per adult member of the family. No sugar is demanded at prices 
above Is. 3d. per lb. As the price falls, the demand increases slowly 
at first, then rather rapidly and finally (for prices below 2d. per lb.) 



Fio. 36. 

slowly again. The family never demands more than the “ satura- 
tion ” amount of 17 lbs. per adult per month. The demand curve 
cuts both axes and is first convex and then concave to the price axis. 
The shape of such a family demand curve can vary, of course, over 
a wide range for different families and different goods. The form 
is given merely as a fairly typical example. 

The demand cmwe is illustrative of the demand of a large 
market for sugar, taken as typical of a good with no closely related 
substitutes. The market demand becomes zero at Is. 9d. per lb., 
no family making any purchases at this or any higher price. The 
demand then increases at an ever increasing rate as the price falls 

♦ An “ individual ” demand curve of this kind can be regarded as the 
limiting case of a “ market ” demand curve when only one consumer is taken. 
A demand curve, in fact, can he defined for the whole group of consumers or 
for any particular group of them we care to specify. 

M.A. 

E 
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until approximately 80 Mn. lbs. per month are consumed at very low 
prices. The curve cuts both axes and is convex to the price axis at 
all points. As an approximate representation of such a demand, we 
could take a demand curve approacliing the axes “ asymptotically ” 
in the manner of the rectangular hyperbola (see 3.5 above). 

Sugar is a commodity Avhich is well defined and cleai'ly demarcated 
from its nearest substitute (saj' saccharine or jam). But most com- 
mercial commodities are such that there is, in each case, a number 
of closely allied commodities.* The variation can be obtained in 
many ways, e.g. by change of quality or by trade-marks. The 
demand cmrve is drawm to filustrate the demand for Player’s 
cigarettes, taken as tjrpical of such a commodity. Assuming that 
the price of competing cigarettes is 6d. per packet of ten (a fixed 
price by our assumptions), the demand for Player’s cigarettes is very 
small at 9d. per packet and increases rapidly as the price falls, 
becoming very large when the price is 5d. per packet or less. The 
demand curve cuts the price axis and, since a small price fall results 
in a large increase in demand, it is nearly parallel to the demand axis 
for most of its course. The curve must cut the demand axis at some 
point, but only when the demand is very large compared with that 
at the price of (say) 6d. per packet. 

It is often convenient to represent a demand law by a definite type 
of function, at least as an approximation for a certain range of prices. 
The demand curve is then of definite class, e.g. a straight fine or a 
parabola. The following function types can be given as examples of 
suitable demand laws : 


(1) a; 


a -p 
~b~’ 


(3) a; 


a -p^ 


p=a-bx. 
p = >Ja -bx. 


( 2 ) ^=^zrTZ.-b, 


p -fc 


X -1-6 


-c. 


(4) x — p = {a-bx)^. 


(5) X — p=a-bx^. (6) 

(7) x=ae-^^, p=^log-. (8) 

Each of these demand laws satisfies the 


x — bp-° -f-c, 



a; 

“ normal ” monotonic de- 


* I.e. commodities of the kind considered in the economic theory of *' 
polistic ” or “ imperfect ” competition. 


mono- 
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creasing condition.* The variables x and p take only positive values 
and a, b and c are positive constants in each case. If actual numerical 
demand data are available, it may be possible to fit actual values to 
the constants and to draw a definite graph of the demand curve. 

The demand curve of the first law is a downward sloping straight 
line cutting the price axis at the point A where p=a and with 
gradient (refeired to the price axis) numerically equal to b. If the 
values of a and 6 are 
changed, then the demand 
line shifts in position. If 
a alone varies, the line 
is transposed parallel to 
itself. If b alone varies, 
the line is rotated about 
the point A on the price 
axis. If both a and b 
vary, the Une shifts by 
transposition and rota- 
tion. The second demand 
law is (x +b){p +c)—a. 

The demand curve is now 
a rectangular hyperbola vdth asymptotes parallel to tbe axes and 
with centre at the point where x= -b and p = - c. The curve is 
restricted, of course, to that part of the rectangular hyperbola in the 
positive quadrant. The demand curve shifts in position when the 
values of a, b and c are varied. Variation in the values of b and c 
alone transposes the cmwe without change of shape. If b decreases, 
for example, then the curve is sliifted bodily to the right. Variation 
in the value of a, however, changes the shape of the demand curve. 
Fig. 37 shows actual cases of hnear and hyperbolic demand curves 
drawn from the demand laws : 

x = 75-5p or p = 15-^, 



and 


600 

X = - 20 or p : 


600 


— 5* 


p +5 X +20 

In each case, x is the market demand for sugar, in Mn. lbs. per 
month, when the price of sugar is p pence per lb. 


* The last two cases involve exponential and logarithmic expressions {see 

a 

9.8 below). In case (4), x must be limited to the interval 0 
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An important instance of the use of parametric constants is thus 
obtained. If a demand relation is known to be of one of the general 
types quoted above, then the position of the demand curve is fixed 
only when the parameters are given definite values. The values a, 
b and c are constants under given demand conditions. But a shift 
in demand results when the parameters are changed in value, the 
nature of the shift depending on the particular change adopted. 
Demand laws such as those given above sufiice, not only for the 
description of some given demand situation, but also for the shifting 
of the demand situation over time. 

5.4 Total revenue functions and curves. 

The demand for a good X is represented by the two inverse func- 
tions, x = (f) {p) and p = ip (x), of the demand law. When the demand 
is X and the price p, the product R=xp is called the total revenue 
obtainable from this demand and price. It represents the total 
money revenue of the producers supplying the demand and the total 
money outlay of the consumers composing the demand. Now 

R=p<f>{p)=xtP{x), 

i.e. R can be expressed either as a function of the price or as a function 
of the output (= demand). The latter is the more convenient ex- 
pression in most cases (e.g. in relating demand to cost of production) 
and the function R=xifj (x) is called the total revenue function of the 
given demand law. This function. Like the demand function itself, 
assumes pvue competition amongst consumers. The fimction is 
represented by the total revenue curve referred to a horizontal n.xis 
Ox and a vertical axis OR* The height of the total revenue curve 
thus measures the total revenue obtainable from the output indicated. 

The total revenue function, being obtained from a continuous 
demand function, must itself be continuous. But it is not possible, 
at this stage, to indicate the “ normal ” form of the total revenue 
function consequent upon the assumption of a monotonic decreasing 
demand function. It will be seen later that the form of the total 
revenue function depends on the concept of elasticity of demand (see 
10.7 below). We can simply notice here that R increases or decreases 

* The fact that Ox is the obvious axis to take as horizontal for the total 
revenue curve is one of the reasons for taking Ox as horizontal for the demand 
curve itself. 
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with increasiag output according as the demand is {in a very general 
sense) elastic or inelastic. By an elastic demand, for example, we 
mean a demand which increases in greater proportion than the 
corresponding decrease m price. In this case, the revenue obtained 
from the demand must increase as the demand increases. 

If the form of the demand law is given, however, it is a simple 
matter to deduce the form of the total revenue function and curve- 
For example, in the case of the linear demand law p~a-bx,w& have 

B—ax-bx^. 


This expression can be written in the form 

T 

2bJ 


R- 


46 




The total revenue curve is thus a parabola with axis vertical and 
pointing downwards (see 3.4 above). The highest point of the curve 
a 


occurs where x ■■ 


Total revenue increases as output increases at 


first, reaches a maximum value ^ at the output x- 


'2b 


and then 


decreases as output increases further. A total revenue curve of this 
kind, obtained from a linear demand law, is shown in Fig. 44. 

The total revenue curve contains no reference to the price of the 
good. But the price can be read off the curve quite easily. If P is 
the point on the curve at output x=OM, then 

R MP ,. . f^-r, 


Price can be regarded, in fact, as average revenue, i.e. as the revenue 
per unit of the output concerned. As such, it is measured by the 
gradient of the line joining the origin to the appropriate point on the 
total revenue curve. Since price decreases as demand increases, the 
lin e OP becomes less and less steep as we move to the right along 
the total revenue curve. 


5.5 Cost functions and curves. 

The following assumptions are needed to obtain a simple expres- 
sion of the problem of cost of production. A given firm produces a 
single uniform good Z with the aid of certain factors of production. 
Some of the factors are employed in fixed amounts irrespective of 
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the output of the firm, and it is taken that tlie expenditure on these 
factors is known and fixed. The remaining factors are variable and 
the conditions of their supply are assumed to be known. For 
example, the factors may be obtainable at fixed market prices. 
Further, the technical conditions under which production is carried 
out are taken as known and fixed. Finally, the firm is assumed to 
adjust the employment of the variable factors so that a given output 
X of the good X is obtained at the smallest possible total cost 17. 
Then 11 is determined when x is given and assumes different values 
as cc is changed, i.e. 77 depends uniquely on x : 

n = F{x) the total cost function. 

The variables x and 17 are necessarily restricted to positive values. 
The function is sliown by a total cost curve referred to a horizontal 
axis Ox and a vertical axis 071 drawn in a plane. The varying 
height of the curve shows the changing total cost of an increasing 
output. 

The total cost function and curve are static constructions relating 
to various alternative and hypothetical outputs produced under 
given conditions. They do not describe the variation of cost and 
output over time. The form of the function F depends on such con- 
ditions as the technique of production and the conditions of supply 
of the variable factors of production. The function and curve are 
fixed only for given conditions and are completely changed in form if 
any of the conditions are varied. For example, if the technique of 
production is improved by an invention or if the wages of the labour 
employed fall, then the cost function is changed so that the cost of 
any given output is less than before and the total cost curve shifts 
to a new position below the old curve. 

It should be noticed that the total cost function and curve are 
“ minimal ” concepts. By varying the employment of the variable 
factors, a given output can be produced at various total costs of 
which only the smallest is used to define the total cost function. In 
diagrammatic terms, the ordinate of a point on the total cost curve 
represents the least cost of producing the output concerned and the 
same output could be produced at larger costs shown by points 
^’eJ•tically above the point taken on the curve. The positive quadrant 
of the plane 0x71 is thus divided into two areas by the curve ; points 
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in the area above the curve correspond to total costs at which the 
outputs concerned could be produced while points in the area below 
the curve represent total costs too small for production of the out- 
puts. The total cost curve is the lower boundary of the area repre- 
senting possible cost situations. But, since we usually need consider 
only the lowest cost of any output, we are interested in the cost curve 
rather than in the area above it. 

For purposes of mathematical convenience, the single-valued cost 
function can be taken as continuous. Further, under “normal” 
conditions with at least one factor of production fixed, it is assumed 
that there are fixed “ overhead ” costs, incurred even when no out- 
put is produced, and that variable costs increase as output increases.* 
The total cost curve, therefore, cuts the vertical axis at a point above 
the origin and rises continuously from left to right. Fig. 38 shows a 



total cost curve of “ normal ” form appropriate to a hypothetical 
case of a sugar refinery ; overhead costs are £250 per week and total 
cost increases with output, reaching a value of £1250 per week when 
the weekly output of sugar is 80 tons. 

It is sometimes convenient, at least for approximate represen- 
tations of cost over a limited range of outputs, to take the total cost 

* If we consider an industry instead of a firm and take all the factors of 
production as variable, then overhead costs are zero. Or, we may consider 
only the total variable costs of a firm and neglect overhead costs. In either 
case, the norma! form of the total cost curve is similar to that given here 
except that it now starts from the origin. 
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normal ” case 


function of some particular form. The following are types of cost 
functions appropriate to the 

( 1 ) n=ax+b. 

(3) Il—Jax +b +c. 


(2) n=ax^+bx+c. 

(4) n=ax^ - bx^ +CX +d. 


(5) n=aa: — 


(6) IZ'=aa;2— 


x+c ' ' x+c 

(7) n=ae^=‘. (8) n=x‘^e^==+o +d. 

The parameters a, b, c and d are positive in each case. In case (2), 
the total cost curve is a parabola wdth axis pointing vertically up- 
wards and wdth vertex to the left of the origin at x = Since 

ZiOj 

the curve is limited to the positive quadrant, it consists of an arc of 
the parabola rising continuously from left to right. The curve 
graphed in Pig. 46 below represents the cost curve 

77 = 3 ^^ +5x -f200, 

where £77 per week is the total cost of an output of x tons of sugar 
per week in a sugar refinery. 

The parameters in cost functions of types such as those above 
enable us to allow for shifts in cost. A cost cmve given by (2), for 
example, is fixed if a, 6 and c have given values. As the parameters 
are changed, so the whole cost curve shifts in position corresponding 
to some change in the conditions under which the firm operates. An 
increase in c represents a rise in overhead costs and the cost curve 
shifts upwards without change of form. Changes in a and b, on the 
other hand, correspond to modifications in variable cost and the 
cost curve is changed in shape as weU as in position. 

At any output, the ratio of total cost to output defines average cost 
or cost per unit of output. Denoting average cost by tt and using 
Pig. 38, we have 

77 MP 4. f nr, 

=^=gradient of OP, 

and average cost is read off the total cost curve as the gradient of the 
line joining the point on the curve to the origin. Since average cost 
varies with output, we have the average cost function TT=f{x) where 

f{x)=^= —^\ and a corresponding average cost curve referred to 

axes Ox and On in a plane. The form of this function is to be 
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obtained from that of the total cost function. For example, if total 
cost is given by the function (2) above, then 

2. <5 

■Tr=ax +0 H — 

X 

Here as x-^0 and as x->cc , i.e. the average cost curve must 
fall as output increases at small outputs and rise at large outputs. 
In the particular case of the sugar refinery already quoted, the 
average cost curve is of the form shown by the curve A.c. of Pig. 46. 
The average cost function, unlike the total cost function, is not 
necessarily monotonic. 

5.6 Other functions and curves in economic theory. 

It is appropriate, in some problems, to represent the conditions 
of supply of a good in a way analogous to those of demand. Suppose, 
for example, that a market consists of individuals who bring fixed 
stocks of various goods to a market-place for exchange amongst 
themselves. If there is pure competition amongst the individuals, 
the market prices (in money terms) of aU goods being given, then 
each individual determines by how much he will increase or 
decrease his stock of any one good. If he wishes to increase his 
stock, he forms part of the demand for the good ; if he decreases his 
stock, he contributes to the supply of the good. Then, if aU prices 
other than that of the good concerned are fixed, the total demand 
and the total supply of the good are defined, by addition over the 
whole market, as dependent upon the price. The demand and 
supply functions are exactly similar, supply being negative demand, 
and it can be taken that the functions are single-valued, continuous 
and monotonic, demand increasing and supply decreasing as price 
decreases. 

A different representation of demand and supply is appropriate to 
simple problems of international trade.* Two countries A and B 
exchange two goods X and T, country A producing only X and 
country B only F. It is assumed that the conditions of production 
and the supply of resources are given in each cormtry. Then country 
A can determine uniquely the amount of X it is willing to offer in 
exchange for any given amount of F, i.e. the amount of X offered 

* See Marshall, The Pure Theory of Foreign Trade (1879). 
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is a single -valued function' of the amount of Y taken, a function 
which appears as the demaTid and offer curve of country A (when 
referred to axes Oxy in a plane). A similar function and curve is 
defined for country B, the good Y being offered and X demanded. 
These curves differ from those previously defined in that they are 
referred to axes along which amounts of two goods are measured. 
The prices of the goods do not appear explicitly. But, if P is any 
point on the demand and offer curve of the country A, then the 
gradient, referred to Ox, of the line OP gives the amount of Y taken 
in exchange per unit of X, i.e. it gives the price of X in terms 
of F. A similar price can be defined, as a ratio of exchange, for the 
coimtry B. 

We assumed, in 5.5 above, that only a single good was produced 
by the given firm. A first approach to a more general problem can 
be made by assuming that a firm produces two goods X and F rmder 
given technical conditions and making use of fixed supplies of certain 
factors of production. The total cost of production is now given 
and the interest lies entirely in the varying amounts of the two 
goods that can be produced. If a given amount x of the good X is 
produced, then the fixed resources of the firm can be adjusted so as to 
produce the largest amount y of the other good F compatible with 
the given production of X. Here y is a single-valued function of x 
which can be taken as continuous and monotonic decreasing ; the 
larger the amount of X required, the smaller is the amount of F 
obtainable. Conversely, if a: is the largest amount of X that can be 
produced jointly with a given amount y of F, then a; is a single- 
valued, continuous and decreasing function of y. The two functions 
must he inverse to each other, i.e. two aspects of a single relation 
between the amounts of X and F produced, a relation imposed 
by the condition of given resources. In S 3 n 2 ibols, we can write the 
relation 

F{x, y) = 0, 

giving y=fix) and x=g{y), 

where f and g are single-valued and decreasing functions to be inter- 
preted in the way described. The relation, F {x, y) = 0, can be called 
the transformation function of the firm and it serves to show the 
alternative productive possibilities of the given supplies of the 
factors. The corresponding transformation curve in the plane Oxy 
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is cut by parallels to either axis in only single points and is downward 
sloping to both Ox and Oy.* Further, it can be taken, in the 
“normal ” case, that the production of Y decreases at an increasing 
rate as the production of X is increased, and conversely. The trans- 
formation curve is thus concave to the origin. Fig. 39 shows a 



‘ normal ” transformation cmve in the hypothetical case of a firm 
producing two grades of steel with given supphes of labour, raw 
materials and equipment. The transformation curve, it should be 
noticed, is a “ maximal ” concept and forms the outer boimdary of 
the productive possibilities. Any point within the curve corresponds 
to productions of X and Y possible with the given resources while 
productions represented by points outside the curve cannot be 
obtained no matter what adjustments of the given resources are 
made. 

The analysis can be generalised to allow for the use of given re- 
sources in the production of different goods, not at the same time, 
but in different periods of time. In the simplest problem, it is 
assumed that a firm, with given technical conditions and given pro- 
ductive resources, can arrange production in two years in various 

* The curve is sometimes called a “ production indifference curve ”, a 
terminology which is not to be recommended since the curve has little in 
common with the indifference cxirves described below. The term “ trans- 
formation curve” is used (e.g.) by Hayek, Utility Analysis and Interest, 
Economic Journal, 1936. 
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ways. It is convenient here to take incomes rather than physical 
production, i.e. to take the resources of the firm as producing, 
according to their allocation, various incomes this year and various 
incomes next year. Then, for a given income of S.x this year, the 
firm can determine the largest income £y obtainable next year from 
its resources. Conversely, the largest present income (Lc) can be 
found if next year’s income (£y) is given. There is thus a transfor- 
mation function relating incomes in the two years, a function very 
similar to the transformation function described above and subject, 
in the “ normal ” case, to similar conditions. The corresponding 
transformation curve can he taken as downward sloping and concave 
to the origin ; as the income desired this year increases, the income 
obtainable next year decreases continuously and at an ever increasing 
rate.* 

5.7 Indifference curves for consumers’ goods. 

The economic problems to which we turn now are interpreted, not 
in terms of a single function or curve, but with the aid of a function 
type or a curve system. The first of these problems is concerned 
with the choice of an individual consumer (e.g. a family) in respect 
of the whole range of consumers’ goods available on a market. In 
order to obtain a simple representation, we take the case where only 
two goods X and T appear in the consumer’s budget and, to this 
extent, the problem is over-simplified. The basic assumption now 
is that the consumer distributes his expenditure on the two goods 
according to a definite “ scale of preferences ”. His “ tastes ”, on 
this assumption, are such that he can arrange aU possible purchases 
of the goods in ascending order of preference and, given any two 
alternative sets of purchases, he can either teU which purchases are 
preferable or say that they are indifferent to him. 

The precise expression of this assumption can be most easily given 
first in diagrammatic terms. Measuring purchases of the two goods 
along axes Ox and Oy selected in a plane, any set of purchases (so 
much of X and so much of Y) is represented by a point P with co- 
ordinates (x, y) which measure the respective amounts of X and Y 
purchased. If we start with a given set of purchases represented by 

* This transformation curve is called, by Professor Irving Fisher, the “ in- 
vestment opportunity line See Fisher, The Theory of Interest (1930), 
pp. 264 et seq. 
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a point Po{Xq, yg), then all other possible purchases can be classed 
into three groups, those preferable to, those which are less preferable 
than, and those which are on a level of indifference with the basic 
purchases {xq, y^). The third group of purchases is represented by 
a set of points, Pq, P^, Pg, , making up a certaiu curve. This is 
called the indifference curve, corresponding to the level of prefer- 
ence associated with the origiaal purchases (a^o, y^). Now take any 
purchases {Xq, y^) not included in the indifference group already 
defined. A second group of indifferent purchases can be defined at 
the level of preference of (aio', y^) and represented by a set of points, 
Pq', Pi, Pz, . .. , making up another indifference curve. This process 
can be continued until aU possible sets of purchases have been m- 
cluded, and the final result is a whole system of indifference curves, 
each curve consisting of points at one level of indifference. Further, 
by the basic assumption, the indifference curves themselves can be 
arranged in ascending order of preference, i.e. according to the pre- 
ferences shown by the individual for the various levels of indifference 
attached to the curves. The indifference map, consisting of the whole 
set of indifference curves, serves to describe completely the indi- 
viduaTs scale of preferences for the two goods. To compare any two 
purchases as regards preference, we need only determine whether 
the corresponding points lie on “ higher ”, “ lower ” or the same 
indifference curves. 

The basic assumption tells us only that some indifference map 
can be assumed. The continuity assiunption is now added for 
purposes of theoretical convenience. It is assumed, firstly, that the 
individual can vary his purchases of each good continuously and, 
secondly, that the variation from one set of purchases to indifferent 
purchases is continuous. This assumption has, of course, no justifi- 
cation except as an approximation and on grounds of expediency. 
Each indifference curve can now be taken as continuous and the 
whole set of curves appear in a continuously variable order of 
ascending preference. 

Finally, we add three assumptions limiting the form of the in- 
difference map in the “ normal ” case of consumer’s choice. The 
first is the very reasonable assumption that no indifference curve 
intersects itself or any other indifference curve. This means that 
there is only one direction of variation from a given set of purchases 
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which leaves the consumer mdifTerent and that no set of purchases 
can be at two levels of indilference. The second assumption is that 
the level of preference increases as we move across the indifference 
map in the N.E. dh’cction in the plane Oxy. Tliis fixes the order 
of ascendhig preference of indifference curves and implies that the 
consumer deems himself “ better off ” whenever he increases his 
purchases of botli goods. From this reasonable assumption, it follows 
that the level of preference can only remain michanged if an increase 
in the purchase of one good is offset bj' a decrease in the purchase of 
the other, i.e. the indifference curves are downward sloping. The 
third assumption is that each indifference curve is convex to each axis 
of reference, impljdng that over larger and larger mcreases in the 
purchase of one good are requhed to compensate (i.e. to preserve 
a given level of mdifference) for a steadily decreasing purchase of the 
other good. It may be objected that this last assumption is not 
reasonable as a miivcrsal, or even usual, condition. This may be so, 
in which case the mdifference curves must be assumed to be of other 
forms. But the assumption can be retained to cover “ normal ” 
cases until we find that oirr theory based on it fails to account for 
observable facts. 

Since the consumer’s preferences for two goods are represented by 
a system of curves, the analytical expression of the problem follows 
from the considerations of 3.7 above. The indifference map has the 
property that one and only one curve of the system passes through 
each point of the positive quadrant of the plane O.vy. The complete 
map corresponds, therefore, to a functional relation between x and y 
involving one parameter a which can be separated off as shovm in 
the general expression : 

<f){x, y)=a. 

Here <fi{x, y) is a continuous expression in the amounts x and y of 
the two goods pm'chased by the consumer. The variables x and y, 
and the parameter a, take only positive values. If the value of a is 
fixed, we obtahi the equation of one definite indifference curve of the 
system. Different mdifference curves arise when the value of a is 
changed. The parameter a is thus associated with the particular 
level of preference which corresponds to the purchases x and y of the 
two goods ; it is an “ indicator ” of the ordinal and non -measurable 
concept of preference or “ utihty ”, 
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The following are actual examples of functional relations suitable 
for the expression of a “ normal ” scale of preferences for two con- 
sumers’ goods : 

SC 

(1) P=.=a, where 0^x^a(h- Jk) -h. 

n-^y +k 

(2) (a;+j^)(y +h)=a, where 

k 

(3) X +?/ ■\-‘J2xy~a, where 0<a:<a. 

Here a is the parameter of each preference scale and h and h are 
positive constants. Figs. 24, 25 and 26 show indifference maps 
drawn from relations of the above types and illustrates the fact 
that the preference scales are of “ normal ” form. 

It must be emphasised that the whole indifference map, given by 
^(a:, y)=a, is needed to describe the preferences of the consumer. 
The parameter a is an essential part of the description. To allow for 
changes in the consumer’s tastes we must modify the form of the 
whole indifference map. It is the function ^{x, y) which reflects the 
particular tastes of the consumer ; the form of ^ is fixed for given 
tastes and is modified whenever tastes change in any way. These 
remarks can be illustrated by the relations (1) and (2) quoted above. 
The constants h and h have fixed values for a given indifference map 
but, by changing their values, we modify the whole map and allow 
for changes in the complex of preferences of the consumer. Hence, 
in representing a scale of preferences by a relation such as (1) or (2), 
the variation of the parameter a gives the different curves of the 
indifference map while the constants h and k, given in value for a 
given complex of tastes, are changed only when we wish to consider 
the results of varying tastes.* 

5.8 Indifference curves for the flow of income over time. 

A system of indifference curves, very similar in nature to that for 

* It is important to be clear on the nse of parameters here. The parameters 
of a demand or cost curve relate to external factors (e.g. the number of con- 
sumers or the prices of the factors of production). In a given situation, there 
is only a single demand or cost curve. As the situation changes, the parameters 
take different values and the curve shifts in position. But a given situation as 
regards consumers’ preferences is described by a whole S3rstem of curves and 
a parameter is needed to take us from one curve to another. If the situation 
itself changes, we must add other parameters in order to change the whole 
system of cruves. The varying tastes of a consumer are described by the 
shifting of a system of curves, i.e. by a system of a system of curves. 
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consumers’ goods, cnn bo defined to descril)o a rather wider economic 
problem. An individual consumer can bo assumed to act according 
to a scale of preferences, not only for goods ])urchased in one period 
of time, but also for goods bought in successive periods. But the 
discontinuous “ flow ” of purchases over time can be analysed on 
exactl}’’ similar lines to purchases at one time. In order to obtain 
a eonvenient representation of the wider problem, severe simplifying 
assumptions must bo made. We assume that the consumer takes 
into account purchases of goods made in only two succe.ssivo years 
and that his income can bo taken ns an indicator of his preferences 
for the actual collection of purchases made in cither j’car. We can 
then speak of the consumer’s preferences for various groupings of 
this year’s and next year’s incomes, so much to spend now and so 
much to spend next 3'ear. 

On the basic assumption of a scale of preferences for this and next 
year’s income, the consumer’s time preferences for income can bo 
represented by a sj’stcm of indifference curves in a plane referred to 
axes along which wo measure the amounts of this j-ear’s income (x) 
and of next jmar’s income (y). One income grouping (so much this 
year and so much next 3’ear) can bo compared with another grouping 
by the position of the correspondmg points on the indifference map. 
The groupings are indifferent to the consumer if the points lie on 
one indilTeronco curve ; one grouping is preferred to the other if it 
lies on a “ higher ” indifference curve. The income indifloronco map 
corresponds to a function typo of the form 

ifj{x, y)=a, 

where tp{x, y) is a given relation between x and y and where a is a 
positive parameter indicating the level of preference for the incomes 
X and y. The indifference map can bo assumed to bo contmuous, 
the curves being non-intersecting, downward sloping and convex to 
the axes. Preference for income combinations, ns indicated b3’ a, 
must increase as we move across the indifference map in the N.E. 
direction. These limitations on the form of the indiflercnce map are 
intended to appl3’^ to the “ normal ” case of n consumer’s pi cferenccs 
for income over time and tho3’' are similar to the limitations imposed 
in the previous problem of purchases of goods made at one time. 

Further properties of the indifTeronco map for uicomes cnn also bo 
assumed in “ normal ” cases. If neither income is largo, the indifier- 
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ence curves must be steeply iucliiied to Ox (the axis of present 
income) since some of this year’s income wiU only be sacrificed in 
return for relatively large additions to next year’s income. As the 
combined income of the two years increases, the curves tend to 
become less steep and, when both incomes are large, they approxi- 
mate closely to straight lines inclined (negatively) at an angle of 45°. 
The addition to next year’s income will then be httle larger than the 
loss to this year’s income for which it compensates. It is seen that 
the curve system of Fig. 24 is suitable for the representation of such 
an income indifference map. The analytical expression is 

X +li 

i====a, {Q^x^a{h- Jh) -h), 

+lc 

where a is the parameter indicating the level of preference for the 
incomes x and y in the two years. Fixed positive values must be 
given to h and k if the consumer’s preferences for income are known. 
These values are only changed when the whole scale of income pre- 
ferences is modified. 


EXAMPLES V 


Economic functions and curves 


1 . The price of a certain brand of tea is p pence per pound and it is found 
that the market demand is x thousand potmds per week where 


p 

20 

24 

28 

30 

32 

36 

40 

X 

82-6 

70-8 

63-1 

60-7 

66-0 

48-9 

39-8 


Represent these demands graphically and show that the demand law is 
approximately of the linear form a: =120 -2jo. Then graph the total revenue 
curve and find the largest revenue obtainable. 


2. A cheap gramophone sells at £p and it is known that the demand, 
X hundred machines per year, is given by 

90 


x=- 


:- 6 . 


P+6 

Plot a graph of the demand curve. At what price does the demand tend to 
vanish? Draw a graph of the total revenue curve and determine at what 
price and output the total revenue is greatest. 


3. A firm selling toothpaste investigates the form of the demand for its 
product by fixing different prices in four successive periods. It is found that 
the necessary outputs are 


Price (d. per tube) 

9 

12 

16 

18 

Output (tubes per week) 

1030 

900 

795 

716 
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Choosing suitable scales, plot the total revenue for these outputs graphically. 
Show that total revenue can be taken approximately as a linear function of 
output. Deduce the demand law. 

4, What type of demand cmve corresponds to the demand law 


a 



where a and c are positive constants? Show that there is some demand no 
matter how large the price. Is there any limit to the extent of the demand 
for small prices? Show that total revenue falls steadily as output rises and 
compare with the case of the previous example. 


5. Examine the demand curve p=- 


-t where a and h are positive 

x+h ^ 

constants. Show that the demand increases from zero to indefinitely large 
amoimts as the price falls. What tjqie of curve is the total revenue curve? 
Show that revenue increases continuously to a limiting value and contrast this 
case with that of the previous example. 


6. From a consideration of the total revenue curves obtained in the 
pre^dous two examples, why can we say that these demand laws are not 
typical of ordinary demands, except as approximations for limited ranges of 
prices ? 


7. Of what type is the demand curve p = . +c, where a, b and c are 

a X + 0 

positive constants ? If ^ is small, show that a relatively small fall in price 


increases the demand from zero to a large amount. Is this a suitable approxi- 
mate demand law for (e.g.) Player’s cigarettes? 


8. A speculative builder of working-class tenements rents each tenement 
at p shillings per week. It is luiown that 

p —‘J 225 - 9a:, 

where x is the number of tenements let per week. Graph this demand law. 
Is it the kind of law you would expect here ? 

9. Find a: as a function of p from the demand law p — -Ja - bx. Show that 
the demand evuve is an arc of a parabola with its axis parallel to Ox. Locate 
the vertex and indicate the shape of the curve. 


10. The number {x) of persons per day using a motor coach service to 
Southend is related to the fare ( p shillings) charged by the law 



Show that the demand curve is a parabola and locate its vertex. Also graph 
the total revenue emve, showing that revenue rises rapidly to a maximum 
before falling off slowly. Generalise by considering the demand law 
p = (a - bxY, where o and b are positive constants. 


11. If X is the number (in hundreds) of business men travelling by the 
8.16 a.m. train from Southend to London when the return fare is p shillings, 
the demand law is 


p =4 - 


100 


Draw the demand eurve, show that it is a parabola and locate the vertex. 
Also draw the total revenue curve and find at what fare the revenue is greatest. 
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Contrast the forms and economic interpretations of the demand curves in this 
and the previous example. 

12. At a charity performance at tlie local cinema, it is Imown that the 

attendance at a imiform charge of p pence will be a; = - - 6, where a and b are 

P 

constants. It is fomid that the cinema, which has 3000 seats, is half-filled 
when Is. is charged but that only one-sixth of the seats are empty at 9d. 
Find the con.st;\nts a and b. Deduce the charge that fills the cinema and show, 
if all the proceeds go to the charity, that the latter benefits most in this case. 

13. In the case of “ constant ” costs U =ax + b, show that the average cost 
curve is a rectangular hyperbola, average cost falling continuously towards 
the value a ns output increases. A builder of small bimcalows has fixed 
“ overheads ” of £5000 per j'ear and other costs are always £300 per bungalow. 
Graph the curve showing average cost per bvmgnlow when a variable munber 
X is built per year. 

14. A fixed plant is used to manufacture radio sets and, if x sets are turned 
out per week, the total variable cost is £(3x +^x-). Show that average 
variable cost increases stendilj' with output. 

15. If the overheads of the plant of the previous example are £100 per week, 
find the average cost in terms of the output and draw the average cost curve. 
IVliat is the least value of average cost? 

16. A coal retailer buj's coal at a list price of 40 shillings per ton. He is 

allowed a discount per ton directly proportional to the montlil}’ purchase, the 
discount being 1 shilling per ton when ho takes 100 tons ))er month. His over- 
heads are £50 per month. Obtain total and average cost ns functions of his 
monthly purchase {x tons) and draw the corresponding curves for purchases 
up to 1000 tons per month. ^ 

17. The electricity works in a small town produces x thousand units per day 
at a total cost of £(2V40 j: - 175 -1-90) per day. Draw the total cost curve. 
Express the average cost, in pence per unit, as a function of x, draw the 
average cost curve and show that, as output increases above a certain 
minimum, average cost decreases rapidly. 

18. The total variable cost of a monthly output of x tons by a firm producing 
a valuable metal is £(-^ 50 ;’ - 3a:® -f 50a:) and the fixed cost is £300 per month. 
Draw the average cost curve when cost includes (a) variable costs only, and 
(b) all costs. Find the output for minimum average cost in each case. Show 
that the output giving least average variable cost is less than that giving least 
average (fixed and variable) cost. 

19. A firm produces an output of x tons of a certain product at a total 
variable cost given by 

n=ax^ -bx^ +CX. 

Show that the average cost curve is a parabola, find the output for least 
average cost and the corresponding value of average cost. 

20. A tobacco manufacturer produces x tons per day at a total cost of 

a: (a: - 1 - 200 ) 

^4(a:-t-100)' 

Graph the total and average cost curves and show that average cost decreases 
continuously from 10s. per lb. towards a lower limit of 5s. per lb. 
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SI. Generalise the previous example by tailing the total cost as 

a; +6 


n=ax‘- 


a: +c 


where a, b and c are positive constants (b >c). Show that total cost increases, 
and average cost decreases, as output increases. Of what type is the average 
cost curve? 


23. If the tobacco manufacturer produces at a total cost of 


x“(a; + 100) 
400 (x + 400) 



when his output is x tons per day, draw the graphs of the total and average 
cost curves. Describe the way in which total cost increases with output and 
find the output at which average cost is least. 

Generalise to show that the total cost function 


/T=ax*^-i^ +d 
x + c 


gives total and average cost curves of “ normal ” form. 


23. On the market of a country town, butter is brought for sale from the 
surrounding district weekly. It is fovmd that the weekly supply (x lbs.) 
depends on the price (pd. per lb.) according to 

X = IOOn/jj - 12 + loo. 

From a graph of the supply curve, show that there is no supply at any price 
less than Is. per lb. and that the supply increases continuously as the price 
increases above Is. per lb. Generalise by considering x=a^p —b+o, where 
a, b and c are positive, as a typical supply law. 


24. English cloth is exchanged for German hnen. The amount of cloth 
{y million yards per year) ofiered by England in exchange for a given amount 
(x million yards per year) of linen is given by 

x(65-x)® 

2400 

The amoimt of hnen ofiered by Germany for a given amount of cloth is 

^_ y(25-y) 

10 

Represent these conditions diagrammatically and show that, for equihbrium, 
10 million yards of cloth exchange against 15 million yards of linen. 


25. With a given plant and given supplies of labour, raw material, etc., a 
chocolate firm can produce two “ lines ” in various proportions. If x thousand 
lbs. of one line are produced per year, then 

thousand lbs. per year is the output of the other line. Represent the con- 
ditions graphically. Wliat kind of curve is this transformation curve? 


26. A man derives £x from his business this year and % next year, 
alternative uses of liis resources, he can vary x and y according to 

. = 1000 -^. 


By 


Graph the transformation curve. If he wants £750 next year, how much can 
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he take out of the business this year? Generalise by showing that y =6 

a 

represents a “ normal ” case in this type of problem if the constants a and 6 
are such that h >a. Wliat is the transformation curve? 

27. If a coal mine works x men per shift, the output per shift is 



tons of coal. Draw a graph to show the way in which output varies with the 
number of men and find the size of the shift for maximum output. Express 
the average product per man as a function of x, draw the corresponding curve 
and show that it is a parabola. When is average product greatest ? 

28. A consumer’s indiSerence map for two goods X and F is defined by 

4 - + 1 

. — O* 

X+4: 

Draw a graph showing the five indifference curves for the values 2, 3, 4, 6, 6 
of the parameter a. Verify that they are of “ normal ” form. 

29. The relation (a: + l)(y +2) =2a defines a system of curves. Draw a 
graph showing the curves, in the positive quadrant, for 0 = 2, 3, 4, 5, 6. Are 
these curves suitable indifference curves for the case where an individual can 
derive incomes of £x and £y in two years? 

30. Consider the form of the indifference map given by the relation 

{x+h)'Jy+k=a, 

where h and k are fixed positive constants. Draw graphically a selected 
number of the curves in the case h = 2, k = l, and in the case = 1, fc = 1. Show 
that one case is suitable for the indifference map for two consumers’ goods 
and the other for incomes in two years. 



CHAPTER VI 

DERIVATIVES AND THEIR INTERPRETATION 
6.1 Introduction. 

Having made clear the nature of some of the fundamental ideas of 
the mathematical technique, we find ourselves in a position to attack 
one of the central problems of mathematics, the problem with which 
we are concerned in the “ differential calculus ”. If 2/ is given as a 
function of .r, then the value of?/ is determined by, and changes vith, 
the value allotted to x. It is clearly important to devise a method 
of comparing the changes in y with those in x from wliich they are 
derived, of measui'mg the rale at wdiich ?/ changes when x changes. 
In the differential calculus, we make precise what we mean by the 
I’ate of increase or decrease of a function, we set out a method of 
evaluating these rates for various functions and we systematise the 
problem by introducing convenient S5Tnbols, processes and rules. 
In the words of Professor Whitehead, the differential calculus 
is the “ systematic consideration of the rates of increase of 
frmetions ”. 

In the present chapter, it is proposed first to treat the problem of 
defining and measuring rates of change from the purely analytical 
point of view. It is then found that a very important diagrammatic 
interpretation of the problem can be given. Finally, since the im- 
portance of any mathematical method depends on its use in inter- 
preting scientific phenomena, we shall consider quite generally the 
applicability of our new concepts in a wide range of scientific studies. 
The development of the practical technique of dealing vdth our 
problem wiU be given in the following chapter. 

We can begin by considering special functions of simple form. If, 
in the function y = x^, we increase the value of x from one definite 
value to a larger value X2, the value of the function increases from 
Xj^ to x^^. The variable x is increased by amount {x^ - aq) and the 



135 


DERIVATIVES AND THEIR INTERPRETATION 

corresponding increase in the function is (ajj® - The average rate 
of increase of the function per unit increase in a; is then 


^ ^ +Xz\ 

Xg-Xi 

an expression which depends on both x^ and x^. The average rate of 
increase is dependent on the value of x from which we start and on 
the amount of increase allotted to x. 

Consider, now, only those increases which start from a definite 
value of X. Adopting a different notation, let x be the fixed original 
value of X and h the amount of the increase allotted. As x is 
increased from x to (x +h), the function increases by an amoimt 
{(x +/i)® - a;®) and the average rate of increase is 


(x +h)^ -x^ 
A 


= 3x^ +3xh +/i^, 


which is taken as dependent on the variable increase h in x. 

As the value of h becomes smaller, the average rate of increase 
is seen to approach the limiting value 3.r* which we term the 
(instantaneous) rate of increase of the function at the point x. 
Hence, by definition, the rate of increase of the function at 
the point x is 

Lim 

h-*0 

The average rate of increase of the function is a perfectly definite 
concept for any actual increase ft in a; however small. On the other 
hand, the instantaneous rate of increase is a limiting and abstract 
concept, the limiting value approached by the average rate of 
increase as smaller and smaller increases in x are allotted. It will be 
found that, although scientific phenomena are expressed directly 
by means of average rates of increase, mathematical analysis finds 
it more convenient to treat the related abstract concept of the 
instantaneous rate of increase. The mathematically significant fact 
is that a function is tending to increase at a certain rate at a definite 
point, not that it actually increases at a certain average rate over a 
definite range of values of the variable. 

The instantaneous rate of increase has a value for any value of x 
we care to select. The rate of increase of x^ is 3x^ when we measure 


{x +ft)^ 


:3.t2. 
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it at the point x. So, the rate of increase of at the point a; = 1 is 3, 
at the point a: =2 it is 12, and so on. In the first case, the value 
of a;3 is tending to increase at the rate of 3 units per unit of x and 
similarly for the other cases. The rate of increase of a;® at the point 
X changes as x changes, being always given by the expression 3a;®. 
The rate of increase of a function of x is itself a function of x. 

As a second example, it is seen that the function t/ = - decreases 

1 \ ^ 

' as X increases by an amount Ti from x to 


by an amormt - 
(a; + )t). 


X +11^ 


The average rate of decrease of the function is thus 

1 


h\x X +1lJ i 


x{x -vh) 

The instantaneous rate of decrease of the function at the point x is 


1 


Lim i(- 


The function - decreases at various rates as x increases from different 

^ 1 
values, the rate being always given by the expression — . 

The process described above can be extended and generalised to 
apply to any single-valued function whatever. Suppose the inde- 
pendent variable of the function y=f{x) changes in value by an 
amoimt h from x to (x +h). We can regard Ji as taking positive or 
negative values, a positive value indicating that x has increased and 
a negative value that x has decreased. The corresponding change 
in the value of the function is then of amount {f{x -\rTi) -f{x)} and 
this, again, can be positive or negative according as the value of the 
function has increased or decreased. The expression 

f{x +h) -f{x) 
h 


then indicates the average rate of change in/(a:) per unit change in x. 
The sign of this expression is important. If the sign is positive, then 
f{x) changes in the same sense as x itself, increasing as x increases and 
decreasing as x decreases. If the sign is negative, then f{x) changes 
in the opposite sense to x, increasing when x decreases and decreasing 
when X increases. The important question is whether the average 
rate of change tends to approach any definite limiting value as h gets 



DERIVATIVES AND THEIR INTERPRETATION 137 

smaller through positive and negative values. If a limit exists, then 
it represents the instantaneous rate of change off{x) at the point x, 
i.e. the rate at which /(a:) is tending to increase or decrease (according 
to the sign of the limit) as x changes from the point x. If no limit 
exists, then the value of the function changes in an erratic way as 
smaller and smaller changes are made in the variable x, changes 
which cannot be described by any definite instantaneous rate of 
change. The whole problem of the existence and value of the rate 
of change of a function y=f{x) thus turns on the existence and value 

of the limit of the “ incrementary ratio ” j{f{x +h) -f{x)} as h tends 
to zero at a definite point x. 

In the first example considered above, the rate of change of x^ 
at the point x is given by 3a;* and, since this is positive, we know that 
x^ increases as x increases. On the other hand, the rate of change of 

the second function y=- at the point x is 


Lim i ^ - i) = Lim \ — y - zX = - • 
i,-,oh\x-hh x) A-»ol cc{x+h)] a:* 

Except for the sign, this is identical with the rate of decrease we 

obtained previously. In fact, the negative sign of the rate indicates 

that it is a rate of decrease as x increases and the numerical value, 


i.e. — , then measures the actual rate of decrease at any point. A 


rate of change, having sign as well as magnitude, is a wide concept 
including both rates of increase and rates of decrease. 


6.2 The definition of a derivative. 

If y=f{x) is a single-valued function of a continuous variable, and 


if the incrementary ratio t{/(® +^) ~/(^)} tends to a definite limit 

il 


as the value of Ti tends to zero through positive or negative values, 
then we say that the function has a derivative at the point x given 
in value by the limi t of the incrementary ratio. If the incrementary 
ratio has no lim iting value, then the ftmction has no derivative at 
the point x. 

A number of different notations for the derivative of a function 
are in current use. The two following notations are the most common 
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and they will be used throughout the present development, 
derivative oiy—f (x) at the point x is written either as 


dx 




The 


or as y'=fix)- 

Since the function itself can be written as y or as/(x), each of these 
notations appears in two equivalent forms. Hence : 


Definition : The derivative of the function y=f{x) with respect 
to the variable x at the point x is 


— = — f[x)=y' =/' {x) = Lim 


fix +h) -fix) 


if the limit exists. 


It is convenient, at this stage, to set out a number of observations 
on the definition of the derivative : 


(1) The concept of a derivative, from its very nature, applies 
only to a function of a continuous variable. Further, the defini- 
tion given here applies only to functions which are single-valued 
and the extension of the concept to cover multi-valued functions is 
postponed. 

(2) The inerementary ratio used in the definition is not defined 
when h is actually zero ; in this case it assumes the meaningless form 
of zero divided by zero. Thus the derivative cannot be regarded as 
the ratio formed by putting ^ = 0 in the incrementary ratio. The 
derivative, in fact, is the result of an operation performed on the 
function, the operation of obtaining the limit of the incrementary 


ratio. In the notation ^ or fix), the must be regarded as an 

dx dx dx ° 


operational symbol applying to the function and its use is very 
similar to that of the symbol / in the functional notation fix). In 


particular, it must be noted that the symbol 


d^ 

dx 


does not imply that 


the derivative is a ratio of one thing {dy) to another {dx). 

(3) The incrementary ratio can be expressed in an alternative 
form which is sometimes useful. Corresponding changes or “ incre- 
ments ” in the variables x and y connected by the function can be 
denoted by Ax and Ay respectively. The incrementary ratio is then 
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— , and the derivative appears as the limit of this ratio as tends 
Ax 

to zero. Both Ax and Ay take finite values and, if a value is allotted 
to Ax, the correspondnig value of Ay is found from the function 
itself. 


(4) The value of the derivative must be expressed as so many units 
of y per unit of x. If we change the units in which either variable 
is measured, then we must also change the numerical value of the 
derivative at any point. The rule for change of units, considering 
the derivative as a quantity derived from x and y =f{x), is given in 
1.7 above. If an old unit of x equals A new rniits and an old unit of y 


equals fj, new units, then the new value of the derivative is ^ times 


the old value. The fact that the derivative value depends, according 
to the familiar proportionality rule, on the units of measurement of 
both X and y must always be remembered. 

(5) It is important to be clear about the use of the value x 
that appears in the definition of the derivative. The derivative is 
obtained by finding the limit of the incrementary ratio for a constant 
value of X. The limit, once found, has a value dependent on the 
particular value of x selected, and different limiting values result 
when different constant values are given to x. Here we have 
another example of a parameter : a; is a constant in finding the 
limit (when h is the only variable) but parametrically variable from 
one hmit to another. The value of the derivative thus depends on 
the value fixed for x, i.e. the derivative is itself a function of x. There 
are, in fact, two points of view ; the derivative may be obtained as 
a definite value for a given x (the derivative at a given point) or it 
may be taken as a function of x (the derivative at a variable point). 
From the latter point of view, the notation f'{x) is particularly 
appropriate and an alternative term “derived function” can be 
used. From the original function f(x), we derive a second function 
f'{x) by the process of finding derivatives of f{x) for all the various 
possible values of x. 

(6) It must not be assumed that the derivative of f(x) necessarily 
exists at any point. In fact, the derivative cannot be used unless 
we have determined that the incrementary ratio has a limit at the 
point in question. A function may have a derivative at some points 
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and not at others ; some functions may have a derivative at a point 
and others not. It will be seen (6.5 below) that the non-existence 
of a derivative is exceptional and of very special significance. 

(7) The derivative notations we have given apply to any function 
y-f{x). The notations must be suitably modified when a particular 

form is given for a function. So, ^ {x^) and ^ denote the 

derivatives of the particular functions a;® and - respectively. The 

notation also needs modification when we wish to write the value of 
the derivative, not at a general point x, but at some definite point. 
The following examples illustrate the flexibility of the notation. 

denote the derivatives off(x) at the particular points a; = 0 and x=^ 
respectively. More generally, the derivative off(x) at a; = a is 

For a particular function, say y=x^, the notations 

indicate the derivative value at a: = 0, x = ^ and x=a respectively. 

(8) Finally, it is scarcely necessary to note how convenient it is to 
have a special notation and terminology for the derivative concept. 
Limits of the kind indicated by the derivative are of frequent appear- 
ance in mathematical theory and applications. The short and 
flexible derivative notation, in replacing the clumsy limit notation, 
makes it possible to deal with these limits with great ease. In 
particular, the process of systematising the operation of finding the 
limit, to be discussed in the next chapter, is facilitated. Without 
this labour-saving device, scarcely any progress is possible. 


6.3 Examples of the evaluation of derivatives. 
The considerations of 6.1 show that 


|-(a;®) = 3a;2 
dx 


and 


dx \xJ x^ 


The following examples are further illustrations of the way in which 
derivatives of particular functions are obtained from the definition : 
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Ex. 1. The derivative of (2x - 1) at any point x is obtained as the 
limit as h tends to zero of the ratio 

{2(x + 7i)-l}-(2x-l) 2x + 2h-l-2x + l 2h „ 

h h 

So 

The derivative, in this case, is a constant. A similar result holds in the 
case of the derivative of any linear function : 

jjax+b)=a. 


Ex. 2. The incrementary ratio for the function (a;® + 3a; - 2) is 
^[{a: + + 3 (a: + h) - 2} - (a:^ + 3a: - 2)] 

= ^[(a:2 + 2hx + h^) + (3a: + 3h) - 2 - (a:^ + 3a: - 2)] 

2hx + 3h +h^ 
h 

*=2x + 3 +h 
->2a:+3 as h-^0. 

So ^(a:® + 3a:-2)=2a; + 3. 

In the same way, the derivative of the general quadratic fimction is 

^ (ua;® + + c) = 2aa: + b. 


Ex. 3. 


For the function 


2a; + 1 

ITT’ 


the incrementary ratio is 


l p(a;+i^) + l 2a; + l ~l (a;-l)(2x + 2h + l) -(2a; + l)(a:+h-l) 
Al(a:+A)-1 a:-l J h(a;-l)(a;-l+h) 

-3h 

~Ti{x-\){x-l+h) 

-3 

~’(a;-l)(a:-l +h) 

3 

-^-7 as A->0. 

(a: -1)2 


So 


^ /^ 2a; + l \_ 3 

da: \ a: - 1 / (a; - 1)* 


The result, as given, holds for any value of x not equal to 1. 


If a: = l, the 
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function itself has an infinite discontinuity and the question of the 
existence of the derivative at this point needs further consideration (see 
6.5 below). 

6.4 Derivatives and approximate values. 

The analytical interpretation of the derivative as the measure of 
the rate of change of the function is clear from 6.1 above. Further, 
since the rate of change is the limiting value of the average rate of 
change over a small interval, the derivative is also an approximate 
value of the average rate of change, the smaller the interval of the 
average rate the closer being the approximation. Hence : 

If f{x) has a derivative fix) at the value x, then f{x) measures 
the rate of change of f{x) at the point x, and is an approximate 
measure of the average rate of change of f{x) for any small interval 
from the point x. 

As already noted, the rate of change can be a rate of increase or a 
rate of decrease according to the sign of the derivative at the point. 
In either case, the derivative as the rate of change must be expressed 
as so many units of the function per unit of x. Two units of measure- 
ment are involved in the derivative and, if either unit is changed, so 
is the expression of the derivative. 

The use of the derivative as the approximate value of the incre- 
mentary ratio or average rate of change is an important one. If 
Zla: is any small increment in the value of x, and if Zly is the corre- 
sponding small iacrement in the value of y=f{x), then the deriva- 
tive f{x) is the limiting and approximate value of the quotient of 
Ay divided by Ax. Hence 

Ay=f{x)Ax approximately when Ax is small. 

In other words, if we multiply a small increment in x by the rate of 
change f'{x), we obtain an approximate value of the corresponding 
small mcrement in the function y=f{x). 

Again, with a slightly different notation, the value of the derivative 
f'(a) at the point a;=a is an approximate value of the expression 

^{/(a -f{a)} for a small value of h, i.e. 

f{a +h) =f{a) +hf{a) approximately when h is small. 

This result enables us to trace the effect of small “ errors ” or devia- 
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tions in the variable x. The value of x is erroneously taken as a 
instead of the correct value (a+h), where h is a small “error”. 
The above result shows that the “ error ” in the value of the function, 
resulting from the insertion of a instead of {a+h), can be taken 
approximately as hf'{a). For example, the volume of a sphere of 
radius x inches is fv-r® cubic inches. If the radius of a given sphere is 
estimated as a inches, then the estimate of the volume is fva® cubic 
inches. The error involved in the volume estunate is aj)proximately 
4770% cubic mches, where h is the small error in the origmal estimate 

of the radius. (fva:®) = 477.r® 

It is often convenient, for a definite small range of values of x, to 
replace the value of a given function f{x) by an approximate linear 
expression in a:.* The result we have given enables us to do this. If 
the approximation is to serve for values of .r near a:=o, we substitute 
h=x-a in. our result and write 


/(.r)=/(a) +{x-a)f{a) 

approximately for small values of (x-a). For example, if 

and 

then /(3)=| and /'(3)=-|. 

2a; +1 


So 


i.e. 


a; - 1 


•=l+(*-3)(-f), 


2x +1 

X - 1 


23 3 „ 

— 4 4 


approximately when {x-3) is small. In general, therefore, it is 
possible to represent any given function by an approximate Unear 
expression, /(x) = a +j3x, for a small range of values of x. The 
constants a and ^ are determined in the way described. 


6.5 Derivatives and tangents to curves. 

One of the important problems of geometry is that of finding the 
tangent at any point on a given curve. The tangent describes the 
direction of the curve at the point and, to define it, we must introduce 
the idea of a limiting process. The line joining any two points P and 

* See, for example, Wicksell, Uber Wert, Kapital und Rente (1893, reprinted 
1933), pp. 31-2. 
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Q on a curve is called a chord of the curve and its position varies as 
either P or Q is varied. Suppose that P is fixed and that Q moves 
along the curve and approaches P from one side or the other. It is 
clear that it is usually, but not always, the case that the chord PQ 
tends to take up a definite limiting position PT as Q approaches P. 
Fig. 40 illustrates a case where this happens. It is possible, however. 



that no such hmiting position PT exists at certain points, e.g. at 
points where the curve is discontinuous. If the limiting position 
PT of the chord exists, then it is called the tangent to the curve at 
P. If no limiting position exists, then the curve has no tangent 
at P. 

The instantaneous direction of the curve at any point, i.e. the 
direction in which the curve is tending to rise or fall, is indicated by 
the tangent to the curve at the point. A convenient measure of the 
direction of the curve is thus provided by the gradient of the tangent. 
This gradient varies as the tangent varies from point to point on the 
curve and is always given as the limiting value of the gradient of any- 
chord PQ as Q approaches P. 

Our discussion is now limited to the case of a curve represented by 
a single-valued function y =f{x), there being only one point on the 
cmwe above or below each point on the horizontal axis Ox. Let P 
and Q he two points on the curve with abscissae x and (x +h) respec- 
tively, X being fixed and h any positive or negative amount. The 
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gradient of the chord PQ is the ratio of the difference between the 
ordinates of Q and P to the difference between the abscissae of these 
points (see 3.3 above). So 

Gradient of PQ = /(^ +^) -/(^) . 

n 

The gradient of the tangent at P is the limitiag value (if it exists) of 
this expression as Q approaches P, i.e. as A-^0. Hence 

Gradient of tangent at P=Lim =f'(x). 

*-»o « 

The problem of finding the tangent and its gradient at any point on 
a curve is thus equivalent to the problem of findin g the derivative 
of the function 1 / =/ (x) which represents the curve. So 

The tangent to the curve y=f(x) at the point with abscissa x 
exists if the function has a derivative at the point x and the tangent 
gradient =f'{x). 

From 3.3 above, a straight line through a fixed point P {x^, on 
the curve y=f{x) and with gradient m has equation 

y-y^=m{x-x^. 

This line is the tangent at P if the gradient m is equal tof'{X]). So 

The equation of the tangent to the curve y=f(x) at the point with 
co-ordinates (aq, yi) is y -yi=f'{xi){x-Xi). 

Since the point P lies on the curve, we have y^ =f{Xi). The tangent 
equation thus involves only one parameter, i.e. the abscissa x^ 
of the selected point on the curve. 

Taking the parabola y=x’^ as an example, we can show that 

^ (x^) = 2x, i.e. the tangent gradient of the parabola is 2x at the point 
ctx 

with abscissa x. The tangent equation at (a^, yi) is 
y-y^=2x^{x-x^ where yx=x^\ 
i.e. y - 2xiX - x^^ +2X]^ = 0, 

i.e. y - 2xxX +Xj^ = 0. 

For example, the point (1, 1) lies on the parabola y^x^, the tangent 
at the point has gradient 2 and the equation of the tangent is 
y -2x+\=Q. The tangent gradient and equation at any point on 

M.A. 


F 


146 MATHEMATICAL ANALYSIS FOR ECONORHSTS 

a given rectangular hyperbola can be found in an exactly eimilar 
way. It is only necessary to evaluate the derivative of the function 
which represents the curve. 

The diagrammatic interpretation of the derivative as a tangent 
gradient is a very important one and much use of it will be made 
later when we come to the apphcations of the derivative in such 
problems as that of maxima and minima. In the meantime, it can 
be used to supplement points already discussed. 

It has been seen that the process of derivation enables us to 
derive, from a given function j/=f{x), a second function y=f'{x). 
The curves representing these two functions can be plotted with 
reference to the same axes and the connection between them is 
interesting. The ordinate of the derived cmve y=f'{x) at any point 
is equal to the tangent gradient at the corresponding point on the 
original curve y=f{x). The original curve shows the way in which 




the value of the function f{x) changes ; tlie derived curve shows the 
variation of the rate of change of the function. For example, the 
curve y = \x^ and the corresponding derived curve y = hx are shown 
in Fig. 41. The first curve shows that x^ increases at an increasing 
rate as x increases. The second curve, which is a straight line, shows 
that the rate of increase of x^ actually increases at a steady rate. 

The natirre of the approximation involved in VTiting /'(a;)z]rc for 
bhe increment in the function / (x) is clearly seen in Fig. 42. If P is 
the point (cc, y) on the curve y=f{x) and Q the point with abscissa 
X -^-Ax, then Ax=LM=PN. The increment in the function is 

Ay=MQ ~LP=NQ. Now, /'(a;) = gradient of the tangent PT = 
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i.e. f{«)Ax=^NT. The approsiination of f'{x)Ax to Ay m thus 
represented by the approximation of NT to NQ. The difference 
between these lengths clearly decreases as Ax decreases and Q 
approaches P. 

It is obvious that there is some relation between the continuity of 
a function and curve and the existence of a derivative and tangent. 
It can be shown, in fact, that the existence of a derivative and 
tangent is a more severe restriction on the function and curve than 
the condition of continuity. Of the two continuous curves of Fig. 33, 
the first has a tangent at aU points while the second has one point 
(a sharp point) where no tangent exists. The fact that a curve is 
continuous does not imply that a tangent exists at all points. A 
continuous curve can be 


drawn without taking pencil 

from paper ; a curve which y *= ’ +V^ 

has tangents at all points is s - • ^ 

not only continuous but also "i 

“ smooth ” in the ordinary / 

sense of this term. All i . . 

the ordinary functions of J 

mathematical analysis are ^ 

continuous and have deriva- ^ ^ ^ ^ ^ 

tives (except perhaps at O i 2 s x 

very special points) and Fio. 43. 

they are represented by 

continuous and smooth curves. Further, when we introduce a 
function such as a demand or cost function, it is usual to assiune, not 
only that it is continuous, but also that it has a derivative, excluding 
the case where the corresponding curve has a sharp point. 

Finally, nothing has been said so far about the possibility that the 
incrementary ratio defining the derivative has an infinite limit. If 

^{f(x+h)-f(x)}~>co as k-^0 at a point where /(a) exists, we say 


that the derivative/ '(a:) is “ infinite ” at the point. In diagrammatic 
terms, there is a definite tangent to the curve y~f{x) at the point P 
with abscissa x and the gradient of the tangent is infinite, i.e. the 
tangent is parallel to Oy. The case is illustrated by the curve 
y = \ + Vx - 1 , shown in Fig. 43, which has a vertical tangent at the 
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point where x = l. Infinite derivatives can be obtained even in cases 
of ordiaary continuous and smooth curves. Further, if/(a;) is itself 
infinite at the point in question, we can still say, in many cases, that 
the derivative exists and is infinite at the point. The rectangular 


2 ^ 1 

hyperbola of Fig. 33 is a case in point. Both the function — and 

3 

its derivative are infinite at x = l. The curve “ goes off 

(a: -1)2 

to infinity ” at this point and has a vertical tangent “ at infinity ”, 
i.e. the asymptote a; = 1. To deal with many infinite discontinuities, 
therefore, we have only to allow for the possibility of both the 
function and its derivative being infinite. 


6.6 Second and higher order derivatives. 

The derivative of a function of a variable x is also a function of x. 
It is possible, therefore, to apply the process of derivation all over 
again to the derivative and to obtain what is called the second de- 
rivative of the original function. The second derivative, if it exists, 
can be obtained for various values of x and is again a function of x. 
We can thus proceed to find the derivative of the second derivative, 
i.e. the third derivative of the original function. In the same way, 
derivatives of the fourth, fifth and higher orders can be obtained in 
succession. Extending the notations already adopted for the de- 
rivative, the sequence of successive derivatives of a given function 
y=f{x) can be written 
dy d^y d^y 


S'- dx- & 




or y, y', y", y'", ... ; f{x), f'{x), f''{x), r'{x), ... . 

The sequence of derivatives can be extended indefinitely, with the 
sole limitation that the derivatives at and beyond a certain order 
may fail to exist on accormt of the breakdown of the limiting process 
which defines them. For all ordinary mathematical functions, how- 
ever, the derivatives of aU orders exist.* But it is found that the 
first and second derivatives are sufficient for the description of the 
main properties of functions, and, in the applications of mathe- 

* It often happens, of course, that the derivatives beyond a certain stage 
become zero, as in the case of the function y =x^. This is not the same thing 
as saying the derivatives do not exist. 
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matical analysis, derivatives of higher order than the second are 
seldom needed. 

The analytical interpretation of the second derivative is easily 
provided. The value of f'{x) measures the rate of change of f{x) as 
X increases. The value of f"{x), being the derivative of f'{x), thus 
indicates the rate of change of f'{x), i.e. the rate of change of the rate 
of change of f{x), as x increases. For example, the function x^ in- 
creases at an increasing rate as x increases and this “ acceleration ” in 
the value of x^ is measured by the second derivative of the function. 
The value of f''(x), it should be noticed, must be expressed in so 
many units off'(x) per unit of x, i.e. in so many units off(x) per unit 
of X, per unit of «. As in the case of the first derivative, a change in 
the units of measurement necessitate a change in the value of the 
second derivative. 

In diagrammatic terms, the value of f"{x) at any point measures 
the tangent gradient of the derived curve y=f'(x) at the point. A 
more useful interpretation, however, connects the second derivative 
with the curvature of the original curve y—f{x), curvature being 
defined by means of the rate of change of the tangent gradient as we 
move along the curve. This connection will be investigated at a 
somewhat later stage (see 8.3 below). 

6.7 The application of derivatives in the natural sciences. 

In the interpretation and explanation of scientific phenomena, we 
attempt to throw into prominence the causal or other relations 
between the concrete quantities or attributes with which we deal. 
Mathematics is designed as a tool to aid us in this attempt. Now, a 
glance at the problems of the natural or social sciences shows that 
they are largely, but not exclusively, concerned with the question of 
change, with the way in which the variable quantities change together 
or in opposition. The practical method of expressing change is 
by means of the average rate of change of one quantity as another 
quantity varies. Hence, when we come to express any assumed con- 
nection between quantities by means of a functional and mathe- 
matical relation between variable numbers, we find that our main 
concern is with the average rates of change of these functions. 

These remarks apply even if discontinuous variables and functions 
are used to represent the necessarily discontinuous quantities of 
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scientific phenomena. But it is found mathematically convenient 
to assume, wherever possible, that the variables and functions are 
continuous and then to deal with instantaneous rates of change as 
the limiting and approximate values of average rates of change. 
Sometimes it is necessary to retain discontinuous variables, but the 
theory then becomes mathematically much more difficult and much 
less elegant. We are led, therefore, to the study of the derivatives 
of continuous functions and their use in the interpretation of the 
scientific phenomena under consideration. 

The differential calculus is thus of almost immediate application 
in aU scientific studies. Any relation between variable quantities is 
represented by a function, and the derivative of the function measures 
the instantaneous rate of growth of one quantity with respect to the 
other and approximates to the actual average rate of growth when 
the variation considered is small. 

Examples of the use of derivatives can he provided from most 
scientific theories. In the science of physics, derivatives are em- 
ployed to express physical movement of any kind. As a simple 
example, consider a train moving along a rafiroad track. The dis- 
tance travelled by the train from a fixed point depends on the time 
that has elapsed, i.e. the distance travelled is a function of the 
time-interval.* AU that can be actuaUy observed about the train’s 
motion is its average speed (over some time-interval, long or short) 
and this can be connected with the “ incrementary ratio ” of the 
distance function. But, from the observable concept of average 
speed, we derive the limiting concept of the velocity of the train at 
a certain time. Velocity is simply the hmiting value of average 
speed as the time-interval of the latter is made shorter. Hence, we 
need the derivative of the distance function to measure the velocity 
of the train at any moment and to approximate to the average speed 
of the train over any short time-interval from the given moment. 

The importance of the limiting idea involved in the derivative is- 
seen by the way in which we have come to express physical motion. 
Velocities are not ” natural ” concepts ; they can be derived only 
by a process of abstraction, of finding limiting values. When we say 

* For example, if a: is the distance travelled in time t, then x=at represents 
motion at a uniform speed and x=at^ motion at a uniform acceleration, a 
being a constant in each case. 
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that a train is travelling at 60 m.p.h., we are expressing a rather 
complicated idea. We do not mean that the train will actually 
travel 60 miles during the following hour, one mile during the next 
minute or even 88 feet during the next second. The speed of the 
train vdll generally change during any time-interval however short. 
The statement means that the distance travelled by the train per 
unit of time will correspond more and more closely to 60 m.p.h., or 
any equivalent, as the time-interval is made shorter and shorter. In 
physics, therefore, we have accepted the mathematically significant 
limiting concept of velocity as replacing the practical concept of 
average speed. 

The second derivative of distance travelled as a function of time 
is the derivative of the first derivative and so measures the rate of 
change of velocity over time. The rate of change of velocity is 
commonly described as the acceleration and this is again a limiting 
concept, the limiting rate at which velocity is changing. Accelera- 
tion is, in fact, another concept to which we have grown accustomed 
in the description of movement and its abstract nature has ceased to 
be a difficulty. 

The vmits of measurement of both distance and time must appear 
in the derivatives which measnre velocity and acceleration, a fact 
wliich is clear from the way in which velocities and accelerations are 
specified. We say, for example, that the velocity of a train is 44 feet 
per second (30 m.p.h.) and that its acceleration is 2 feet per second 
per second at a given moment. This means that the train is tending 
to cover distance at a rate proportional to 44 feet in one second and 
that its velocity is tending to increase at a rate equivalent to 2 addi- 
tional feet per second in a second. In the same way, when we say 
that the constant acceleration of a body moving under gravity is 
32 feet per second per second, we imply that the velocity of the body 
is tending to increase always by 32 feet per second for every second 
that elapses. 

In other branches of mechanics or physics, the derivatives of 
functions are used to interpret motion, whether the motion is of 
liquids in hydro-mechanics, of air and gases in acoustics and the 
theory of sound, of electric currents in electro-mechanics or of heat 
in thermo-mechanics. Further, in a less “ exact ” science such as 
biology, derivatives again have their uses. For example, the 
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changes in the proportion of dominant to recessive genes through 
successive generations can be interpreted, in a broad view, as the 
derivative of the proportion as a function of time.* 

6.8 The application of derivatives in economic theory. 

Finally, we come to economics as the most “ exact ” of the social 
sciences. We have seen that a relation assumed between economic 
variables, e.g. the relation between demand and price, can be ex- 
pressed by means of a function and curve. It is usually assumed 
that the function and curve are contmuous and smooth, i.e. the 
function has a derivative and the curve a tangent at aU points. The 
derivative of the function and the tangent gradient of the curve must 
now be considered in some detail and their economic meaning made 
clear. 

We are accustomed, in economics, to describe the variation of one 
quantity Y with respect to another quantity X by means of two 
concepts, an average concept and a marginal concept. The average 
concept expresses the variation of Y over a whole range of values of 
X, usually the range from zero up to a certain selected value. Thus 
average cost is the relation of total cost to the whole of the output 
concerned. Marginal concepts, on the other hand, concern the 
variation of Y “ on the margin ”, i.e. for very small variations of X 
from a given value. So the marginal cost at a certain level of output is 
the change in cost that results when output is mcreased by a very small 
unit amount from this level. It is clear that a marginal concept is 
only precise when it is considered in the hmiting sense, as the varia- 
tions in X are made smaller and smaller. It is then to be interpreted 
by means of the derivative of the function which relates X and Y. 
Average and marginal concepts are not new or peculiar to economics. 
In describing the motion of a train, the average concept is the 
average speed of the train over (e.g.) its first hour’s run while the 
marginal concept is the velocity of the train at the end (e.g.) of the 
hour’s run. 

Some actual examples can be taken to illustrate the average and 
marginal concepts. We have seen that the demand for a good 
can be expressed, under certain conditions, by the relation p = rp[x), 
giving price as a contmuous and decreasing function of the demand. 

* See Haldane, The Causes of Evolution (1932), Appendix. 
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But the price p can be regarded as the average revenue obtaiued from 
the demand x, i.e. total revenue divided by the amount demanded 
or produced. The ordinary demand function and curve are thus 
equivalent to the average revenue function and curve. Total revenue 
R=xip{x) is also a continuous function of demand. Prom the total 
revenue cmve, we read off average revenue (or price) as the gradient 
of the line OP joining 0 to the appropriate point P on the curve. 

K output is increased by a small amount Ax from a certain level x, 
suppose that total revenue is found to change by an amount AB. 
There is an increase or a decrease in revenue according to the sign 
of AB. The added revenue per unit of added output is then the 
ratio of AB to Ax, i.e. the “ average revenue ” for outputs from 
a; to a: +Ax. As the output change becomes smaller, we obtain the 
rate of change of revenue on the margin of the output x as the limi t 
AR 

of ^ as Ax-^0. This is termed the marginal revenue at the output x 
and it is measured by the derivative of P as a function of x : 

Marginal revenue 

Marginal revenue is thus an abstract concept only definable for 
continuous variations in revenue and output. But it is always 
approximately equal to the added revenue obtained from a small unit 
increase in output from the level x.* In diagrammatic terms, the 
marginal revenue at an output x is measured by the tangent gradient 
to the total revenue curve at the point with abscissa x. 

Marginal revenue is itself a function of the output x, its value 
depending on the particular margin of output considered. We can 
thus draw the marginal revenue curve to show the variation in 
marginal revenue as output increases. As in the cases of the total 
and average revenue curves, the outputs are measured along the 
horizontal axis. Since marginal revenue is the tangent gradient of 
the total revenue curve, the form of the marginal revenue curve can 
be deduced at once from that of the total revenue curve. 

* The term “marginal increment of revenue ”, which is sometimes used, is 
not to be confused with “ marginal revenue ”. The former is the increment 
6R in revenue resulting from any increase Ax in output from the level x. Now 
dR 

AR = ^ Ax approximately when Ax is small. Hence the marginal increment 

of revenue for a small increase in output is approximately equal to the mar- 
ginal revenue times the increment in output. 
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IHvo particular types of demand law can be taken for purposes 
of illustration. The linear demand law p-a-hx gives 

dR 

It=ax — bx^ and (see 6.3, Ex. 2). 

The total revenue curve is a parabola with axis pointing vertically 
downwards. The average and marginal revenue curves are straight 
lines sloping downwards and the gradient (referred to Ox) of the 
latter is twice that of the former. Fig. 44 shows the three curves in 
the particular case where the demand law for sugar is p~\5-\x. 
(sea 6.3 above). Here, as in ail cases, it is found convenient to plot 



the average revenue (or demand) curve on the same graph, and 
referred to the same axes and scales, as the marginal revenue curve. 
It is to be noticed that the marginal revenue curve cuts the axis Ox 
(marginal revenue zero) at the same output at which total revenue 
is greatest. This is a general property which follows since, at this 
output, the tangent to the total revenue curve is horizontal with 
zero gradient. 


a 


From the demand law r -c, we derive 

a: +6 

(IR ab 


R. 


ax 


-cx 


and 


-c (see 7.4, Ex. 15). 


x+b dx {x+b)^ 

In Fig. 45 are shown the total, average and marginal revenue curves 
obtained in the particular case where the demand law for sugar is 


p - - 6 (see 5.3 above). Again the marginal revenue cmwe 

falls continuously, hes under the average revenue (or demand) curve 
and cuts Ox at the output where the total revenue is greatest. 
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The three concepts of total, average and marginal cost can be 
defined, under the conditions of the cost problem of 5.5 above, in 
a very similar way. The total and average cost functions and 
cmwes have been sufficiently described already, average cost being 
read off the total cost curve as the gradient of the line OP joining 0 
to the point P with the appropriate abscissa on the total cost curve. 



If output is increased by an amount Ax from a certain level x and if 
the corresponding increase in cost is All, then the increase in cost per 

unit increase in output is . IMarginal cost is defined as the limiting 

value of this ratio as Ax gets smaller, i.e. marginal cost is the deriva- 
tive of the total cost function n = F{x). It measures the rate of 
increase of total cost and approximates to the cost of a small addi- 
tional unit of output from the given level. Further, the marginal 
cost of any output is given as the tangent gradient of the total cost 
curve at the appropriate point. Since marginal cost varies with the 
output at which it is measured, we have a marginal cost function and 
a corresponding marginal cost curve.* 

If the total cost function is n=ax“ +bx +c, then 

Average cost w = a.T + 6 -f - and Marginal cost = 2ax+ b. 

The total cost curve is the rising portion of a parabola with axis 
pointing vertically upwards. The average cost curve is found to be 
U-shaped and the marginal cost curve is a straight line sloping 

♦ Marginal cost is described as, or equated to, “ marginal supply price ” 
by some writers. See, for example, Bowley, The Mathematical Groundwork 
of Economics (1924), p. 34. 



166 MATHEMATICAL ANALYSIS FOR ECONOMISTS 

upwards with gradient 2a. The three curves are shown in Fig. 46 in 
the particular case where 11=^^ +5x +200 is the cost relation for 
a sugar rejSnery (see 5.5 above). It is to be noticed that the marginal 
cost line passes through the lowest point of the average cost curve 
at an output OM where the tangent to the total cost curve goes 
through the origin. At such an output, average cost is smallest and 
equal to marginal cost. 



Average and marginal concepts can be usefully defined in other 
economic problems. The transformation problems of 5.6 above 
provide examples. If P is a point on the transformation curve for 
the production of two goods X and Y with given resources, then the 
co-ordinates of P represent a possible production. The gradient of 
OP (referred to Ox) is the average output of Y per unit output of X, 
the amoimt of Y produced as a proportion of the amount of X 
produced. The tangent gradient of the transformation curve at P 
(referred to Ox), i.e. the derivative of y with respect to x, is negative 
and its numerical value measures the marginal rate of substitution 
of Y production for X production, the rate at which the production 
of r is increased when the production of X is decreased. In the same 
way, the tangent gradient of the transformation curve for incomes 
in two years is used to define what Professor Irving Fisher calls 
the marginal rate of return over cost.* Marginal concepts are also 
fundamental in the use of indifference curves for choice between two 
goods or two incomes. The “ marginal rate of substitution ” of one 
good for another in consumption is defined as the numerical value 

* See 9.7 below and Examples VI. 31. 
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of the tangent gradient at the appropriate point on an indifference 
ciu-ve for the two goods. Again, the numerical value of the tangent 
gradient of an indifference curve for two incomes is used to define 
the “ marginal rate of time preference ” for present over future 
income in the case of the individual concerned. These concepts will 
be considered in detail at a later stage. 


EXAJIPLES YL 


Evaluation and interpretation of derivatives * 

1. Find, from the definition, the derivatives of ** and (1 +x)*. 

2. Show that the derivative of a constant is zero and that the derivative 
of X is unity for any value of x. Interpret these results in terras of rates of 
change. 

3. Use the definition of the derivative to establish the general result that 
the derivative of (ax'+bx+c) is (2aa;+6). 

4. Evaluate -^{x(l +x)} and — x)) from the definition. Show that 

ax dx 

these derivatives are respectively the sum and the diliorence of the derivatives 
of X and x*. Does this suggest a general rule? 

5. From the definition, show that — hence 

dxvojx + t,/ (cjX + 6,)’ 


verify the derivative of 


2x + l 
x-1 


6. Show tiiat the derivative of a step-function is zero except at certain 
points where it does not exist at nil. Illustrate the statement that a function 
has no derivative nt a point of discontinuity. 

7. Find the average rate of increase of x’ when x increases from 1 to l-l. 
inmt percentage error is involved when tho derivative of x- at x = 1 is used to 
represent this average rate of increase? 

Zx "t* 1 

8. Find tho average rate of decrease of — — j- os x increases from 2 to each 

of tho values 3, 2'C, 2-1, 2-05 and 2-01. Find, from the derivative, the in- 
stantaneous rate of decrease at x=2 and compare with each of tho average 
rates. 


1 X 

9. Evaluate tho derivatives of and 

rr* 


Show that — =3-2x and 


X -f 1 


x* X -f 1 * 

= J(x + 1) approximately when x is nearly equal to 1. IVhat percentage 


errors are involved in tho use of these approximations when x = IT 7 

10. If X is small, show that /(») =/(0) -Hx/'(0) approximately. Find the 
derivative of - -■ and show that this expression can be represented approxi- 

1 3 / 

mately by (1 -x) when x is small. Express the difierence between the ex- 
pression and its approximation in terms of x. 

♦ Further examples on the interpretation of derivatives are given in 
Examples VTI, 24-37 below. 
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11. Show that/(a +x) -J(a) +xf'{a) approximately when x is small. From 
the derivatives of x^ and — , show that 

(l+a;)2 = l+3a: and (2a:+3F~9~^® 

approximately when x is small. Check the first result by multipl 5 ring (1 +a;)° 
out as a cubic expression in x. How good is the second approximation when 
a; = 0-5? 

12. Use the derivative of x^ to show that the approximate increase in the 
area of a circle is 2Trah square inches when the radius is increased by a small 
amount h from the value a. Calculate the actual increase in area when the 
radius increases from 10 to 10-1 inches and compare with the approximate 
value given by the above formula. 

13. A circular inlc-blot grows at the rate of 2 square inches per second. 

Show that the radius is increasing at the rate of — inches per second at the 
time when its length is r inches. 

14. The surface area and volume of a sphere of radius r are S =4-nr^ and 
V =^TTr^. Find approximate expressions for the increases AS and AF when 
the radius is increased from r by an amount Ar. Deduce that the propor- 
tionate increase in is approximately twice, and in F approximately three 
times, the proportionate increase in radius. 

15. The pressure of a gas at constant temperature is p lbs. per square inch 
and the volume v cubic inches where pv = 10. Find the rate of decrease of 
volume as pressure increases and the approximate decrease in volume when 
the pressure is increased from p by an amount Ap. 

16. At what point on the parabola y=a;“ does the tangent make equal 
angles with the axes? Use the derivative of (1 -I- to obtain the equation of 
the tangent at (0, 1) on the parabola y =a;“ + 2a; + 1. 

17. What is the equation of the tangent to the parabola y=x^ + Zx — 2 at 
the point with abscissa a; = a? Show that there is one point on the parabola 
with tangent parallel to Ox. What is this point? 

18. From the derivative of {ax^ -\-bx -t-c), show that the tangent at the point 
2/i) on the parabola y =aa:^ +bx+c has equation 

y+yi =2axxi +b{x +Xi) + 2c. 

19. Show that the tangent at the point (1, 1) on the rectangular hyperbola 
a:y = 1 cuts equal lengths off the axes. 

20. Show that xy^ +yxi =2a‘ is the tangent at the point P{Xi, y^) on the 
rectangular hyperbola xy = If the tangent cuts the axes in A and B and 
if PM and PN are perpendicular to the axes, show that ilf bisects OA 
and N bisects OB. Show also that the area of the triangle OAB is a constant 
mdependent of the position of P on the curve. 

21. From the derivative of — ^ , find the equation of the tangent at the 

point (* 1 , 2 / 1 ) on the rectangular hyperbola {x - 1) (y - 2) =3, Show that the 
tangent gradient tends to become infinite as Kj-^-I. What is the relation of 
this fact to the vertical asymptote of the curve 7 
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22. Find the derivatives of ax and ax’, where o is a constant. 

A ball rolls at feet in t seconds. Show that the average speed over any time- 
interval and the velocity at any time are both constant. 

A lead pellet falls at^ feet in t seconds. What is the average speed between 
the iith and the i jth seconds ? Find the velocity after t seconds. How good 
an approximation is the velocity after 3 seconds to the average speed between 
times i = 3 and t = 3-5 seconds? 

23. Show that the acceleration of the lead pellet of the previous example 
is constant over time. 

24. Wliat is the derivative of (1 -f-2a;)? Show that the electric current in a 
wire is constant if (l-h2?) units of electricity pass a point in the wire in t 
seconds. 

25. Draw the total revenue curve on one graph and the demand and 
marginal revenue curves on another graph in the case of the demand for 
gramophones of Example V, 2. Verify that the marginal revenue is zero at 
the output giving greatest total revenue. 

26. If the market demand for tea is given by the law of Examples V, 1, 
draw the total revenue curve and read off the tangent gradient to give the 
marginal revenue at demands of 60, 00 and 70 thousand lbs. per week. Check 
these values from the expression for marginal revenue. Draw on one graph 
the demand and marginal revenue lines. At what price does marginal revenue 
vanish? 

27. Evaluate the derivative of [ax +hx^). If 100a; passengers travel on the 
train of Examples V, 11, find an expression for the marginal revenue derived 
by the railway company. Draw the marginal revenue curve, showing that it 
is a part of a parabola falling to the right. Find the fare at which marginal 
revenue is zero and verify that this fare produces the greatest total revenue. 

28. A firm produces radio sets according to the conditions of Examples V, 
16. Draw two graphs, one showing the total cost curve and the other the 
average and marginal cost curves. Verify that average and marginal cost are 
equal when the former assumes its least value. 

29. If the cost of a coal merchant’s supply of coal is of the form described 
in Examples V, 16, show that the marginal cost decreases steadily as the 
monthly purchase increases. 

30. From the derivative of [ax^ +bx^ +cx), find the marginal cost of any 
output in the case of the firm of Examples V, 18. Show that the marginal cost 
curve is a parabola and locate the output for least marginal cost. Draw the 
average and marginal cost curves on one graph and show that the output for 
least average cost is greater than the output for least marginal cost. 

31. A business produces an income of £x this year and £y next year, where 
these values can be varied according to the relation y = 1000 

be interpreted as the marginal rate of return over 

cost. Show that the value of tliis marginal rate is when this year’s 

income is £a;. “ 



CHAPTER 


THE TECHNIQUE OF DERIVATION 
7.1 Introduction. 

The first object of the differential calculus is to sj^stematise the 
process of finding the derivatives of functions, to make the vHting 
down of a derivative an almost mechanical matter. Text-books on 
the subject necessaril}’’ devote a considerable amount of space to 
tliis stage, but it must be remembered that the sj'stematic evaluation 
of derivatives is not an end in itself. We evaluate derivatives only 
because they are useful to us in the appheation of mathematical 
methods in the natural or social sciences. These applications would 
be extremely laborious were it not for the technique of the differentia) 
calculus ; we should find ourselves repeating over and over again the 
same land of algebraic process, the process of finding the limits of 
certain expressions, whenever we need the derivatives of particular 
functions. We have, therefore, to learn to evaluate derivatives easily 
before we can apply them fruitfully in economics or any other scien- 
tific study. 

The systematised technique of derivation involves two steps. The 
first consists of the evaluation (from the definition) of tlie derivatives 
of the simplest functions, the results, which are called “ standard 
forms ”, being set out in tabular form and memorised. The table 
of standard forms, once obtained, is taken for granted and the 
derivatives it contains simply quoted whenever they are required. 
All the functions considered in the present chapter are actually 
derivable from one simple function, the “ power ” function. Our 
table of standard forms, therefore, need contain only a single entry 
at the moment, i.e. the derivative of the simplest power function. 
Many other functions, such as the trigonometric, exponential and 
logarithmic functions, are used in mathematical analj^sis and some 
of these will be introduced at a later stage. It will then be necessary 
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to extend the table of standard forms by evaluating the derivatives 
of the simplest examples of the new functions. 

The second step is to frame a set of rules which serve for the 
derivation of more complicated functions. A given function, no 
matter how involved, is reduced to a combination of simpler functions 
the derivatives of which appear in the table of standard forms. The 
rules for derivation simply teU us how the derivative of a combination 
of this kind can be obtained in terms of the simpler standard form 
derivatives. The combinations may involve sums, differences, pro- 
ducts or quotients. But, as we shall see, they may also include a 
very different kind of configuration. In aU cases, the rules for deriva- 
tion are relatively simple. With the table of standard forms and 
sufficient sMU in the manipulation of the rules, we can set about 
evaluating derivatives with the greatest confidence. This confidence 
should be acquired in the course of the present chapter. 

7.2 The power function and its derivative. 

In elementary algebra we deal with expressions of the power 
t3rpe a", where w is called the iTidex (or exponent) of the given base a. 
The meaning of the power varies, however, with the nature of the 

number n. For example, =a x a, = Ja, a-^ and • 

In general terms, the power a” is to be interpreted as follows : 

(1) If 71 is a positive integer, a" denotes the result of multiplying 
a by itself n times. 

(2) If 72. is a positive fractional value, a” denotes the positive value 

r 

of a certain root : a® = 

(3) If 7i is a negative integral or fractional value, a" denotes the 

-- 1 

reciprocal of the corresponding positive power : a ® = — = • 

Va’’ 

(4) If 72 is zero, a” stands for unity ; «'* = !. 

(5) If 72. is an irrational number, the power a" is more comphcated 

in meaning. We can write n, in this case, as the limit of a sequence 
of integral or fractional numbers Ui, n^, ... . The power a" is then 

defined as the limit of a."r as r->«> . 

In aU cases, the power a" obeys the familiar “index laws ” developed 
in elementary algebra. 
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One of the simplest of aU functions is the power function 
where the index w is a fixed number. The variable x takes values 
continuously from the whole set of numbers except that only positive 
values can be considered in certain cases (such as y = Jx). A dis- 
tinctive characteristic of the power function is that both the function 
and its inverse are of the same type. For example, the power func- 
tion y—x"^ gives the inverse function x = ^y, which is a power function 
of y. 

The derivative of a:", for any value of n, is now required as a 
standard form. A number of simple cases can be taken first : 


d {x+h)-x h 

j-{x)=Lim j =Lim r = l, 

ax a n 


^ / ox T- (x+hY-x^ T . 2hx 7x t, 

^(a;^)=Lun ^ ^ =Lnn — ^ =Lim {2x+h)—2x, 


h^O 




h 

/ ox T- {x+hY-x^ Shx^ +3h^x +h^ 

-r (a:®)=Lim t =Lim = 

dx h-^n h ■ - h 


A -^0 


/i-^O 


h-*0 ^ 

=Lim (3a;2 +3^a: +h'^) = Zx^, 

h-*0 


~ (-)=Lim i(-^--)=Lim — 

dx\xj ti-*(ih\x+h xj /i_o x{x+h) x^ 


v.e. 


(X'*^)= -X“®. 

dx 


£ fl 

dx Vx^ 




x^ - [x +hY 


=Lim 


X +h)'^ 
-2x~h 


A_o a:^(x + A)2 


i.e. 


d 




A 

dx 


A-J-O 


(V^)=Lim 

^ A-^0 


ht^'Jx -\-h -\-^x) 


=Lim 


(x +h) -X 


=Lim 


1 


i.e. 


. A^^IXUL • •• ■ ■ ■ - = 3 

h-*o h\-d X + Jx) A -+0 vx +A +.yx 2^x 

£ (xi) = ^x~^ . 
dx ' 


A uniform law is now apparent. In each of the above cases the 
derivative of x" is found to be of the form nx"-^. This is, in fact. 
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true for any given value of n whatever and, to provide a general 
proof, we need a result not established here. The result can be ex- 
pressed quite simply: 

where A is some quantity involving x which is finite even when 

Then ;^(a;«)=Lim : 

ax ft 

T . X” f h .h^ , 

=Lim +«.- -fA— -1 

A_o A [ X x^ 

T • ^ ^ ^ “a 

=Lim a:" - -^A— =a;”-=7i.r"-h 
A_^Q Va; x^J X 



Hence, we have the standard form : 


^(a:") =fta;’*“^ for any fixed value of n. 


This result can now be quoted whenever required. For example, 
we are entitled to wite at once, not only the particular derivatives 
evaluated above, but also many others such as 


d 

dx 




- 3a;-4 = - 


3 


X'* 


dx 

A 

dx 


CM = 






1 

2J^' 


Many rather difierent kinds of derivatives are thus included in the 
one standard form. The method of treating fractional and negative 
indices is to be noticed. 


7.3 Rules for the evaluation of derivatives. 

We come now to the second stage in the technique of derivation, 
to the framing of a set of rules for the derivation of combinations of 
functions. The first three rules relate to combinations which are 
sums (or differences), products and quotients respectively. In each 
of these rules, as set out below, it is assumed that u and v are two 
given functions of x with known derivatives at the point concerned. 
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BtOiE I. The derivative of a sum or difference. 

The derivative of the sum (or difference) of two functions is the 
sum (or difference) of the separate derivatives : 

d , du dv ■, d , . du dv 

Rule II. The derivative of a ‘product. 

The derivative of the product of two functions is equal to the 
first function times the derivative of the second pl'os the second 
fimction times the derivative of the fiirst : 

d , ^ dv du 

-^{uv)=u-Y- 

dx dx dx 

Rule III. The derivative of a quotient. 

The derivative of the quotient of two functions is equal to the 
denominator times the derivative of the numerator minus the 
numerator times the derivative of the denominator, all divided by 
the square of the denominator : 


As a special case : 


^fu\ 

du dv 

'^Tx~'^Tx 

dx \v/ 


-(-) 

1 du 

dx \uj 

u^dx ' 


Formal proofs of the three rules proceed directly from the defini- 
tion of the derivative. The proof of the first rule is : 

If w = ^ (a:) and v = </r (a;) are the two given functions, then 

— («-fv)=Lim +^) + 0 +^)} - { 9 ^ [x) + ip{x)) 

dx h 

=Lim f^{x+h)-ip{x) 

h^o h h 

_du dv 
dx dx ’ 

and similarly for the difference of u and v. We use here the fact 
(see 4.5 above) that the limit of a sum (or difference) is the sum (or 
difference) of the separate limits. The proofs of the other two rules, 
though more compHcated, can be given in essentially the same way.* 
These rules can also be deduced from the first rule by a method to 
be described at a later stage (see 10.2 below). 

* See, for example, Hardy, Pure Mathematics, (3rd Ed., 1921), pp. 203-4. 
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Important deductions from Rules I and II concern the behaviour 
of constants in the process of derivation. A constant can be 
regarded as the (limiting) case of a ftmction of x which does not 
change in value as x varies. A constant must thus have a zero 
rate of change, i.e. the derivative of a constant is zero. Rules I and 
n now give 


A 

dx 


{u +a) = 


du 

dx 


. d , , du 

and 


where u is any function of x and a is any constant. Hence, ar 
additive constant disappears when the derivative is taken and a 
multiplicative constant remains rmaffected by derivation. These 
facts are of very great service, as the examples of the following 
section show. 

The three rules are set out above for the case of a combination of 
two functions only. But, if more than two fuirctions appear in a 
combination, the rules can be apphed several times in succes- 
sion to give the derivative. It can be noticed, however, that the 
sum and difference rule extends at once to give the derivative 
of the “ algebraic ” sum of a number of functions as the simUai 
“ algebraic ” sum of the derivatives of the separate functions. For 

example, , i i j 

^ d , . du dv dw 


where u, v and w are three functions of x with known derivatives. 

The derivative of a product or quotient involving more than two 
functions is less easily obtained, as is shown by the following example: 
Taking the product {uvw) as {uv) times w, we obtain 

d , . dw d , . dw f dv du\ 

rr- (uvw) =uv-^ -f w; -j- (uv) =uv +w +v I 
dx^ ’ dx dx^ ’ dx \ dx dx/ 


du dv dw 

= VW T- +UW -zr- +UV -7- . 

dx dx dx 

In an exactly similar way, we can show that 


d_ 

dx 



dv 

— uv 
dx 


dw\ 

dx! 


It is possible to put the product and quotient rules in a somewliat 
different form suitable for the extension to the case of more than 
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two functions. The product rule for the derivative of the function 
y—uv can be divided through hj y=uv and written 

Idy Idu 1 dv 
ydx udx V dx 

'Ub 

In the same way, the quotient rule for 2/ = - can be arranged 

\dy \du \dv 
ydx udx vdx 

Further, the derivative of y=uvw obtained above becomes 

\dy \du \dv \dw 
ydx udx vdx w dx' 

and the derivative of w = — becomes 

^ w 

\dy _\du \dv 1 dw 
ydx udx vdx w dx 

We now have a common form of the product and quotient rules 
which can be extended, in an obvious way, to the case where any 
number of functions are involved. The meaning of this alternative 
expression of the rules will be made more clear later (see 10.2 below), 


7.4 Examples of the evaluation of derivatives. 

The examples below illustrate the way in which the rules for 
derivation are used in practice. The derivative of a fairly compli- 
cated function is to be obtained by several applications either of the 
same rule or of different rules. The method of deahng with constants 
in the derivation process is particularly to be noticed. It is also 
clear that some derivatives can be obtained in two or more different 
ways. The result is always the same and all that matters is to get 
it in some way or other. 


Ex. 2. 

dx^x/ dx\x/ x^ 


Ex. 3. 


A 

dx 


^2a; + 3 






d d 
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Ex. 5. ■^(x^ + Sx-2)=-^(x^)+S ^(a:)=;2x + 3. 

ax ax ax 

Ex . 6 . ^ - 7a:" + 5a: + 3) = ^ (a^) - 7 ^ (x2) + 5 ^ (x) = 3a;2 - 14a: + 5. 


Ex. 7, For any fixed values of the constants a, b, c, , vfe have 
df d 

■^{ax+b)=a; -^{ax^ ■{-bx+c)=2ax+b; 


£ 

dx 


(ax^ + bx'^' +cx+d)= 3aa;^ + 2bx + c ; and so on. 


Ex. 8. ^ {x{l +x‘^)} =x^(l+x-^) + {l+x^) ^{x) ^x[2x) + (1 +x*) 

= 1+3x2, 

or ^ {x(l +x2)} = ^ (x +x2) = ^ (cr) +^ (x^) = 1 +3x2. 

Ex.9. lil+xr=lil+xHl+x) 

= (l+x)^(l+x) + (l+x)^(l+x)=2(l+x), 

^ ^(1+.:)^=|(1+2x+x2)=2^(x)+^(x2)=2(1+x). 

Ex. 10. ^{x(1+x)(1+2x)}=x(1+x)^(1+2x) + (1+2x)^{x(1+x)} 


or 


Ex. 11. 

Ex. 12. 


=2x(1 +x) + (1 +2x)(l +2x) 

=2x + 2x2 + l +4x + 4x2 = l +6x + 6x2, 

^ {x (1 + x) (1 + 2x)} (x + 3x2 + 2a;3) = i + 6x + 6x2. 

d/ 1 \ 3 

dx\3x + 2) (3x + 2)2 - (3a; + 2)2’ 

dx\ X J *2 


x(4x) - (2x2 ^ 1)^ 2x2 _ I 
X* x2 


dx\ X / dx\ xJ x2 x2 


or 
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Ex. 13. 


d { IJrX 
dx 


Vl ~ 2 xJ 


il-2x)l^{l-^x)-(l+x)~Jl-2x) 


'dx^ 


(1 -ixY 

(1 -2a:) +2(1+ a:) 
(l-2a;)2 


(l-2a;)2 


d\ 


(^xt(a: + l)(a; + 2)} 

(a; + l)(a:+2) -a;(a: + l +a; + 2)_ 


a:2-2 


T, _ d f ax 

Ex. 15. ^ r 

dx\x + o 


(a: + 1)2 (a; + 2)2 
d f X 


(a; + 1)2 (x + 2)2 


{x + b) -X 


= a- 


(x + 6)2 


ah 

~ c = , — , ,o ~ c. 


(x + 5)2 


Ex. 16. ^ {xf{x)} =x^/(x) +/(^) +/(^)» 

L xf'ix)-f{x) ^ 


dx i X J 


x‘ 


where /(x) is any single-valued function of x. 


7.5 The function of a fimction rule. 

The three rules we have given are not in themselves sufficient for 
the derivation of all the functions met witli in ordinary mathe- 
matical analysis. On the contrary, there are many relatively simple 
functions the derivatives of which cannot be found by means of the 
three rules. Consider, for example, the function 

y = \/2x2-3, 

which is a “ mixture ” of the simple q[uadratic function (2x2 _ 3^ g^^d 
the simple square root function. On attempting to evaluate the 
derivative, however, it is found that the function does not break 
up into sums, differences, products or quotients of “ standard form ” 
functions. The “ mixture ”, in fact, is not as before. We have a 
function which is fundamentally different in nature and we need 
some method of evaluating its derivative. 

The problem is solved by introducing a new variable : 

w=2x2-3. 
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Here, m is a function of x and its derivative is 


du 

dx 


dx 


(2a;2-3) = 4a;. 


The original '"unction now appears as y = Ju, i.e. as a simple function 
of the variable v, with a known derivative with respect to u : 


% 

du 




1 

2Ju 


The function y = n/ 2x^ - 3 has been arranged, therefore, in such a 
way that we can say that y is a function of u, where a is a function 
of X. Both these functions have known derivatives. Can we now 
deduce the derivative of y with respect toxt The answer is provided 
by the very simple rule given below. 

The way in which we have arranged the function y = J2x^-3 
shows that it can be described as a “ function of a function of x 
It is clearly only one example of a wide range of such functions to 
which the following rule for derivation applies : 


Rttle rV. The derivative of a function of a function. 

If y is a function of u where « is a function of x, then the derivative 
of y with respect to x is the product of the derivative of y with 
respect to u and the derivative of u with respect to x : 


dy _dy du 
dx du dx 


The formal proof of the rule proceeds : 

If y—f{u), where u = ^{x), then y=/{^(a:)} and 



dx A_o h 

k = <f>{x + h) -<f){x)-^0, as ^->0. 

^==:Lim + 

dx A-+-0 ^ ^ 


.^Lim . Lim 

i-»o h ft_o h du 


du 

dx 


We use here the result (see 4.5 above) that the limit of a product is 
the product of the separate limits. 

The rule clearly extends to the case where there are several “ inter- 
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mediate ” functions. For example, if y is a function of u where u 
is a function of v which, in its turn, is a function of x, then 

dy dy du dv 
dx du dv dx 

This follows from two successive applications of the simple function 
of a function rule given above. 

The success of the function of a function rule in practice depends 
largely on the introduction of an “ intermediate ” function u in such 
a way that the derivative is most conveniently obtained. The 
method of breaking up functions for the application of the rule is 
illustrated by the following examples. 

Ex. 1. y = j2x'^-S. 

Write y = Ju where u = 2x^-3, 

2x 


j /I rl 1 

and so -^ \/ 2x^ - 3 = ^ Ju • ~ (2x® - 3) == 

dx du dx 2Ju 


4x = - 


>72x2 - 3 ■ 

Since u is only introduced for convenience of working, the final step 
is to get rid of this “ intermediate ” variable in terms of x. 

Ex. 2. 2 / = (1+x)2, 
i.e. y = u’‘' where tt = l+x. 

So 1(1 +»:)'-l(«’l • 1(1 +*)-2» . I .2(1 +;t). 

This result has been obtained before (7.4, Ex. 9) by other methods. 

Ex. 3. y = ^ 


i.e. 


3x + 2’ 

2 /=- where 'a = 3x + 2. 
u 


d 


1 




\=— ( 


/ du 

'• u/ 


1 ^( 3 . + 2 ). 4 . 3 --^„-,. 


(3x + 2)2 


which has also been obtained before. 

Ex. 4. y = {ax + b)'', 

y=un Tjvhere u = ax + b. 
d , . d , d 


I.e. 

So 


^ (ox + 6)" = ^ (M") • ^ (ox + 6) = .a = na (ax + 


Ex. 5. y 


[YTx 

Vl _2x’ 


I.e. 


y = Ju where u = 


1 +x 
1 - 2x 
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Now 


d . 

rJ'‘ 

and 

d t 

'1+a; Y 

-v-l 

dx^ 

>1 - 2x) 

So 

d ^ 

ll^x 


dx 

^l-2x 


■ 2 > 


+x 


(l-2a:)2 


(7.4, Ex. 13). 


~2x 


1 


vi+a: {l-2xf 2n/( 1 +x)(l -2a:)3* 

Each of these five examples is an instance of one genera] form 
which can be derived at once from the function of a function rule : 

d , . ,du 
ax dx 

where u is any given function of x. In the case «= - 1, we have 

d 


dx 


/ iN _ 1 du 

\u) dx ’ 


which is the special case of the quotient rule already given. 


7.6 The inverse function rule. 

From the function of a function rule we can derive the fifth, and 
last, of the rules for derivation. This rule provides the derivative 
of the function inverse to a given function and it applies only if both 
the inverse functions are single-valued. 

Rule V. The derivative of an inverse function. 

The derivative of an inverse function is the reciprocal of the 
derivative of the original function : 

dx _ I 
dy~^' 
dx 

provided that both functions are single-valued. 

The proof is as follows. Suppose that the single-valued function 
y = <j}{x) gives the single-valued inverse function x=^{y). Then 
(x)} must equal x for any value of x. So 

(by Rule IV) 

_dx dy 
dy dx 


But 
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3/^ dr'll 

So, the product of -j- and ^ is unity and the rule is proved. 

cty U/X 

As an illustration of the inverse function rule, we can take the 
case of the derivative of Jx. If y = Jx, then x=y^. The inverse 
function rule then gives 


d 




1 _ 1 _ 
2y~2Jx 


This result agrees, of course, with that obtained from the standard 
form giving the derivative of a;" for any value of n. 

The process of evaluating derivatives can now be regarded as 
complete. The five rules, taken in conjunction with a suitable table 
of standard forms, are sufficient for the derivation of all single- 
valued functions, no matter how comphcated is their analytical 
expression. Even when functions of entirely new types are intro- 
duced, it is only necessary to extend the table of standard forms 
by including the derivatives of the simplest instances of the 
new function types, as obtained directly from the definition of 
the derivative. Examples of this extension of the table of standard 
forms will be given later. 


7.7 The evaluation of second and higher order derivatives. 

The practical method of obtaining the second and higher order 
derivatives of a function introduces nothing that is new. Having 
obtained the first derivative by means of the rules set out above, 
the second derivative is obtained by a further application of the rules, 
this time applied to the first derivative considered as a function 
of X. The third, fourth and higher derivatives are then obtained in 
succession in the same way. 

It is possible, however, to extend the sum and product rules so 
that they apply directly to second and higher order derivatives. 
If u and V are two single-valued functions of x, we have 


dx^ dx\ dx J dx \dx dx) 


dx 



d^u d^v 
dx^ ^ dx^ 
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In general, for any value of r which is a positive integer, 

d/ , . d^u d^v 

The extension of the product rvde is more difficult. From 

d , . dv dti 


we 


, d" , . d f dv\ d ( du\ 

have 

__ ( d-v du dwN / du dv dhi\ 

\ dx^ dx dx) \dx dx^^ dxv 


d^v dudv dhi 
dx^^ dxdx^^ dx"^' 
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The third derivative is then found by a further derivation process as 


dx^ 


^ d^v 
' dx^ 


, dudH 
dxdx^ 


^3(mw)=m~+ 3^~+3 — ~ + v 


^dhidv 
dx^ dx 


dht, 

^3' 


A general result for the rth derivative of the product is obtained, in 
this way, by repeated derivation : 

d*" , , d^v dud^'-H rlr -\)dhid''-"v 

dx’"' ' dx'^ dxdx’'-^ 2 dx~dx^~^ 

r (r - 1 ) d''~hi dh) d^~^udv d^u^ 

2 dx’^~~ dx“ ^ dx^~^ dx^^ dx’' 

This is known as Leibniz’s Theorem and the coefficients of the 
successive terms on the right-hand side follow the weU-kno^vn 
“ binomial ” law. From the point of view of the present develop- 
ment, however, only the first and second derivatives are normally 
required and these can always be obtained by direct application of 
the simple rules given above. A number of examples are given for 
illustration ; 
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Ex, 2. gW*) 


dx^ 


1 d 


3 


d d^ 

Ex. 3. T-(x") =nx"-^-, T-5(a:")=n(«.-l)x"-2; 
dx dx“ 

d? 

^(a:") =n(7i-l)(»-2)a;"~®; and so on. 

(tOu 

The general result for the rth derivative of this standard form can be 
written down by inspection : 


^(a:") =7i(7i -l)(7i -2) ... (n -r + l)a:""^. 


The previous two examples are particular cases of this standard result. 
If n is a positive integer, as in the first example, then the derivatives after 
the nth order are aU zero. If n has any other value, the process of finding 
successive derivatives can be extended indefinitely without producing 
zero derivatives. 


Ex. 4. 


d( 1 N 

3 

d2 / 1 ^ 

1 _ 18 . 

dx v 3x -f 2/ 

(3x-f-2)2’ 

dx2 ^3x + 2/ 

' (3x + 2)2’ 


d^ / 1 


)=- 


162 


Ex. 5. 


dx^ \3x + 2 
^V2a:2-3 


(3x + 2)4 
2x 


; and so on. 


d^ 


V2a;2-3=- 


2-72x2 -3 -2a; 1-72x2 -3 
dx 


dx2 ' — ^ 2x2^ 

2 / 2x2 0 

2x2 - 3 V 2x2 - 3 - j _ ^^ 22-2 _ 3)3 ’ 

and similarly for higher order derivatives. 


Ex. 6. 


If/(x) denotes any single-valued function, then 
^{x/(x)} =xf'(x)+f{x), 




THE 

Again, 

L 

dx^ X j 

and 

£ IIMIX 

dx~ t a: J 
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i {^’) - j -/W) £(•'=)] 

- Ji [=:"“{:^/"(*) +/'(x) -/'(a;)} -2a;{:);/'(a:) -/(x)}] 

x2/"(x) -2xf'(x) +2/(x) 
ar) 


EXAMPLES Vn 
Practical derivation 


1. Write down, from the standard form, the derivatives of — and 


_1_ 
V X~ 


2. Obtain the derivatives of l+2x’-3x‘; (1 -x)’ ; (x-2)(2x + l); 

_ 1 1 1 X + 1 1 + 2x 

®'“x*’ ^~1’ 1 -X*’ (x + 2)(x + 3)’ 1 -x + 2x=' 

3. If a, b and c are constants, siiow tliat 

d / 1 _ a d / 1 N _ 2ax + b 

\ax+bJ (ax+b)- dx\ax^+bx+cJ (ax^+bx+c)^’ 


dx 

4. Show that 


(ax +b)- 
d /a,x +6, 


Y Q,6;-0.6i 
/ (a^ + 6,)' 


rfxVasX+^j/ (ajX + 62) 


5. =aa: +6, find tho derivatives of xj[x) and 


/w. 


X 


1 _a:"+* 

6. Verify that 1 +x +x* + ... +x" =— j — ^ . By means of derivatives 
deduce that 


1 +2x + 3x* + ... +nx’'~^ = 


1 -X 

1 - x" nx" 


(1 -x)* 1 -X 


7. It is given that y = 1 +u’ whore « = 1 -x*. Find y as a function of x. 
Write down the derivatives of y with respect to m and of y and u with respect 

..... , dw dv dw 

to X. Verify that — ' ~r • 

dx du dx 


8. Find tho derivatives of 


1 


and 


Vx + 1 '/x + I-n/x-I 

9. Use the function of a function rule to find the derivatives of 


V q2 __ 0*2 

or +x= 

Deduce the last derivative from the other two by the quotient rule 
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10, From the function, of a function rule find the derivatives of 

(»+!)■ and 

Multiply out these powers and deduce the derivatives by using the sum, pro- 
duct and quotient rules only. 

11. Find the derivative of each of the general expressions : 

1 1 1 


ax 


~b> ax-+-bxl^-^ ^ax^+bx+c and 


+c 


12. If /(a;) is a single-valued function of x, express the derivatives of V/(a;) 
and its reciprocal in terms of the derivative of /(a;). 

13. If X and y satisfy the relation xy=^a, show that 

dy y , dx X 
dx X dy y 

so verifying the inverse function rule in this case. Consider the relation 
* 2 /" =a in the same way. 

d f dy\ 

14. If 2 / is a single-valued function of x, show that ^ {x^ +y^) =2 ix +y — )• 

dlf CC iC \ 03? 

Deduce that = — , if x and y satisfy the relation x^ +y^ =1. Verify by 
dx y 

finding the derivative of y = Vl -a;*. 


15, Evaluate the second derivatives of — — and s^l -x^. 

lyx 

1 “ 4 " S 

16, Find the first and second derivatives of r and of r • Deduce 

ax+b ax+b 

that successive derivatives of these functions differ only by a constant factor. 

d\i 

17, If xy =a, show that -1-2 — =0. Show that the same result holds 

for xy =a +bx. ^ 

1 dip'll d\f 

18, If y=x^+—, show that x^-j^ + x^ -‘iy=0. Does the same result 

3 ? ^ CtiC O/CC 

hold for the relation y =ax^ -1- — = ? 

'r*‘ 


19. Show that all derivatives of ax’^ +bx+c of higher order than the second 
are zero. 


20. If f{x) is a single-valued function of x, obtain the third and fourth 
derivatives of xj{x) in terms of the derivatives of/(a;). In general, deduce that 

d’’ d^ d''-! 

J(x), 

and verify by Leibniz’s Theorem. 

21. Draw graphs of y =x^ and y =^x for a range of positive and negative 
values of x and verify that each function is monotonic increasing. How is one 
graph to be obtained from the other ? Find the derivative of ^x and check that 
the tangent gradient to the curve y =^x, as estimated from the graph, equals 
this derivative. Show that the derivative becomes infinite at a: = 0 and so 
that the tangent to the curve is Oy at this point. 
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22. Write a:® and x* as products and deduce their derivatives from the 
derivative of x by the product rule. From the derivatives of x‘ and x^, use 

the quotient rule to obtain the derivatives of and and the inverse 
function rule to obtain the derivatives of »/x and ^x. Find the derivatives 
of ai” and aT “ by the function of a function rule from the derivative of ^/x, 

23. Generalise the results of the previous example to show how the standard 

form — (a:") =nx’’~^ can be deduced, for any rational value of n, from the rules 

^ d 

of derivation and from the fact that -^(a:) =1. 

dx 


24. Find the derivative of (o - bx)x^. If a hemispherical bowl of radius 
10 inches is filled to a depth of x inches with water, it is known that the volume 
of water is 7r(10 -x)x‘- cubic inches. Find the rate of increase of volume as 
the depth increases and an approximate value of the volume increase when 
the depth increases from 6 to 6-1 inches. 

25. If water is poured into the bowl of the previous example at the rate of 

one cubic inch per second, show that the depth increases by — — 5— inches 
per second when the depth is x inches. Trx{20 - 3x) 

26. Find the equation of the tangent to the curve y —ax + 6 +- at the point 

with abscissa iCi. Where is the tangent parallel to Oxt ® 

27. A projectile travels t (1 +t*) feet in t seconds. Show that it moves with 
moreasing velocity and acceleration. What is the velocity after 10 seconds? 
Find an approximate value of the distance travelled dining a small time At 
from the tth second. 

28. After t seconds a body is a: =a{ + feet from its starting-point. What 
are the velocity and acceleration then? Show that the velocity is vo’ +26* 
feet per second when x feet have been covered. 

29. If the demand law is p=-~c, show that total revenue decreases as 

a: 

output increases, marginal revenue being a negative constant. 

30. In the case of the demand law p = {a- 6a;)*, show that the average and 
marginal revenue curves are both parabolas, the former lying above the latter. 
Show that marginal revenue falls to a negative value and then rises to zero as 
output increases. Plot the total, average and marginal revenue curves in the 
case of the demand of Examples V, 10. 

31. Show that the demand law p=a-bx* gives paraboUc average and 
marginal revenue curves of similar shape, both falling continuously as output 
increases. Where is marginal revenue zero? 

32. What is the marginal revenue function for the demand jj = Va-6a:? 
Under the conditions of Examples V, 8, how many tenements must be rented 
per week before marginal revenue falls to zero ? 

dp 

83. Show that marginal revenue can always be expressed as p+x-^. 

Deduce that the gradient of the demand curve is numerically equal to — at the 

output where marginal revenue is zero. Check this result in the cases of th* 
particular demand laws of the two previous examples. 

M.A. 

G 
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34. The total cost function is 11 =:s/ax +b -i-c. Find an expression for 
marginal cost and show that it decreases as output increases. Plot the mar- 
ginal cost curve for the electricity output of Examples V, 17. 


CC ~h 0 

35. If n = ax hd is the total cost of an output x, show that the mar- 

-c)\ 

ginal cost of the output is a -1 1 H- j- • If 6 >c, deduce that marginal 


cost falls continuously as output increases. Draw the marginal cost curve 
of the tobacco manufacturer of Examples V, 20. 


36. If a firm can produce two chocolate “ lines ” according to the conditions 

of Examples V, 26, interpret the value of the derivative ^ . At what output 

is a small decrease in the production of one lino accompanied by an equal 
increase in the other lino ? 


37. The output of a coal-mine is given in terms of the number of men 
working per shift according to the relation of Examples V, 27. Draw a graph 
showing variation of output. Find expressions for average and marginal 
output when x men per shift are worked and draw the corresponding curves. 
Show that both curves are parabolas and that average output only equals 
marginal output when the former has its greatest value. 



CHAPTER Vin 


APPLICATIONS OF DERIVATIVES 
8.1 The sign and magnitude of the derivative. 

We have seen that the value of a derivative can be interpreted in 
Wo ways. The derivative of a single- valued function /(a:) measures 
the rate of change of the function and the tangent gradient of the 
curve y=f{x) at the point in question. In the present chapter we 
base certain very important applications of the derivative on these 
interpretations of its value. It wiU be noticed, however, that our 
results depend largely upon diagrammatic “ intuition ” and are not 
rigorously established. The less strict development is sufficient at 
this stage, but it can be added that it is possible to provide formal 
analytical proofs of our results in all cases.* 

The value of the derivative o£f(x) at the point a:=o is /'(a). The 
meaning of the sign of f'{a) is evident. If/'(o) is positive, then the 
rate of change of f{x) is positive, i.e. f{x) increases as x increases 
through the value x=a. The tangent gradient of the curve y=f{x) 
is positive and the tangent and curve slope upwards from left to 
right at the point with abscissa a. The converse properties hold if 
f'{a) is negative. Hence, 

(1) /' (a) > 0 implies that f{x) increases as x increases and that the 

curve y=f{x) rises from left to right at the point x=a. 

(2) /'(a)<0 implies that /(a:) decreases as x increases and that 

the curve y=f{x) falls from left to right at the point a;=a. 
The numerical magnitude of the derivative f'{a) then measures how 
rapidly the function f{x) increases or decreases, and how steeply the 
curve y=f(x) rises or falls, at the point x=a. 

The results can be extended to indicate the nature of the function 
or ciuve over a whole range of values of the variable x. In order to 

* Some of the analytical proofs are given at a later stage, when we consider 
the important result known as Taylor’s series. 
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see when the function increases or decreases, or where the curve 
rises or falls, it is only necessary to examine the sign of the derivative 
of the function. For all ranges of values of a; in which f'{x) is positive, 
we know that/ (a:) increases continuously as x increases and that the 
curve y=f{x) rises continuously from left to right, and conversely 
for ranges in which f'{x) is negative. 

One case of special interest now presents itself, the case where the 
derivative is zero at a given point. If/'(a) = 0, then f{x) is neither 
increasing nor decreasing, and the curve y =f(x) is neither rising nor 
faUing, at the point x=a. The value of the function is momentarily 
stationary and the curve has a tangent parallel to Ox. The value 
of the function at such a point is called a stationary value and much 
of the following development is concerned with these values. Before 
proceeding, it is instructive to examine some particular functions and 
to obtain a general idea of the properties holding at their stationary 
values. 


Ex. 1. y=4:X-x^. 

Here ^ = 4 -2a;= -2(a; -2). 

The derivative is positive when a: <2, zero when a; = 2 and negative 
when x> 2. The value of the function increases at first, becomes station- 
ary at a; = 2 and then decreases as x 
increases beyond this value. The 
corresponding curve is a parabola 
rising to a peak at the point where 
x = 2, as shown in Fig. 47. In this 
case, we say that the function has a 
“maximum” value ?/ = 4 at the point 
where x~2. 

Ex. 2. y=x'^-4x + S. 

Here ^ = 2a; -4 = 2(a; -2). 

The sign of the derivative is exactly 
opposite to that found in the previous case. The value of the function is 
again stationary at x = 2, but the function decreases as x increases up to 
the value 2 and increases as x increases beyond 2. The curve, graphed in 
Fig. 48, is a parabola with a lowest point at a: =2. In this case, we say 
that the function has a “ minimum ” value y =4 at the point where a; =2. 
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Ex. 3. »/ = Ga:-3a;= + la:^. 

Here ^ = G -6z + ;:a:2 = ::(x-2)2. 

ax . . 4 / 

The derivative is positive at all points except that it becomes zero at 
the single point z = 2. The function is monotonic increasing but has a 
stationary value y = 4 at a: =2. The graph of the curve is shown in Fig. 49, 




from which it is soon that tho curve always rises except at the single point 
where the tangent is parallel to the axis Ox. Tho stationary value, in this 
case, is neither a “ maximum ” nor a “ minimum ”. Tho point concerned 
is an example of what is called a “ point of inflexion ”, a name derived 
from tho fact that the curve crosses over the (horizontal) tangent as wo 
pass through tho point. 

8.2 Maximum and minimum values. 

It is now necessary to make more precise tlio meaning of the tenns 
maximum and minimum values, which, wo have seen, are connected 
with tho stationary values of a function. 

Definition’ : Tho function f{x) has a maximum (minimum) value 
at a point where tho vahie of / {x) is greater (less) than all values in the 
immediate neighbourhood of tho point. 

Tho maximum and minimum values together can be termed the 
extreme values of the function. 

It is assumed, in tho following development, that the function and 
its derivative are finite and continuous at all points. The corre- 
sponding curve is then smooth, being free of discontin-uities and 
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“ sharp points Fig. 50 shows a hypothetical, and rather artificial, 
curve of this nature, drawn for the purpose of indicating the various 
possibihties that can arise. 

It is clear, in the first place, that a maximum or minimum value 
off(x) can occur onl^^ at a stationary point where the curve y=f{x) 
has a horizontal tangent. If the tangent slopes upwards at any 
point, there are larger values of / (x) immediately to the right of the 
point. If the tangent slopes downwards, there are larger values of 
f{x) immediately to the left of the pomt. Neither of these cases is 



possible, by definition, at a point where /(.r) is a maximum. The 
tangent can, therefore, only be horizontal at a maximum point 
and (similarly) at a minimum point. Thus all the maximum and 
minimum values of a function are included amongst the stationary 
values. 

In the second place, of all the points where the tangent to the 
curve y =/ {x) is horizontal, there are some points (such as A and D) 
giving maximum values and other points (such as B and E) giving 
minimum values of /(.r). But there remains the possibility of a 
third kind of point, such as the “ inflexional ” point G, where the 
function has neither a maximum nor a minimum value. Stationary 
values, therefore, include cases other than maximum and minimum 
values. 

A method for distinguishing different kinds of stationary values is 
suggested by Fig. 50. The tangent gradient of the curve y =f{x) is 
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positive (the tangent being upward sloping) immediately to the left 
and negative (the tangent being downward sloping) immediately to 
the right of a point where / (*) has a maximum value. Hence, the 
derivative f'{x) changes from positive, through zero, to negative 
values ns x increases through a value giving a maximum off{x). At 
a point where the fimction has a minimum value, the tangent 
gradient and derivative change sign in the opposite sense. Finally, 
at a point where there is a stationary value which is neither maxi- 
mum nor minimum, the zero value of the tangent gradient and 
derivative docs not mark a change in their sign at aU ; they have 
the same sign on each side of the point. 

Tliese results, indicated by inspection of the curve of Fig. 50, can 
be set out in precise analytical form : 

CRTTERTON FOR MAXBIUM AND MINBYTIM VALUES 

(1) All maximum and minimum values of the single-valued 

function /(x) are stationary values and occur where /'(x) is 
zero. 

(2) If /'(x) changes in sign from positive to negative as x increases 

through a value a where /'(a) = 0, then /(a) is a maximum 
value of the function /(x). 

If /'(.x) changes sign from negative to positive under 
the same conditions, then /(a) is a minimum value of the 
function. 

If f'{x) does not change sign under the same conditions, then 
/(o) is neither a maximum nor a minimum value of the 
function. 

There are thus two conditions to consider. The first is a “ neces- 
sary ” condition for an extreme value, while the second adds the 
“sufficient ” condition which enables us to distinguish maximum, 
minimum and other stationary values. The conditions together make 
up “necessary and sufficient” conditions (see 8.9 below). We can 
notice an alternative, but less exact, way of expressing the necessary 
condition. If y=f{x) has a stationary value (e.g. a maximum or 
minimum value) at a point, then y is momentarily steady in value 
and Ay = 0 approximately for any small change in x from the point 
Thus when treating the function at a maximum or minimum position, 
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we can regard it as a constant for smaU variations about the position. 
In any case, the value of the function always changes very slowly 
from such a position.* 

It must be emphasised that a maximum value of a function is 
not necessarily the “ greatest ” value of the function. A maximum 
value is greater than aU neighbouring values but there may be sthl 

greater values of the function at 
more remote points. Similarly, a 
minimum value need not be the 
“ smallest ” value. There is only 
one greatest and only one least 
value of the function but there 
may be several alternating maxi- 
mum and minimum values. This 
is clear from Eig. 60. Further, it 
is important to realise that every 
stationary value is not an extreme 
value and we should always be 
on the look-out for “inflexional” 
stationary values. Finally, our criterion may break down and fail 
to show a maximum or miniTnum value if the function or its 
derivative is not continuous. Fig. 51 illustrates the fact that a 
maximum value, occurring at a “ sharp point ” of the curve, may 
not be indicated by the criterion we have given. 

8.3 Applications of the second derivative. 

The second derivative f''{x) of a function, being the derivative of 
the first derivative f'{x), measures the rate of increase or decrease 
of f{x), i.e. the rate of increase or decrease of the tangent gradient 
to the curve y=f{x) as we pass through the point concerned. The 
sign of f''{x) at any point x=a provides some useful information. 
If f"{a) is positive, then / {x) is changing at an increasing rate as 
X increases through a and the tangent gradient to the curve y=f{x) 
increases as we pass through the point with abscissa a. The tangent 
to the curve turns in the anticlockwise direction and the curve is 
convex when viewed from below at this point. Conversely, if f"{a) 

* The device of keeping a maximised or minimised variable constant is 
often adopted by Wicksell. See, for example, Lectures on Political Economy 
(Ed. Robbins, 1934), Vol. I, p. 181. 
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is negative, then /(a;) changes at a decreasing rate as x increases, the 
tangent to the curve turns in the clockwise direction and the curve 
is concave from below at the point where x=a. These results, which 
are fuUy illustrated in Fig. 52, are independent of the value of the 
derivative f'(a), of whether the tangent to the curve slopes upwards, 
downwards or is horizontal at the point where x=a.* Hence : 

(1) /"(a)> 0 imphes that the function / (x) changes at an increasing 

rate as x increases through the value a and that the curve 
y=f(x) is convex from below at the point x=a. 

(2) /"(a) <0 implies that the function f(x) changes at a decreasing 

rate as x increases through the value a and that the curve 
y=f{x) is concave from below at the point x=a. 





Fio, 62 . 

The numerical magnitude of f"{a) then indicates how rapidly the 
value of f{x) is “ accelerating ” and how great is the curvature of 
the curve y~f{x) at the point x=a. All questions relating to the 
nature and extent of the curvature of a curve are answered by an 

* But the results, which are obvious enough when /(a;) increases and the 
tangent slopes upwards, should be interpreted with care when /(») decreases 
and the tangent slopes downwards. When we say that f'{a)< 0 and /"(a) >0 
implies that /(*) is decreasing and changing at an increasing rate at a; = o, we 
mean that the numerical rate of decrease of/(a:) is getting less (and not greater) 
as X increases. A negative quantity, which is getting less in numerioal magni- 
tude, is increasing. 
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examination of the value of the second derivative of the function 
concerned. 

An alternative criterion for extreme values of a function can be 
given in terms of the second derivative. It is assumed that the 
function f{x) is jSnite, continuous and possesses continuous first and 
second derivatives. If f'{a) is zero and /"(a) negative, then f'{x) 
must decrease through zero as x increases through a, i.e. the change 
in sign of f'{x!) is from positive to negative and x=a must give a 
maximum value of the function. In the same way, we see that a 
minimum value of the function is obtained at x=a when f'(a) is 
zero and /"(a) positive. Hence : 

ALTERNATH^ CRITERION FOR MAXIMUM AND MINIMUM 

VALUES 

(1) AH maximum and minimum values of f{x} occur where 

/'(r)=0. 

(2) If f'{a} = 0 and f"{a) <0, then f{a) is a maximum value of the 

function. If f'{a) = 0 and f''{a)> 0, then f{a) is a minimum 

value of the function. 

The first condition is, as before, a “ necessary ” condition. The 
second is a suf&cient ” condition indicating situations in which only 
a maximum (or only a minimum) value of / (.r) can occur. But it is 
not complete, i.e. both ‘‘ necessary and sufficient " (see 8.9 below), 
since the case where f"{a) is zero is not covered. This case includes 
all inflexional stationary values and may include other maximum or 
minimum values as weU. The alternative criterion, though often 
more useful, is somewhat more fimited in its scope than the first 
criterion. 

8.4 Practical methods of finding maximum and minimum values. 

In practical problems, we require the maximum or minimum 
values attained by one variable (y) as the value of another variable 
(x) is changed. If the variables are related by a single-valued 
function y=f{x), we proceed : 

(1) The derivative /'(r) is obtained. 

(2) The equation f'{x) — 0 is solved to give a number of solutions 

x=a, x—b, x=c, ... . 
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(3) Each solution (e.g. x=a) is taken in turn and examined. 

Either : the change in sign of /'(a + h) as A changes from 
negative to positive is determined. If the change is from 
positive to negative, /(a) is a maximum value of f{x). If the 
change is from negative to positive, f{a) is a minimum value 
of f{x). If there is no change of sign, /(a) is an inflexional 
value off{x). 

Or : f"{a) is obtained and its sign determiued. If /"(a) is 
negative, J{a) is a maximum value of f{x). If /"(o) is 
positive, /(o) is a minimum value oif{x). 

If this process is carried out in the cases of the three simple 
functions quoted in 8.1 above, it is found that one stationary value 
y=4 occurs at a: = 2 in each case. This is a maximum value, a mini- 
mum value and an inflexional value m the three cases respectively. 
The following examples provide further illustrations. 

Ex. 1. y=oc^-Sx^+5. 

Here ^ = 3x^ ~6x=3x{x ~2) ; ^ = 6a:-6=6(a:-l). 

The stationary values of y occur where 3x{x - 2) =0, i.e. at a; =0 and at 
X =2. The corresponding values of y are y =5 and y = l. To distinguish 
between maximum and minimum values, 

at x=0, ^=-6<0; 
dx^ 

at x = 2, ^-^=6>0. 

dx^ 

The fimction has a maximum value 5 at x=0 and a minimum value 
1 at x = 2. The graph of Fig. 56 below illustrates. 

Ex. 2. y=x^- 4x® + 16x. 

Here = 4x3 - 12x2 + 16 ^ 12x3 _ 2ix 

dx dx‘ 

= 4(x-2)3(a; + l). =12x(x-2). 

There are stationary values y= — 11 atx = -1 and y = 16 at x = 2. At 
x = -1, the value of the second derivative is 36. The function thus has 
a minimum value of -11 at this point. At x = 2, the second derivative 
is zero and the nature of the stationary value here remains undecided. 
To settle this point, the first derivative at x = 2+/i has value 4]i^{h+3). 
This is positive for all small (positive or negative) values of h. The 
function has an inflexional stationary value at x = 2. The graph of 
Fig. 57 below illustrates. 
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Ex. 3. 


y= 


2a; + 1 
a; -1 


Here - 


dx 


(a: -1)2’ 

which is negative for all values of x. The function has no stationary, 
and so no maximum or minimum, values. The curve representing this 
function is a rectangular hyperbola with asymptotes parallel to the axes, 
a curve which clearly has no tangent parallel to Ox, 


Ex. 4. y = 


Here 


dx 


2 -X 

x^+x-2 

x{x-4:) 


(a:2 +a; -2)2 

There are stationary values y= -1 at *=0 and y= at a; = 4. We 
now examine the sign of the derivative near these points : 
dy _ h{h-4:) 

dx 


’ dx (/i2+91i + 18)2 


at x=4:+h. 


{1i^+h-2f 

The first expression changes from positive to negative as h is given 

small values changing from 
negative to positive. The 
second expression changes in 
the opposite sense as h is varied 
similarly. The function thus 
has a maximum value -1 at 
x—0 and a minimum value 
at a; =4. 

The curious feature of this 
case is that the maximum 
value of the function is smaller 
than the minimum value. This 
apparently paradoxical result 
is due to the fact that the 
function has infinite values, at 
a; = 1 and at a; = - 2. (At each 
of these values the denomin- 
ator of y is zero.) The graph of the function, shown in Fig. 63, illustrates 
how the presence of infinities influences the maximum and mim'mum 
values. 



Ex. 6. y=ax^ + bx + c. 
Here 
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There is one stationary value y= — — at This value is 

a maximum if a is negative and a minimum if a is positive. The curve 
corresponding to this function is a parabola with axis vertical. The 
stationary value occurs at the vertex of the curve and is a maximum or 
minimum according to the direction of the axis as determined by the sign 
of a (see 3.4 above). 


Ex. 6. y=ax+b + -^, where a, b and c are positive constants and x is 
assumed to take only positive values. 


Here 


dy 


dx ® *2’ 


d^y_2c 
dx^ X®' 


Since x is positive, there is only one stationary value and this occurs 
at the point x = -\J- . The second derivative is positive. So, the function 
has a minimum value, y=2‘Jac+b at this point. 


Ex. 7. y=az^ -bx+c+- , where a, b, c and d are positive constants 
and X is restricted to positive values. 


Here 




dhf 


=2a + 


2d 


The stationary values occur at points where the derivative is zero, i.e. 
where x satisfies the relation ; 


203? -bx^ -d=0. 

It can be shown that this cubic equation has only one positive root, and 

that the value of this root is greater than ® * The second derivative 

is seen to be positive. The function has thus a single minimum value for 
the range of positive values of x. 


Ex. 8. An open box consists of a square base with vertical sides and 
has a volume of 4 cubic feet. What are the dimensions of the box for a 
Tninimum surface area ? 

Let X feet be the side of the square base and h feet the depth of the 
box. Then hx“=4: since the volume is given as 4 cubic feet. From this 
we obtain h in terms of ®. The surface area is 

10 

y = a? + 4Jix = X- + — square feet. 
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So, y is written as a function of x only and its minimum value is 
required for variation in x (which alone governs the dimensions of the 
box). The values of x for stationary values of y are given by 

^ = 2a;-^=0, i.e. a:3 = 8. 
ax x^ 

Hence a: = 2 gives the only stationary value of y. Since 

^=2+^=6>0, when a: =2, 
dx^ x^ 

the stationary value is a minimum. The minimum surface area is thus 
12 square feet and the dimensions of the box are then : side of base =2 feet 
and depth of box = 1 foot. The depth of the box is half the side of the 
square base. 

8.5 A general problem of average and marginal values. 

From a given single-valued function f{x) at a point x, we derive 
the pair of values : 

Average value of f{x) j Marginal value of f{x) —f'{x). 

cc 

The average value is taken over the whole range from zero to the 
given value x ; the marginal value refers to the “ margin ” at the 
given value x. In diagrammatic terms, if P is the point with 
abscissa x on the curve y=f{x), then the average value of f{x) is 
represented by the gradient of the “ radius vector ” OP and the 
marginal value by the gradient of the tangent at P. The application 
of these general concepts in the economic problems of demand and 
cost have been considered at an earlier stage (6.8 above). 

It is now assumed, for convenience, that both x and/(a;) take only 
positive values. It is req[uired to find the values of x which corre- 
spond to maximum or minimum values of the average • So 

^ ^ -/(=«) 
dx\ X j x^ ’ 

ff{x)]_ xr'{x)-2xf'{x)+2f(x) 

dx'^X X f 

Stationary values of occur where xf'{x} -f{x) = 0, i.e. where 
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At such a point, the value of the second derivative reduces to 

dx^\ X j X 

and, since x is taken as positive, this has the sign of f"{x). The 
average value of f{x) is thus stationary at any point where the 
average and marginal values of /(a:) are equal. The stationary value 
is a maximum if /"(») is negative at the point ; it is a minimum if 
f''{x) is positive at the point. 

In diagrammatic terms, a stationary value of the average value 
off{x) is shown by a point P on the curve y —f (x) where the tangent 
coincides with the radius vector OP, i.e. at a point where the tangent 



passes through the origin 0. The average value is a maximum if the 
curve is concave from below at the point P ; it is a minimum if the 
curve is convex from below at the point. These facts are clear from 
the two cases illustrated in Pig. 64. 

8.6 Points of inflexion, 

A single-valued function y=f{x) is defined to have an inflexional 
value at a point where the corresponding curve crosses from one side 
of its tangent to the other. The point itself is described as a point 
of inflexion. The most important property of a point of inflexion is 
that it marks a change in curvature, the curve changing from convex 
to concave from below as we pass from left to right through the 
point, or conversely.* This property is clear from the inflexional 

* If the function is single-valued and the curve smooth, then all changes of 
curvature occur at points of inflexion. For multi-valued functions, on the 
other hand, a change in curvature may occur where the curve “ turns back 
on itself ” and the tangent is vertical. Such a point is not a point of inflexion. 
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cases shown in Fig. 55. There are two classes of points of inflexion. 
A point of one class (as illustrated iu the first two cases of Fig. 55) 
marks a change of curvature from convex to concave from below as 
we move from left to right along the curve. A point of the other 
class marks a change of curvature in the opposite sense (as shown in 
the second two cases of Fig. 55). The actual tangent at the point of 
inflexion is not restricted m any way ; it can slope upwards or down- 
wards with any nmnerical gradient whatever. Upward and down- 
ward sloping tangents are shown in Fig. 55 for each of the two classes 
of inflexional points. Further, as limiting cases, the tangent can be 
parallel to Ox with zero gradient or parallel to Oy with infinite gradient. 




In addition to the change of curvature property, another charac- 
teristic of points of inflexion is evident from Fig. 55. A point of 
mflexion always corresponds to an extreme value of the tangent 
gradient of the curve. At a point of inflexion of the first class, the 
tangent gradient is a maximum, the gradient increasing as we move 
from the left towards the point and decreasing as we move to the right 
away from the point. At a point of inflexion of the second class, it is 
seen, in the same way, that the tangent gradient is a minimum. 



APPLICATIONS OP DERIVATIVES 


193 


Assuming that the single-valued function f{x) is finite and con- 
tinuous vdth continuous first and second derivatives, it is a simple 
matter to express the properties of an inflexional value of f{x) in 
analytical terms. The derivative/'(a:), as the measure of the tangent 
gradient, must have an extreme value at any point of inflexion. It 
is necessary, therefore, that the second derivative f"{x}, being the 
derivative of /'(*), has zero value at the point. Further, the value 
oif”{x) must change in sign as x increases through the point con- 
cerned, the direction of the change determining the class to which 
the point of inflexion belongs. If f”{x) changes from positive to 
negative, the derivative f'{x) has a maximum value and the curva- 
ture changes from convex to concave from below, i.e. the point of 
inflexion is of the first class. The converse change of sign of 
indicates a point of inflexion of the other class. So 

CRITERION FOR POINTS OF INFLEXION 

(1) An inflexional value of the ftmction /(x) can only occur at a 

point where f''(x) = 0. 

(2) If /"(a) =0, and iff'ix) changes in sign as x increases through 

the value a, then /(a) is an inflexional value of the function 
f{x). The direction of the change of sign of /"(a;) indicates 
the class of the point of inflexion. 

The first condition is “ necessary ” for points of inflexion. The 
second adds the “ sufficient ” condition and, altogether, we have a 
criterion which is complete, i.e. “ necessary and sufficient ” (see 
8.9 below). 

If the function is assumed to have a continuous third derivative, 
an alternative form of the criterion can be given in which this 
derivative is used. If f"'{a) is negative at a point where /"(a) is 
zero, then /'(a:) is a maximum at the point »=a, i.e, we have a point 
of inflexion of the first class. Similarly, if is positive at the 
point where /"(a) is zero, we have a point of inflexion of the second 
class. Hence, if/" (a) = 0 and/'" (a) v^o, there is a point of inflexion 
at a;=a and the sign of the non-zero third derivative indicates to 
which class the inflexional point belongs. This alternative form of 
the criterion is not complete (not “ necessary and sufficient ”) since 
the case where the third derivative is zero is not considered. 

A point of inflexion, as we have remarked, is in no way dependent 



194 MATHEMATICAL ANALYSIS FOR ECONOMISTS 

on the value assumed by the first derivative of the function at the 
point. It may happen, however, that the first derivative is zero at 
the point of inflexion, the value of the function being stationary 
as well as inflexional. The second, and incomplete, criterion for 
stationary values (8.3 above) can now be extended shghtly by the 
addition of the condition : 

If =0 and if /"'(a) 5^0, then f(a) is a stationary and 

inflexional value of the function /(a;). 

The criterion is still incomplete since it takes no account of cases 
where the third derivative is zero.* 

As long as the third derivative of the function f(x} is not zero at 
the point x~a, the following scheme indicates aU the possible cases 
of stationary and inflexional values of / (a;) : 

Stationary value Inflexional value 



Extreme Stationary and Inflexional and 

value inflexional value non-stationary value 

r{a)=0 r{a)^0 f{a)=r{a)=0 f'{a):^0 r(a)-0 

Two examples will illustrate the method of locating inflexional 
values in the cases of particular functions : 

Ex, 1. y =a;^ -3a:^ + 6. 

Here g=6. 

There is thus only one inflexional value of the function, i.e. y=3 at 
« = !. The third derivative is positive and the second derivative changes 
sign from negative to positive as we pass from left to right through the 
point of inflexion. The point is thus an inflexion of the second class, the 
curvature of the curve changing from concave to convex and the tangent 
gradient ( - 3) being a minimum. Fig. 56 indicates the point of inflexion 
P and also the maximum and minimum points A and B on the curve 
representing this function. 

Ex. 2. - 4x^ + 16a;. 

Hero + g=12*(»-2); g.24(a:-l). 

*_Th6 criterion is hilly completed in 17.6 below, where extreme and in- 
flexional values are determined by the first non-zero derivative of f(x) of 
whatever order it may be. 
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There are two points of inflexion. At x=0 there is the ioflexional value 
y=0 ; at X =2 there is the inflexional value y = 16. At the first of these 
points the third derivative is negative. The point is an inflexion of the 
first class, the curvature changing from convex to concave and the tangent 



gradient (16) being a maximum. At the second of the points the third 
derivative is positive. The point is an inflexion of the second class, the 
curvatme changing from concave to convex. Further, the first derivative 
is also zero at the point and we have here a stationary as well as an 



inflexional value of the function. The zero tangent gradient at the point 
is a minimum value of the tangent gradient. Fig. 57 indicates the graph 
of the cmve representing the function and shows the two inflexional 
points in addition to the single minimum point. 
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8.7 Monopoly problems in economic theory. 

Many of the problems of physics and other mathematical sciences 
can be reduced to the determination of positions of maximum or 
minimum. It is sufficient to instance the importance of maxirnmn 
or minimum potential, energy, action and entropy. An exactly 
s imil ar situation is found in certain branches of economic theory. In 
static problems, we find it convenient to assume that the individual 
consumer seeks the highest position on his “ preference scale ” 
consistent with market conditions, that the individual firm fixes 
output or price to produce the largest net revenue and organises its 
factors of production to give the largest output at a given cost or the 
smallest cost for a given output. Similar assumed principles, in 
more comphcated forms, are to be found in dynamic problems. If 
functions of a single variable suffice to interpret the phenomena 
concerned, then the methods of the present chapter apply at once in 
the solution of our problems. Some simple examples, intended to 
illustrate the method, are given in the following paragraphs.* 

As a first problem, suppose that a firm produces a good X under 
known cost conditions represented by the total cost function JJ =F{x). 
The demand of the firm’s market for the good X is assumed to be 
known and represented by the demand function x = <f>{p) ov p = ifi{x), 
where x is the demand at price p. Within the Kmits set by this 
demand relation, the firm is assumed to act as a monopolist with the 
object of maximising net revenue. Two alternative points of view 
can be taken. Either : the firm fixes its output and leaves the price 
to be determined by the demand conditions. Or : the firm fixes its 
price and the demand conditions determine the appropriate output. 
The analysis of the problem is difiPerent in the two cases but, as we 
shall see, the results obtained are effectively identical. 

Assuming that the firm fixes output, then the price to clear any 
output X must be p = ^ (rc) as given by the demand conditions. The 
gross revenue from output x is R=x\jj{x), the total cost is n=F{x) 
and the net revenue is {R-U) given as a function of x. The output 

* For an account of the importance of maximum or minimum positions, 
particularly in relation to “ loose indefinite relations ” between economic 
variables, see Edgeworth, Mathematical Psychics (1881, reprinted 1932), pp. 
1-16 and pp. 83-93. 
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X fixed by the firm for maximum net revenue must satisfy the two 
conditions z 

and 

The first condition is ^ -^^=0, i.e. . At the output for 

ax ax ax ax 

equilibrium, therefore, marginal revenue must equal marginal cost. 
The second condition, for a maximum as opposed to a minimum, is 

dx\dx^ J dx\dx dx) dx'^ dx^^ ’ 


i.e. 


d^R ^ 

dx^ ^ dx^ * 


Hence, at the equilibrium output, marginal revenue must be in- 
creasing less rapidly than marginal cost. This second condition is 



automatically satisfied if, for example, marginal revenue is decreas- 
ing while marginal cost is increasing as output increases from the 
value at which these marginal concepts are equal. 

The position can be represented on a diagram in two different 
ways. The total revenue and cost curves can be drawn on one dia- 
gram, taking output x along the horizontal axis and revenue or cost 
along the vertical axis. Suppose that, on the two curves, points in 
the same vertical line can be fotmd such that the tangents to the 
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respective curves are parallel • The output common to 

such points is a monopoly equilibrium output provided only that the 
total revenue curve is less convex (or more concave) from below than 


the total cost curve < — - j . When the total revenue and cost 

curves are of “ normal ” form (see 10.7-8 below), the position is 
illustrated by the curves of Fig. 58. The net revenue obtainable 
from any output is shown by the vertical distance of the total revenue 
curve above the total cost cmve. This is clearly a maximum in the 
position PQ, the tangent to the total cost curve at P being parallel 
to the tangent to the total revenue curve at Q. The monopoly out- 
put OM is thus uniquely determined in this case and the monopoly 
price is read off as the gradient of OQ. 



The monopoly situation can also be represented on a diagram show- 
ing the average and marginal revenue and cost curves referred to the 
same axes and scales. Fig. 59 exhibits these four curves as obtained 
from the total curves of Fig. 58. Three of the curves happen to be 
straight lines, but this is not an essential feature of the “ normal ” 
case here taken. The unique monopoly output is now given as the 
abscissa OM of the point P where the marginal curves intersect. 
The monopoly price is MR, the average cost of the monopoly output 
is MQ and the maximised net revenue is QR times OM, i.e. the 
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rectangular area shaded. The condition for a maximum, as opposed 
to a minimum, is automatically satisfied here since the mareinal 
revenue curve falls while the marginal cost curve rises.* 

The analytical solution of the monopoly problem can be iUuatrated 
by assiiming particular cost and demand functions of simple type 
appropriate to “ normal ” conditions. K the cost function is quad- 
ratic in form U =ax^ + bx + G and if the demand function is the hnear 
form p=P-ax (all the constants specified being positive), then the 
first condition of equahty of marginal cost and revenue is 

2ax + b=P -2ocx, 


i.e. 


2 (a -I- a) * 


There is a unique equilibrium output, provided that )5> b. This last 
condition is simply that marginal revenue is greater than marginal 
cost at zero, or very small, output. If it is not satisfied, the firm 
never makes a positive profit and its losses are least when it produces 

dx^ dx^ 

always satisfied. Figs. 58 and 59 are drawn for cost and demand 
functions of these t 3 rpes. A sugar refinery produces an output of 
X tons per month at a total cost of £{^ija;®-Fl5a: + 800) and mono- 
polises the sale of sugar on a market with a demand law p = 50 - -^x, 
where £p is the price (per ton) of sugar. The monopoly equilibrium 
output is just under 150 tons per month and the monopoly price is 
approximately £35 per ton or rather under 4d. per lb. 

Taking the second view of the monopoly problem, the firm fixes 
the price, and its output to meet the demand must be x = ^{p). 
Here 

B=xp=p<f){p) and n=F{x)=F{<f>{p)}. 

The net revenue at the price p'lB {B- IT) and this is a maximum if 



nothing. The second condition for equilibrium 


d 

^{B-n) = 0 and ^(B-II)<0. 
dp dp^ 


* It is to be noticed that, as far as our formal solution is concerned, there is 
no reason to suppose that net revenue is positive even when it is maximised. 
The total cost ciuve may lie completely above the total revenue curve. In 
this case, the firm either goes out of bizsiness or stays in and cuts its losses. 
Maximum net revenue is then minimum net loss. 
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The first condition is 

d - ! . * ^ dn _ 

\ . t// \ - ( . dn dU dx\ 

i.e. ^(J>)+J,^(P)-^^( 1,)=0 ^8mce^=^^). 

The equation to he solved for the equilibrium price is thus 

^(?) + (p-^«l'(p)=0. 

The hmiting condition for maximum net revenue is 

i.e. + 

Any value of p satisfying the above equation and inequality is a 
possible monopoly price and the corresponding output is x=^(p). 

The second analysis of the monopoly problem, which is due to 
Comnot, can be shown to lead to the same equilibrium price and 
output as is obtained in the first analysis. This fact can easily be 
checked in particular cases, e.g. with a quadratic cost function and 
a linear demand function. Or, in general terms, the above equation 
for the monopoly price gives 

dB dR dx 

dn _ <j){p) +p^’{p) dp dx dp dR 
dx dx~ dx ~ dx* 

dp dp 

i.e. the condition of the first analysis that marginal cost and marginal 
revenue are equal is satisfied also in the condition of the second 
analysis. 

8.8 Problems of duopoly. 

The demand of a market for a good X is represented, as before, 
by the demand relation p = fl/{x) connecting the price p and the 
demand x. The production of the good is shared between two duo- 
polist firms selling at the same price p. The first duopolist produces 
an output aq at a total cost of n^=Fi(xj) and the second duopolist 
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produces an output at a total cost of n2=Fz{x^. The solution 
of the problem of the distribution of the market between the two 
duopohsts depends entirely upon what is assumed about the reaction 
of one duopolist to any action on the part of the other. 

It is assumed, in the simplest duopoly problem, that each duo- 
polist expects the other to make no change in current output no 
matter what changes he makes in his own output. Subject to this 
expectation, each duopolist then aims at fixing his output for 
maximum net revenue. If outputs x^ and x^ are fixed by the two 
duopohsts, the price of the good is determined by p = tfi{x), where 
a:=a;i -faja is the total output. The net revenue of the first duopolist 
is {XjP - ill) for this to be a ma xim um, x^ must be chosen so 
that 


dsc^ 


(«iP-i 7 i) = 0 , i.e. 


^ / \ _ dn^ 

dxx 


This is the famihar equaUty between marginal revenue and mar- 
ginal cost. The difficulty here is to express marginal revenue in a 
suitable form. Since a^p=a;ii/'(a;), where a:=a^ + a;2, we have 


~ (iCiP) = tpix)+xj_^>{t (x) =</'(«)+ xpl)'{x), 

making use of the assumption that the first duopohst considers x^ 
as fixed. Hence, for any given output x^ of the second duopolist, 
the equation which determines the first duopohst’s output x^ is 


^{x)+xS'{x)=-^. 

In the same way, given any output x^ of the first duopohst, the 
second duopolist fixes his output x^ so that 


ip{x)-irX2^'{x)- 


dU^ 

dXn 


These two equations are together sufficient, in general, to determine 
the outputs of the two duopohsts. The total output and the price 
at which it is sold then foUow at once. 

The first equation gives the output of the first duopohst in terms 
of whatever output the second duopohst is producing, i.e. it gives Xi 
as a function of x^. It can be taken, under “ normal ” conditions, 
that an increase in X2 results in a decrease in of smaller amount. 
The dependence of on x^ can be represented by a “ reaction 
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curve ” Cl in the plane OxiX^. The “ normal ” form of Cj is shown 
in Eig. 60 . The curve must be considered in relation to the axis Oxj 
and its gradient to this axis is negative but numerically less than 
unity. Similarly, the second equation gives ois, function of Xj 

and a second reaction curve 
is obtained. This curve is 
related to the axis and, in 
the “ normal ” case, its gradient 
to this axis is negative and 
numerically less than unity. 
The two curves Ci and thus 
intersect in a single point P and 
the co-ordinates of P give the 
equilibrium outputs Xi and x^ 
of the two duopolists. 

In the particular case where 
the duopolists have the same 
total cost function n=F{x), the equations giving their outputs are 
ilj{x)+Xitp'{x)=F'{xi) and \j}{x) +X2\j}'[x)=F'[x^. 

The reaction curve Ci when viewed from the axis Ox^ is now of 
exactly the same form as the reaction cxirve G^ viewed from the 
axis Oxi. It follows that Xi and X2 must be equal at the point of 
intersection. Thus, as we expect, the total output is shared equally 
between the two duopolists : =^2 = ^x. The value of x is given by 

ilt{x) -f Ix^'ix) =F'{^x). 

Further, if each duopolist produces at constant total cost, the total 
output shared equally between them is given by 

i{j{x) + IxiIj'{x) = 0, 
i.e. tp(x) + {^(x)+xtfj'{x)} = 0. 



i.e. 




The total output is such that the sum of the average and marginal 
revenue from the total demand p = ifj{x) is equal to zero. If the 
average and marginal revenue cimves are as shown in Fig. 61 , the 
total output under duopoly is given by ON. This output can be 
compared easily with that under pure monopoly. The monopoly 
output of a single monopolist with constant total cost is such that 
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marginal revenue is equal to marginal cost, i.e. is equal to zero. In 
Pig. 61, the monopoly output is OM, and this is less than the duopoly 
output ON. 

In conclusion, we can indicate the way in which the general 
duopoly problem can be analysed. It is assumed that the first 
duopohst, when he varies his own output x^, expects the second duo- 
pohst to react and vary his output according to some defimte law 



X 2 =f{Xj). Thus, if he changes his output from a level x^, he expects 
his rival’s output to expand or contract at a rate indicated by the 
doc 

derivative -T-^=f\xy). Following Professor Prisch,* this derivative 

€L0C\ 

can be termed a “ conjectural variation ” and it may be positive or 
negative in value according to circumstances. For a maximum net 
revenue, the first duopohst’s marginal cost must equal 

^^ixip) = >p{x)+xi^ilj{x)-^^ixi+x^) = >p{x)+x^ifi'{x) (l+^") • 

The equation, which gives x^ as a function of x^ and determines the 
reaction curve of the first duopolist, is now 




In the same way, it is assumed that the second duopolist expects 
the output of the first duopolist to vary according to a definite law 

dx 

^=9 {^ 2 )- The derivative '^—9' ^^ 2 ) is again the conjectural varia- 

* Frisch, Monopole-Polypole, Nationalokonomisk Tidsskrift, 1933. 
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tion. The equation giving X 2 as a function of Xi and defining the 
reaction curve Cj of the second duopolist is 

The two reaction curves, by their point or points of intersection, 
determine the duopoly distribution of output between the firms. 
Their forms depend on the nature of the conjectural variations of 
the two duopohsts and, by making various assumptions about 
these conjectural variations, a whole series of duopoly problems can 
be defined and analysed. The problem will be elaborated at a later 
stage (13.9 below).* 

8.9 A note on necessary and sufficient conditions. 

In the above analysis we have had occasion to draw distinctions 
between “ necessary ” conditions, “ sufficient ” conditions and con- 
ditions which are “ necessary and sufficient ”. The following 
observations serve to explain more fully the nature of these dis- 
tinctions and to illustrate their importance. 

To start with a simple example, we can examine conditions under 
which a four-sided figure is a rectangle. First, if the figure is a 
rectangle, then one of its angles must be a right angle. This is a 
necessary condition. While all rectangles have a right angle for one 
angle, there are also other figures with the same property. K, how- 
ever, one angle of the figure is a right angle and aU sides are of the same 
length, then the figure must be a rectangle. This is a sufficient con- 
dition. All figures with the property stated are rectangles, but there 
are some rectangles (i.e. those not squares) which do not display the 
property. The condition is thus not complete, not necessary and 
sufficient. Finally, if the figure is a rectangle, then one angle is a 
right angle and opposite sides are of equal lengths. Conversely, if a 
figure has one angle a right angle and opposite sides of equal lengths, 
then the figure is a rectangle. We have here a necessary and suffi- 
cient condition ; it is complete, including aU rectangles and no figures 
other than rectangles. 

In general, a necessary condition for a certain property is such 

* The analysis given above, in the case where the conjectural variations are 
zero, is based on the work of Cournot. For the general problem, see Hicks, 
The Theory of Monopoly, Econometrica, 1936. 
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that, if the property holds, then the condition is satisfied. The con- 
dition is satisfied by aU things with the property but may be satisfied 
also by things without the property. A sufficient condition is such 
that, if the condition is satisfied, then the property holds. The con- 
dition is satisfied by no thing without the property but may not be 
satisfied by some things with the property. A necessary and sufficient 
condition is one which holds in both the ways described — if the pro- 
perty holds, then the condition is satisfied ; if the condition is 
satisfied, then the property holds. The condition is complete and 
includes all things with the property and no others. 

An important instance of the distinctions here drawn is provided 
by the conditions for maximmn and minimum values of a function 
/ [x) which has a finite and continuous derivative. A necessary con- 
dition for a maximum value at x=ais that f'(a) = 0. This condition 
is satisfied at all maximum positions but also at other positions (e.g. 
minimum or some inflexional positions). A sufficient condition for 
a maximum value is that f'(a) =0 and f"(a) <0. We have a maxi- 
mxun value whenever this condition is satisfied but some maximum 
values can occur even when the condition is not satisfied. A neces- 
sary and sufficient condition for a maximum value is that /'(o) = 0 
and that f'(z) changes sign from positive to negative as x increases 
tlirough the value a. A maximum value must satisfy this condition 
and we have a maximum value whenever the condition is satisfied. 


EXAi\n?LES vm 

Gcjicral applications of derivatives 

1. Write down the derivative of 3x’ + 3s’ + * - 1 and show that this 

dy 

function is monotonio increasing. If y=as’ + 6s’ + cs + cf, express ^ ns a 

square plus a constant term. Deduce that the function is monotonio if 
b*< 3oc and that it then increases or decreases according to the sign of a. 


2. Show, by means of derivatives, that y=: 


and y = 


1-x 


'2i+ 1 ^ 1+x 

a,z + 6, 

monotonio functions. Generalise by showing that j/=: 


are botli 


is nlwnj-s n 


o,x + 6i 

monotonic function. IMien does it increase and when decrease? IHustrate 
these results by considering the shape of the rectangular In'perbolas wliich 
represent the function. 

3. Show that y=T + - has one maximum and one minimum value and that 
the latter is larger than the former. Draw a graph to illustrato. 
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4. Show that y = 2a; — 1 + - has a single minimum value and is positive for 
all positive values of x. ® 


5. Find the maximum and minimum values of 2 / = a:’-3x-l and of 
y = Zx^- lOx* + 6a;^ + 6. Illustrate graphically. 

6. If y = x^-4sc^ + Qx'^-4:X-Z, show that ^ = 4(a;-l)^ Deduce, from 

the/i-fs; criterion for maximum and minimum values, that y has a minimmn 
value at a;=l. Why does the second criterion fail to give the result in this 
case? 


1-a:' 


7. Show that each of the functions y = -z 1 and y='^3-x^ has a single 

maximum value. Draw rough graphs of the functions to illustrate. 


8. Show that y = x'^l+x has a minimum and y= -x’^l+x a maximum 
value. Draw the graphs of the functions for a; > — 1 and deduce that the 
double-valued function y^ = x^(l +x) is continuous with a maximum and a 
minimum at the same value of x. Then consider y = + "^x^^l+x) and 
y = - as the two single-valued branches of this function, showing 

that each branch is continuous but without a derivative at a: = 0. Illustrate 
the difficulty of defining derivatives for multi-valued functions. 


9. Show that y^ = x{x^ -1) can be divided into two single- valued branches, 
one with a maximum and the other with a minimxnn value. Deduce that the 
curve representing the double-valued function is continuous, defined only for 
certain ranges of x and shows a vertical tangent at three points. 

10. Find the derivative of y=^x^ and show that it is infinite at a;=0. 
Draw a graph of the fimction and indicate its behaviour in the neighbourhood 
of the origin. Deduce that y has a minimum value at the origin which is not 
a stationary value. Contrast this function and its graph with y = ^x (see 
Examples VII, 21). 

11. Show that the perimeter of a rectangle of area 16 square inches is least 
when the rectangle is a square of side 4 inches. 


12. A rectangular area is to be marked oS as a chicken run with one side 
along an existing wall. The other sides are marked by wire netting of which 
a given length is available. Show that the area of the nm is a maximum if 
one side is made twice the other. 


13. A cricket field consists of a rectangle with a semicircular area at each 
end. The perimeter is to be used as a quarter-mile running track. Find the 
dimensions of the field so that the area of the rectangular portion is the largest 
possible. (Take 7r=3'14169.) 

14. A tiimed soup manufacturer uses tins which are circular cylinders 
closed top and bottom. Find the most economical dimensions of the tin 
(i.e. minimum surface area) when the volume is given. If the top and bottom 
of the tin are cut from square sheets and the surplus wasted, find the new 
dimensions for greatest economy. 

16. Express the distance of 0 from a point on the line 2a: + y = 6 as a function 
of the a;-co-ordinate of the point. Find the point on the line nearest 0 and 
deduce that the shortest distance from 0 to the line is perpendicular to the 
line and of length s/5. Generalise to show that the shortest distance from 

(®i» Vi) to the line aa; + 6y + c=0ia 

Vo> + 6* 
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16. Find, on the part of the rectangular hyperbola xy — 4: in the positive 
quadrant, the point which is nearest to O and show that the shortest distance 
is perpendicular to the tangent at this point. What is the shortest distance of 
the point (0, 2) from the parabola y = x^1 

17. Show that the curve y = 2a;-3 + -i3 convex from below for all positive 

^ c 

values of *. Is the same true of the curve 3/= ax + 6 + -? 

X 


18. Show that the curve 1/ = ax’ + 6x® + cx can have only one point of in- 
flexion. If a is positive, show that the curvature changes from concave to 
convex from below ns we pass tlirough the inflexional point from left to right. 
Deduce that the point of inflexion is also a stationary point if 6’ = 3ac. 


19, Show that the curve y = -i — r has three points of inflexion separated 

by a maximum point and a minimum point. Verify these facts by drawing a 
graph of the curve. 


20. Provo that the curve y=x’ has a single stationary point which is a point 
of inflexion. Are there any other points of inflexion ? 


21. Show that the cmve y = i]x is convex from below for negative values 
of X and concave from below for positive values of x. Deduce that the origin 
is a point of inflexion. Wiy is tliis point not given by the criterion that the 
second derivative is zero 1 Check the result by considering the function as the 
inverse oiy — x’. 

22. From the second derivative, verify that the rectangular hyperbola 
xy= I is concave from below for negative values of x and convex from below 
for positive values of X. In what sense is x=0 a point of inflexion? Contrast 
this case with that of the previous example, 

23. If/(x) is a single-valued function of x, find where {x/(x)} attains maxi- 
mum and minimum values and interpret in terms of the curve y=J{x}. If 
X nnd/(x) are both positive, show that {x/{x)) can only bo a maximum at a 
point where the curve J/ =/(x) is downward sloping with a curvature less than 
a certain amoimt. 


Economic applications of derivatives 


24. Show that the demand curves p — r-c and p=(o- 6x)* are each 

x + b 

downward sloping and convex from below. Do the same properties hold of 
the marginal revenue curves? Show further that, for each of the demand 
laws p ~ “da — bx and p = a- &x’, the demand and marginal revenue curves are 
downward sloping and concave from below. 

25. Show that the demand curve x = 4o’-3op*+p’, where o is a positive 
constant, and p is loss than 2a, is downward sloping with a point of inflexion. 
How does the curvature change? 

26. With the aid of derivatives, check the positions of maximum total 
revenue obtained in the cases of the demand laws of Examples V, 2, 10 and 11. 


at all 


27. It is given that a demand curve is convex from below 
points. Show that the marginal revenue curve is also convex from below 


(g>«) 
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either if is positive or if is negative and numerically less than - . 

dx^ ^ dx^ xdx^ 

If the demand curve is always concave from below, does a similar property 
hold of the marginal revenue curve ? 

28. By examining the signs of certain derivatives, show that each of the 
total cost functions 

n=ax hd (b>c) 

x+ c 


n=‘Jax + b + c and 


gives average and marginal cost curves which fall continuously with increasing 
output. 

29. From the sign of the second derivative, show that the transformation 
curve of Examples V, 26 is concave from below at all points. 

30. If the supply of a good is related to its price by the law x = a'Jp~b + c, 
where o, b and c are positive constants, show that the supply curve is upward 
sloping and concave to the axis Op at all points. Illustrate with the case of 
Examples V, 23. 

31. An indifierence map is defined by the relation (x + h)‘Jy + k = a, where 
h and k are fixed positive numbers and a is a positive parameter. By 
expressing y as a function of x and by finding derivatives, show that each 
indifierence curve is downward sloping and convex from below. 

32. If Il—ax* + iia: + c is the cost fimction of a monopolist and if p = /3 - cxx 
is the demand law, find the monopoly price and output when the monopolist"' 
is assumed to fix the price. Verify that this is the same result as when the 
monopolist fixes the output. 

33. A radio manufacturer produces x sets per week at a total cost of 
£(-Jga;* + 3a;+ 100). He is a monopolist and the demand of his market is 
X = 76 - 3p, when the price is £p per set. Show that the maximmn net revenue 
is obtained when about 30 sets are produced per week. Wliat is the monopoly 
price 7 Illustrate by drawing an accurate graph. 

34. If the manufactiirer of the previous example, with the same costs, 
produces for a demand of x= 100 - 20^p sets per week, show that he should 
produce only 25 sets per week for maximum monopoly revenue. What is the 
monopoly price now? 

35. In the case of Example 33, a tax of £k per set is imposed by the gover- 
ment. The manufacturer adds the tax to his cost and determines the 
monopoly output and price under the new conditions. Show that the price 
increases by rather less than half the tax. Find the decrease in output and 
monopoly revenue in terms of k. Express the receipts from the tax in terms 
of k and determine the tax for maximum return. Show that the monopoly 
price increases by about 33 per cent, when this particular tax is imposed. 

36. Generalise the taxation problem of the previous example by finding the . 
efiects of a tax of k per tmit of output when a monopolist’s total cost is 
n=ax^ + bx + c and the demand law is p = ^- ax. Show that the tax brings 
in the maximum return when k = ^{^ — b) and that the increase in monopoly 
price is always less than the tax. 

37. If a monopolist has a total cost of JT= ax^ + + c and if the demand 

law is p = p- ax^, show that the output for maximum revenue is 

Va=‘+3a(j5-6)-o 
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How many sets per week should the radio manufacturer of Example 33 
produce when the demand is a;= 10*^25 —p sets per week? 

38. The demand of a monopolist’s market is p = p- ax and he produces an 
output of X units at a total cost of 77= ax^ - bx- + cx + d. Show that the output 
for ma ximum net revenue is the positive root of 

3aa:= - 2 (6 - a)a: - (jS - c) = 0. 

Taking the cost conditions of the firm of Examples V, 18, and the demand law 
p = 60 - fx, show that the firm must produce 3|- tons of its product per month 
for maximum monopoly revenue. What is the monopoly price per ton? 

39. A firm with a total cost function n=F(x) sells on a perfectly competi- 
tive market, the market price being fixed at p. Show that the output of the 
firm for maximum net revenue is such that marginal cost equals p, provided 
that total costs are covered. Deduce that there is a supply relation for the 
firm, giving the output as a function of the market price p. 

40. If F{x) = ax^ + bx + c in the previous example, show that the supply 
relation is linear. Show that p must exceed b + 2'Jac if total costs are to be 
covered but that, if only variable costs are to bo covered, p need only exceed b. 
Illustrate the determination of the supply curve by drawing a diagram show- 
ing the average and marginal cost cmwes. 

41. A sugar refinery has total cost equal to £(^53:* -f 6a: -t- 200) when x tons 
of sugar are produced per week. The fixed market price is £p per ton. ^Vhat 
is the supply cur\’’e of the firm ? What is the lowest price to cover total costs ? 
At what price will 160 tons be produced? 

42. A plant produces x tons of steel per week at a total cost of 

£(^=>-3a:=-f60x-f 300). 

If the market price is fixed at £33 6s. 8d. per ton, show that the plant produces 
16t tons per week. 

43. In the problem of the previous example, show that the plant’s output 
at the fixed market price of £p per ton Ls the root of 

3x^ - 60a: -f 10 (60 - p) = 0, 

which is greater than 10 tons per week. What is the smallest price for total 
costs to be covered? Show that the supply curve is 

a:=10-)-|V30p-600 

for values of p greater than this minimum amount. Connect the supply curve 
with the marginal cost curve and illustrate grapliically. 

44. The market demand for a good is given by p = jS - ax. The market is 
supplied by two duopolists with cost functions = a^x^^ -f b^x^ -1- Cj and 

, J7. = 0,^2° + 62*3 + 02* Assuming that the “ conjectural variations ” are zero, 
show that the reaction cmrves are straight lines. Deduce the equihbrium 
output of each duopolist. 

45. The duopolists of the previous example are radio manufacturers pro- 
ducing identical sets. The total cost of an output of x sets per week is 
£(A*“ + 3.*+ 100) in each case. When the price is £p per set, the market 
demand is a: = 76 - 3p sets per week. Show that the total equilibrium output 
is approximately 41 sets per week. Compare with the monopoly output of 
Example 33. 

M.A. 

H 
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46. If the market demand of the previous example is a: = 10*^26 -p sets 
per week, show that the reaction curve of the fir/.t duopolist is 

+ 16a;2 + 6616 - 2a;j — 4) 

and similarly for the second duopolist. Draw a graph showing the two re- 
action curv^es and deduce that the total output is now approximately 32 sets 
per week. Compare with the monopoly output of Example 37. 

47. A firm, with fixed plant, supplies of raw materials, etc., produces two 
goods X and Y in amounts related by the transformation function y=f{x). 
The market prices of the two goods are fixed at and py. Show that the 
outputs for maximum total revenue are such that -f'{x) equals the ratio of 
Vx to Py. 

48. If the firm of the previous example monopolises the sale of both X 
and Y, the demand curves for X and Y being given and independent, show 
that the outputs for maximum total revenue are such that —f'(x) equals the 
ratio of the marginal revenues from the X and Y demands, 

49. A steel plant is capable of producing x tons per day of a low grade steel 

40 — 5x 

and y tons per day of a high grade steel, where i/ = — — — If the fixed 

market price of low grade steel is half that of high gi-ade steel, show that 
about si tons of low grade steel are produced per day for maximum total 
revenue. 

50. The steel producer of the previous example monopolises the sale of both 
quality steels. If the prices of low and high grade steel are £p^ and £py per 
ton, the demands are Pj.= 20-x and py=25-2y. Find an equation giving 
the output X of low grade steel for maximum total revenue. Show, by a 
graphical method, that just imder 6 tons of tins steel are produced per day. 



CHAPTER TX 

EXPONENTIAL AND LOGARITHMIC FUNCTIONS 


9.1 Exponential functions. 

We have been concerned, so far, -with power functions and with the 
variety of functions that can be derived, in one way or another, from 
power functions. Such functions are of great practical importance 
and they serve to describe, acciuately or approximately, many of 
the ways in which one variable depends on another. It is now con- 
venient to extend the range of our function concept by the definition 
of an entirely new function type. 

The power function is represented by the general form y—x^, 
where n is any given number. A new function can be defined by the 
simple process of talcing the base of the power as a fixed number and 
the index as variable. So, instead of writing a fixed power of a 
variable number, we write a variable power of a fixed number. The 
new function so obtained is called an exponential function and we 
write 

where a is the fixed base of the function. Since a power can be 
defined for all values of the index, the exponential function is a 
function of a continuous variable x. 

It is found convenient, in general, to Hmit the value that can be 
allotted to the base a of an exponential function. If a is negative, 
then many values of a® (e.g. when x is or - -|) are not defined in 
terms of the real number system. To avoid this difiSculty, we always 
take a as a positive number. If a is a positive fraction (between 0 

and 1) and if we write 6 = ->l, then 

a 


a® 




i.e. any power of a number less than unity can be reduced to a power 
of a number greater than unity, the sign of the index being reversed. 
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There can be no objection, therefore, if we take the base a as a 
number greater than unity. This is assumed throughout the foUowing 
development.* 

The graph of the exponential function can be plotted once the 
base is given a definite value. For the particular function ^ = 2®, a 
table of values of x and y can be obtained : 


X 


1 1 

-2 

3 ' 
” 2 

1 

-1 

2 

0 

1 

2 

1 

3 ' 
2 

2 

... 

y 

... 

0-25 

0-35 

0-50 

0-71 

1 

1-41 

2 

2-83 

4 

... 


the value of y being taken, where necessary, to two decimal places. 
It is seen, from Fig. 62, that the points plotted from this table can 



be joined by a smooth line which is the curve representing the func- 
tion ?/=2®, The graph shown is constructed for selected rational 
values of x only. But, for an irrational value of x, the value of 2® is 
defined as the Limit of a set of rational powers and the corresponding 
point must fit into the graph in a continuous way. The function 
i/ = 2* is thus continuous. 

The graphs of other examples of the exponential function type 
y=a® are of exactly similar shape. It will be seen later that the 
graph of one exponential function (e.g. y = 10®) can be obtained from 

* Notice that the case a = 1 is trivial. The exponential function is then the 
constant y=l. 
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that of any other (e.g. y = 2®) by a process of “ stretching ” or “ con- 
tracting ” in the direction of Ox. The general shape of the curve 
y=a® is always the same ; its steepness or gradient varies with the 
value allotted to a and that is aU. 

We conclude that y =a® is a single-valued and continuous function. 
It is also seen that it is monotonic increasing, y increasing over the 
whole range of positive values as x increases from infinitely large 
negative to infinitely large positive values. It follows that, given 
any positive number^, we can find a imique value q so that 53= a®. 
An approximate value of q, for given values of a and p, can be read 
off the graph of the function y=a® as the abscissa corresponding to 
the ordinate p. We have, therefore, the important result that any 
positive number can be expressed as a power of a given number greater 
than unity. 

It can be shown that, in general, irrational values of q correspond 
to rational values of p, and conversely. To illustrate the nature of 
the correspondence between p and q, we can take the useful base 10 
and write, for example, 

34 = 10i-s3i5 and 7240 = 103-85” 

the indices being irrational numbers written correct to four decimal 
places. Again 

10’ =2-1528 and 10^ = 31-6228, 

these numbers being irrational and given to four decimal places. 
The res-ult we have just given leads us at once to the consideration 
of what are called “ logarithms 

9.2 Logarithms and their properties. 

The logarithm of a positive number p to the base a (>1) is defined 
as the index of that power of a which equals p. In symbols : 

Definition .- If ;p= a®, then 2= logo^j. 

Since a logarithm is simply the index of the power to which the base 
must be raised to obtain the given number, it follows, from what has 
been said above, that any positive number has a unique logarithm 
to a definite base greater than unity. On the other hand, a negative 
number has no logarithm to any such base. 



214 


MATHEMATICAL ANALYSIS EOR ECONOMISTS 

The logarithms of practical work have the convenient number 10 
as their base. Since, to take two examples already quoted, 
34,^101-6316 and 7240 = 103-8597, 

follows that 

logio34 = 1-5315 and logio7240 = 3-8597. 

These logarithms are correct to four decimal places. The two nota- 
tions, one in power form and the other in logarithmic form, are 
simply two ways of saying exactly the same thing. 

The logarithms to the base 10 are called common logarithms and 
their values have been calculated and set out in tables of logarithms 
to four, five or more decimal places. Hence, to find the common 
logarithm of a given number, we have only to look up the number in 
the tables. The numbers 1-5315 and 3-8597 given above were, in fact, 
obtained in this way. No attempt is made here to give an account 
of the way in which common logarithms are used in practice to 
facilitate numerical work. There are many practical devices to 
remember and it is assumed that the technique is familiar or can be 
obtained by reference to a text-book on algebra. The general laws 
of logarithms, given below, provide the basis of the practical work. 

Returning to logarithms to any base a greater than unity, two 
particular cases are derived from a9 = l and a'-^a: 

logal=0 and logoa = l. 

Three general laws are obeyed by aU logarithms ; 

Law I. The logarithm of a product. 

The logarithm of a product of two numbers is the sum of the 
separate logarithms : 

logo {Vi • 3^2) = \ogaVi + log„p2- 

Law II. The logarithm of a quotient. 

The logarithm of a quotient of two numbers is the difference of 
the separate logarithms : 



Law III. The logarithm of a power. 

The logarithm of a power is the index times the logarithm of the 
base of the power : 


Iogo(p")=wlog„p. 
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The laws can be extended to the case of products or quotients of 
more than two numbers and they can be combined to give the 
logarithms of complicated products, quotients or powers. Suice the 
logarithm of 1 is zero, we obtain a particular, and useful, case of 
Law n I 



Notice, also, tliat the powers of p to which Law III apphes include 
fractional powers. For example, we can Mrrite 

loga = log„p^ =1 logap. 

Since logarithms are indices, the laws of logarithms are simply 
translations of the index laws. For example, since indices are added 
when powers are multiplied, we expect that the logarithm of a pro- 
duct is the sum of the separate logarithms. Formal proofs of the 
three logarithm laws, based on the index laws, are as follows : 

In Laws I and II, let 

and log„p 2 = -72 


so that 

Pi=af> and 

Then 

Pi . p^—a^' 

and 

p, 

— = — = 

Pz 

So 

ioga iPl ■ P 2 ) = = logaPl + logo p2, 

and 

{ ? ) = ~ 92 ^’^SaPl - iOgaPz- 

\P2' 


In Law III, let log^p =9 so that p =a«. 

Then p" = {a«)” =«»■«, 

i.e. \oga{p")=nq=nlog^p. 

The use of logarithms, both in theory and practice, is evident from 
the three laws. Expressions involving sums or differences are not 
easily treated by the use of logarithms. The logarithm of a sum or 
difference is not reducible and it must be stressed, in particular, that 
loga(pi-fp 2 ) is not equal to the sum of logaPi and logaPg- On the 
other hand, by taking logarithms, an expression involving products 
and quotients is much simplified. The use of logarithms here 
replaces multiplication and division by the simpler processes of 
addition and subtraction. Further, logarithms are equally useful in 
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dealing with powers and provide, for example, the only simple means 
of solving an equation in which the variable appears as an index. As 
a very simple instance, consider the equation : 

3 2* -4 = 0 or 2®=|. 


Here 


i.e. 


i.e. 


log( 2 “)=Iog(|), 

X log 2 =log 4 - log 3, 
log 4 - log 3 


X- 


log 2 


The logarithms can be to any base. Taking the base as 10 and look- 
ing up the logarithms concerned (to four decimal places) in tables, 


then 


x = 


0-6021 -0-4771 125 


0-3010 


301 


: 0-415, 


correct to three decimal places. Other instances of equations most 
readily solved with the aid of logarithms arise in problems of com- 
pound interest (see 9.6 below). 

Since the base of a logarithm can be chosen arbitrarily and for 
convenience, it is useful to have the following law which connects 
logarithms to one base with those to another base : 


Law IV. The change of base in a logarithm. 

The logarithm of a number to the base a is the logarithm of the 
number to the base b times the logarithm of b to the base a : 

log<,p=log„&log„p. 

As a particular case, put p=a. Then, since logaa = l, we have 

loga61og6a = l, i.e. log„ 6 =:r-^- 

log^a 

The change of base law can thus be written in two alternative ways : 

lcg. 3 )=log, 61 og. 3 ,=|^. 

The formal proof of the law proceeds : 

Let logb?5=? so that p= 6 ®. 

Then log^p = log^ ( 6 «) = q log,, b = log ^ b log^p. 

The change of base law shows that the logarithms of a set of 
numbers to one base are simply constant multiples of the logarithms 
of the same set of numbers to another base. To change the base of 
a whole set of logarithms is only a matter of multiplying each 
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logarithm by a constant. For example, logarithms to the base 2 
can be obtained from common logarithms : 

log2j) = (logj,10) log,ojj= logjop. 

From tables of common logarithms, therefore, it is possible to con- 
struct tables giving logarithms to any base other than 10. 

9.3 Logarithmic functions. 

If the variable y is the value of the logarithm of the variable x to 
a given base a, we obtain the logarithmic function 

y=log^x. 

The relation between x and y defined by the logarithmic function is 
not, however, a new one. The logarithmic function, in fact, is simply 
the inverse of the exponential function. This follows from the 
definition of a logarithm ; if y=logaX, then x—a''. Since the 
exponential function is single-valued, continuous and monotonic 
increasing (a>l), the logarithmic ftmction, as its inverse, possesses 
exactly simitar properties. 

For any definite value of o (>1), the graph of y^loggX is the 
graph of the exponential function y—a^ with the axes Ox and Oy 
transposed. Alternatively, 
the graph can be obtained 
directly from tables of log- 
arithms. The graph of 
y^log^x 

is shown in Fig. 63. It can 
be derived from the graph of 
y—2’‘, shown in Fig. 62, by 
transposing the axes. 

Logarithms to one base 
are constant multiples of 
logarithms to another base. 

It follows that the graph of 
y—\ogiX can be derived 
from that of y=logo.'i: by multiplying aU ordinates by a constant 
amount, i.e. by “ stretching ” or “ contracting ” the graph in the 
direction of Oy. All logarithmic functions have the same general 
shape when represented graphically ; the steepness of the graph 
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varies with the value given to the base but the general shape of the 
graph remains. Further, since the graph of an exponential function 
is the graph of the corresponding logarithmic function with axes 
transposed, one exponential graph is obtainable from another ex- 
ponential graph by a process of “ stretching ” or “ contracting ” in 
the direction of Ox. This fact was stated above ; it has now been 
justified. 

The graph of a logarithmic function shows the following properties. 
There is no logai-ithm of a negative number ; the logarithm of a 
positive number loss than unity is negati^'e ; the logarithm of the 
number 1 is zero ; the logarithm of a number greater than unity is 
positive, increases and tends to infinity as the number increases. 
These properties are obtainable, of course, directly from the defini- 
tion of a logarithm but they are particularl 3 ’^ clear from the graph. 

It is interesting to compare the three function types we have now 
considered. In their simplest forms, we can write 
y = log<,.r; y=x’'; 

where a and a are greater than unity and where n is taken as positive. 
As X tends to infinity, so does the value of each finiction. But it 
can be shown that log^.r tends to infinitj'^ more slowly than a:" and the 
latter, in its turn, tends to infinity more slowly than o“. So, for a 
large value of x, the functions ascend m order of magnitude ; 

loga.T<a:"<a®. 

The proof of this statement can be given as follows. 

If Ji is positive and if k is a positive integer, the Binomial Theorem 
(proved in text-books on algebra) gives 

(1 +/0*-- = l + +kh. 

Ji 

Let Ja = \ +h where h is positive and suppose that the number x lies 
between the integers k and (/^-Fl), i.e. Then 



(1 + 70=^ (l+^'T 1+^:^ 

jic+i s/irn 7^* 


Hence, 


a® 


X 


is greater than Vi^k and the latter tends to infinity as k, 


and so x, tends to mfinity. So 


a® 


a: 


-00 as x-^co 
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Notv 



where w=- , 


and this expression tends to infinity as y, and so as x, tends to 
infinity. 

Finally =n — where z=nlog:„x, 

^ log,® 2 ’ 

and this tends to infinity as z, and so as x, tends to infinity. 


So 


^00 and = >-00 as x-^co 

X" log.x 


and log^a:, x" and must be in ascending order of magnitude if x 


is given any large value. 

The result can be illus- 
trated by comparing the 
three functions 
^=log2x; 7/=x^; 9 / = 2 * 
graphically. Fig. 64 shows 
the graphs of the three 
functions plotted on the 
same scales. It is clear that 
the graphs rise to the right 
at different rates and that 
logja: <a:® <2® 
for any large value of x. 



9.4 Logarithmic scales and graphs. 

The introduction of logarithms enables us to extend the process 
of representing a function graphically by measuring the variables, 
not on the familiar “ natural ” or numerical scales, but on what are 
called “ logarithmic ” scales. The advantages and apphcations of 
this radical change in the graphical method are described in the 
present and following sections. 

A variable x is measured according to some definite scale and a 
series of its values is represented by points on an axis Ox. The usual 
method is to take distances along Ox from a base point O as equal, 
or proportional, to the values of x plotted, a method which gives the 
natural scale for x. Now suppose that the points are plotted at 
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distances along Ox which are equal, or proportional, to the logarithms 
of the values of x concerned, the pouit marked x on the axis being a 
distance log a; from the base point. It is convenient, but not 
essential, to take logarithms to the base 10 from this purpose. A 
hgariilimic scale for x is thus obtained. 

The important characteristics of the logarithmic scale as compared 
with the natural scale are best introduced by considering some 
numerical examples. Of the two sequences of numbers 

100, 150, 200, 250, 300, ... , 

100, 150, 225, 337-5, 506-25, ... , 

the first shows a regular increase of 50 units and the second a regular 
increase of 50 per cent, from one number to the next. On a natural 
scale, the points representing the first sequence appear at eqvul dis- 
tances from each other and those representing the second sequence 
at increasing distances along the axis. The logarithms are 

2, 2-176, 2-301, 2-398, 2-477,..., 

2, 2-176, 2-352, 2-528, 2-704, ... . 

Hence, on a logarithmic scale, it is the second sequence that gives 
points at equal distances from each other and the first sequence 
shows points at decreasing distances along the axis. In the same 
way, the two decreasing sequences of numbers 

100, 80, 60, 40, 20, ... , 

100, 80, 64, 51-2, 40-96, ... , 

show decreases of 20 units and of 20 per cent, respectively. The first 
sequence is represented by points at equal distances on a natural 
scale and at increasing distances (to the left) on a logarithmic scale. 
The second sequence corresponds to points at equal distances on a 
logarithmic scale and at decreasing distances (to the left) on a 
natural scale. 

It appears, therefore, that equal distances between points on a 
natural scale indicate equal absolute changes in the variable, and 
j equal distances between points on a logarithmic scale indieate equal 
proportional changes in the variable. This property is easily verified 
in general. If x^, Xz, x^ are values shown by points at equal distances 
on a natural scale, then 

x^ — — ajj 
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and the variable increases by equal absolute amounts. The same 
property on a logarithmic scale imphes that 

log ccg - log aJa =log - log x^, 

, a:, , a;, 

i.e. log =log_, 

I.e. — , 

X2 

and we have equal proportional changes in the variable. The obverse 
of this property is that equal proportional increases are shown on a 
natural scale by points at distances from the base point which 
increase more and more rapidly, while equal absolute increases are 
shown on a logarithmic scale by points at distances along the axis 
which increase more and more slowly. 

If points are plotted from a function y=f{x) by taking x along the 
horizontal axis Ox on a natural scale and by taking y along the 
vertical axis Oy on a logarithmic scale, we obtain the semi-logarithmic 
graph of the function. The graph shows a curve drawn through the 
plotted points and the varying height of the curve shows, not the 
variation of y with x, but the variation of log y with x. The curve 
ic obtainable, of course, as the natural graph of log y as a function 
of X. K the curve is seen to rise through equal heights over certain 
ranges of values of x, then the value of y is subject, not to equal 
absolute increases, but to equal proportional or percentage increases. 
The use of semi-logarithmic graphs is thus clear. If we wish to 
compare percentage changes in the value of one variable as the 
other variable increases steadily, we plot the relation between the 
variables on a semi-logarithmic graph. If it is absolute changes 
that are important, we plot the relation on a natural graph. 

Many statistical time-series are appropriately plotted as semi- 
logarithmic graphs. Time-intervals are taken, on a natural scale, 
on the horizontal axis. The variable of the time-series, to be plotted 
on the vertical axis, may be such that proportional changes in its 
value are important. Trade, consumption or employment figures 
for an increasing population are cases in point. In such cases, a 
logarithmic scale is used for the vertical axis and a semi-logarithmio 
graph is drawn. An example is given in the foUowiag section. 
Another application can be quoted in which the logarithmic scale is 
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used for the independent variable measured along the horizontal 
axis. Suppose y represents the number of famihes with incomes 
over &x. Then the relation oi y to x (the “ cumulative ” frequency 
distribution of incomes) is best plotted with 1 / on a natural and x on 
a logarithmic scale. The characteristic that is most important is 
the variation of numbers for proportional changes in income.* 

The logarithmic graphing of a function can be carried one stage 
further by taking both variables on logarithmic scales, in which case 
a logarithmic graph is obtained. The curve representing the function 
yz=f{x) now shows the variation of log y as log x changes and corre- 
lates proportional changes in y with proportional changes in x. So, 
if a curve on a logarithmic graph shows equal rises for equal moves 
to the right, then the result of increasing x by equal percentage 
amounts is to increase y by equal percentage amounts. The 
logarithmic graph is thus useful when proportional changes in both 
variables are important. For example, variables wlaich are related 
for very small and, at the same time, for very large values are not 
easily shown on natmal scales. Taking logarithmic scales, how- 
ever, reduces the large variations to reasonable proportions while 
magnifying the small variations.! 

Logarithmic graphs are extremely useful, though perhaps not well 
understood, in the statistico-economic field. Pareto’s Income Law, 
for example, asserts that a logarithmic graph shows a straight line 
relation between x and y, where y is the number of persons with 
incomes over £x.J As income rises proportionally, the number of 
persons with that or higher income falls off in proportion. The main 
use of logarithmic graphs, however, is in the statistical correlation 
of economic variables by means of scatter diagrams (see 2.2 above). 
When we correlate, for example, the populations and unemployment 
rates in urban and rural areas of varying size, the variations are 
great and percentage changes are more significant than absolute 
changes. It is thus appropriate to plot the scatter diagram by 
logarithmic graphing. An example of a correlation scatter diagram 

* See Gibrat, Les Inegalitis iSconotniques (1931) and Allen and Bowley, 
Family Expenditure (1935), pp. 63-5 and Diagram XIII. 

t This follows since log x increases more rapidly than x at first and then 
more slowly than x (see the graph of the logarithmic function). 

J: See Pareto, Cours d'econoniie politique (1897), Book 3, Chapter 1 and 
Bowley, Elements of Statistics (4th Ed. 1920), pp. 346-8. 
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plotted on logarithmic scales is given in the following section. 
Another important example of the use of a logarithmic scatter 
diagram arises in the statistical determination of demand or supply 
relations from the correlation of market data of prices and quantities 
demanded or supplied. The important thing here is the proportional 
change in price or quantity from one year to another, or in one year 
as compared with the “ norm 

9.5 Examples of logarithmic plotting. 

The methods of logarithmic graphing, described above in general 
terms, are most clearly appreciated b 3 ' gi\'ing actual examples of 
their use. The two cases considered in detail below illustrate very 
different applications of the methods. 

Ex. 1, Value of total imjiorts, U.K., 1820-1897. 


Centro 

year 

1 

Imports (tJtn.) 
average for 3 years 

Centro 

year 

Imports {£Mn.) 
average for 3 years 

1821 

31 

1860 

202 

24 

39 

63 

260 

27 

43 

66 

280 

30 

47 

69 

298 

33 

47 

72 

352 

36 

64 

75 

373 

39 

63 

78 

376 

42 

65 

81 

407 

46 

77 

84 

390 

48 

91 

87 

307 

61 

107 

90 

428 

64 

140 

93 

410 

67 

172 

96 

437 


The variation in the value of U.K. imports, as given in the above table, 
is represented graphically in Fig. 65 by two different methods. The first 
graph takes a natural scale for the measurement of import values and the 
second graph a logarithmic scale. In each case, the years are measured 
along the horizontal axis on a natural scale and each import value is 
plotted at the centre of the averaged period. 

It is seen that changes in import values are almost imperceptible, on 
the natural scale, in the early years and very marked in the later years. 
But this hides a very important fact. The relative changes from one year 
to another are roughly of the same importance in the early years as they 
are in the later. The logarit hmi c scale brings out this fact, the variations 
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in the height of the second graph being of comparable magnitude at the 
beginning and end of the period. These variations represent relative 
changes in import values. For example, imports were valued at f 65Mn. 
per year in the period round 1842 and £77Mn. in the period round 1845. 
The increase was £12]Mn. or 18-5 per cent, of the earlier figme. In the two 
periods centred at 1887 and 1890, the increase was £61Mn. or 16-6 per 
cent, of the 1887 figure. The natural graph shows the second increase as 
roughly 6 times the first. The semi-logarithmic graph shows the second 
percentage increase as less than the first. For most purposes, the percen- 
tage increases are the more interesting and the semi-logarithmic graph is 
to be preferred. 


Ex. 2. Nwnber of insured workers in employment, U.K., 1929-1935. 


Industry 

Employment 

per cent, increase ( + ) or decrease ( - ) 

July 1929 to July 1932 

July 1932 to July 1935 

1. Coal-mmlng - 


-29-6 

+ 6-1 

2. Bricks and tUes 


- 80 

•f 31-6 

3. Pottery 


-23-1 

+ 20-3 

4. Iron and steel 


-401 

-f46-0 

6. Shipbuilding - 


-68-3 

-1-37-3 

6. Engineering, general 


-27-9 

■f 19-9 

7. „ electrical 


- 2-8 

-f 11-2 

8. „ marine 


-67-4 

-f 48-0 

9. Electrical apparatus 


-flC-6 

+ 31-7 

10. Motors 


-13-8 

-f 32-1 

11. Cotton 


-26-8 

- 1-3 

12. Wool - 


- 16-6 

-f 12-1 

13. Silk 


-16-3 

■f24-6 

14. Linen ... 


-34-9 

-f 20-6 

16. Leather 


- 9-1 

-f 14-1 

16. Clothing 


- 6-4 

-1- 3-8 

17. Boots and shoes - 


- 8-2 

+ 6-2 

18. Food, etc. 


- 1-8 

-1- 6-0 

19. Building 


-17-7 

+ 36-0 

20. Public works 


-f31-6 

-13-2 

21. Boad transport 


+ 6-6 

-t- 7-7 

22. Distribution 

- 

8-6 

-f 4-7 

23. Entertainment 

- 

-f 17-9 

-f25-8 

24. Hotels ... 

- 

+ 4-4 

-1-16-0 

26. Local government 

- 

-HO-9 

-f 6-6 

All insured industries 

- 

- 9-4 

-Hl-9 


The above table provides a pictme of the decline in emplojmient be- 
tween 1929 and 1932 in various important industries and of the corre- 
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spending recovery between 1932 and 1935.* A graphical representation 
can be given by taking per cent, changes in the first period along the 
horizontal axis and per cent, changes in the second period along the 
vertical axis. One point is then plotted for each of the 25 industries, the 
height of the point indicating the per cent, change 1932-5 and the hori- 
zontal distance the per cent, change 1929-32. For convenience, the 
changes are referred to 100 as base in each case. Thus the decline in the 
coal-mining employment in the first period is represented by 704 (29-6 
per cent, decrease) and the recovery in the second period by 105-1 (5-1 per 
cent, increase). The point representing the industry has co-ordinates 
(70-4, 105-1). It remains to determine whether natural or logarithmic 
scales are the moie appropriate. It is clearly convenient to represent 
an industry which has recovered completely (1935 emplo5Tnent = 1929 
employment) by a point nuth distance to the left of the 100 mark equal 
to height above the 100 mark. This is achieved by taking logarithmic 
scales. Suppose, for example, that employment falls to four-fifths its 
1929 value in 1932 and then recovers com})letely b}^ 1935. This implies a 
20 per cent, decline and a 25 j)er cent, recovery in the two periods, i.e. the 
plotted point is (80,125). Now 


80 . 1 gg _ 1 
100 100 *“ 


1 p Incf — ® — 4- Incf as 0 
i.c. ju^ -riug lyo —u, 


i.e. log 80 - log 100= - (log 125 - log 100). 

So, on logarithmic scales, the point (80,125) is as much to the left of the 
100 mark as it is above the 100 mark, as required. 

A logarithmic scatter diagram of the data is shorni in Fig. 66, the points 
representing the dechue and recovery of the various industries. Most 
industries are shoAvn by points in the N.W. quadrant, a decline followed 
by a recovery. The broken fine, sloj^ing downwards at 45°, corresponds 
to complete recovery, so that industries shovvoi by points below the fine 
have failed to recover completely and industries shorni by points above 
the hne have more than recovered their employment position. Six of the 
industries have increased employment in both periods, as sho^vn by the 
points in the N.E. quadrant. The cotton industry, sho^vn by a point in 
the S.W. quadrant, has a progressive decline in employment. Finally, 
Pubhc Works employment has changed, as we should expect, in the 
opposite sense to the majority of industries and is shorni by a point in 
the S.E. quadrant. Since the point is above the broken hne, the later 
decline was not sufficient to reduce employment to the 1929 level. 


* No correction has been made for the increase m the total insured popu- - 
lation over tlie period 1929-35. The picture thus shows the recovery in a 
somewhat too favourable light. 
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It is to be noticed that we have marked our logarithmic scales 
according to equal intervals of the variable. In the vertical scale 
of Eig. 65, for example, the markings are at 10, 20, 30, ... {£Mn. of 
imports). The characteristic appearance of the logarithmic scale is 
then that the markings get closer and closer as we proceed up the 
scale.* Another point of importance is that a logarithmic scale 
avoids any difficulty about choice of zero mark or of units, a difficulty 
which is evident in using natural scales. In fact, a fixed distance 
on the logarithmic scale represents a given per cent, change no 
matter where we are on the scale and we have never to refer distances 
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.40 SO 60 .-70 80 eo 100 110 120 130 

Fia. 66. 


(as in the case of the natural scale) to the fixed origin or zero mark. 
The logarithmic scale, in this respect, has a clear advantage over the 
natural scale. A minor difficulty of the logarithmic scale is that only 
positive values of the variable can be plotted (since negative numbers 
have no logarithms). An adjustment can always be made, however, 
to avoid negative values, as is seen in Ex. 2 above, where negative 
percentages are converted to positive numbers below 100. 

A functional relation between x and y can be represented, there- 
fore, in three different ways on a diagram, as a natural, a semi- 
logarithmic or a logarithmic graph. The differences between the 

* Special graph paper, marked in this way either for semi-logarithmic or 
for logarithmic graphing, is provided commercially. But ordinary graph 
paper can be used and adapted for the purpose by plotting distances directly 
from the logaritlmas. 
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tliree methods are well brought out by considering what relation is 
represented by a straight line in each case. On natural scales, 

y=ax + b 

is the relation represented bjr a straiglit line graph. If y is plotted 
on a logarithmic scale against a: on a natural scale, the relation 

y = ab‘‘ 

is represented by a straight line graph. For, v.’g can write the 
relation as log 2 / = log cr log 6, i.e. logy is related hnearl}^ to x. 
Finally, on a logarithmic graph, the relation 

y=ax^ 

appears as a straight line. For, the relation can be written as 
log y = log a + 6 log .T and logy is related linear]}’’ to log a;. So, an 
exponential function appears as a straight line on a semi-logarithmic 
graph and the line’s gradient is the logarithm of the base of the 
exponential. A power function is shoum as a straight line on a 
logarithmic graph and the gradient is the constant index of power. 
If y is the number of incomes over £x, for example, Pareto’s Law is 

y = — , where a and m are constants. Plotting on a logarithmic 

graph, we obtain a doAvnward sloping straight hne "with a niimerical 
gradient equal to the constant m. 

9.6 Compound interest. 

A sum of £100 is invested and accumulates at compound interest 
at the rate of 4 per cent, per year. If interest is added yearly, then 

£l00-f-£4 = £l04 = £l00(l-04) 
is the amount at the end of the first year. Again, 

£104 + £ifo 104 = £104(1-04) = £100 (1-04)2 

is the amount at the end of two years. Similarly, £100(1-04)2 is the 
amoimt after three years, and so on. In general, if £y is the amount 
of the investment after x years, then 

y = 100(1-04)=. 

Suppose now that interest is added twice a year. Then, with a rate 
of 4 per cent, per year, 2 per cent, is added in each first half-year 
and another 2 per cent, in each second half-year. It follows, as 
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before, that £100 amounts at the end of successive half-years to 
sums given by the sequence 

£ 100 ( 1 - 02 ), £ 100 ( 1 - 02 ) 2 , £ 100 ( 1 - 02 ) 2 ,.... 

Hence, at the end of x years, the amoimt is £y where 

2 / = 100 ( 1 - 02 ) 2 ®. 

These results can be generalised at once. If £a is invested at 
compound interest at lOOr per cent, per year compounded yearly, 
then the amount after x years is £y where 

y=a(l +r)®. 

If the interest is added n times a year, then 



In this result, which includes the previous one as a particular case, 
it is to be understood that x is a discontinuous variable, taking values 

which are multiples of - . Discontinuity is an essential feature of 

this compound interest problem. 

The dependence of y on the parameters indicating the interest rate 
and the frequency of compounding interest is to be noticed. The 
amount y, after any period, is clearly larger the higher is the interest 
rate. Further, the amount is larger when interest is compounded 
twice a year than it is on yearly compounding. For, 

(l + ir)2 = l+r + ^r2>l+r, 
i.e. a(l + ^7-)2®>a(l +r)®. 

In general, the more frequently is interest added, the larger is the 
amount of a given sum at the end of any period. 

The amount of an investment increases over time in what is called 
a “ geometric progression ”, each amount being a fixed multiple of 
the previous year’s amount. Analytically, we can express this 
growth at an ever increasing rate by the exponential function 

j/=a6’’®, where 6 = 1+- is a constant greater than unity. The 

n 

growth is shown by the heights of successive points on a certain 
exponential graph, the points being spread out at equal distances 
along the horizontal time-axis. For example, the heights of points 
on the graph of y=2® (shown in Fig. 62) at abscissa x — \, 2, 3, ... 
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represent the amounts of £1 after successive years when interest is 
added yearly at 100 per cent. It is clear that semi-logarithmic graph- 
ing is appropriate to this problem. The compound interest growth 

curve is then a straight line vdth gradient log 6= log +“) • The 

percentage rate of growth is a constant fixed by r and n. 

A sun pie problem illustrates the way in which logarithms are to 
be used in dealing with compound interest growth : 


A National Sa^^ngs Certificate (1935 issue) costs 15s. and realises 20s. 
at the end of 10 years. Assuming that interest is added four times a year, 
it is required to find the rate of interest represented by this growth. If 
the interest rate is lOOr per cent., then 

y = 15(l 

is the amount (in shillings) after x years. But y = 20 when x = 10, 

So, 20 = 15(1 +]r)'“, 

i.e. 401og(l+|r)=log20-log 15 = 0-12494, 

i.e. log (1 +^r) =0-0031235, 

i.e. 1 + Jjr = 1-00722. 

So lOOr = 2-89 approximately and the rate of interest per j’^ear is 2-9 per 
cent, correct to one decimal place. 


The growth of an investment when interest is added at definite 
intervals is a function of a discontinuous variable. It remains to 
consider what meaning can be attached to a notion of growth at 
continuous compound interest. Our problem now is to examine the 
result of letting n, the number indicating the frequency of compound- 
ing interest, take larger and larger integral values. 

To start with a simple case, £ ^1 j is the amoxint of £1 at the 

end of a year when interest is compounded at 100 per cent. ])er 3 ’ear 
n times in the year. The values of this expression for certain values 
of n are 


1 

n 1 

1 

1 

1 

1 

10 

100 ■ 

1 

1000 

10,000 


2 

2-594 

2*704 

1 

2-717 

2-718 


the values being given coiTect to three decimal places. It is clear 
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that +") tends to a definite limit, in the neighbourhood of 2-718, 

as 71 tends to infinity. It can be shown, by rigid methods, that this 
is correct * and the limiting value is denoted by the letter e. So, 


DEFiNinoN : 


e=Lim 

n-^oo 



It is possible to show that e, which must be a pure number, is very 
similar to the familiar number v and cannot be expressed in fractional 
form or as a terminating decimal. The value of e can be found, 
however, correct to any given number of decimal places by giving 

n a sufficiently large value in fl + . So, to five decimal places. 


6 = 2-71828. 

Our definition of e is such that the amount of £1 at the end of one 
year, when the interest at 100 per cent, is added more and more 
frequently, approaches the value £e. This is only one of the 
many uses of the number e which is of very great importance in 
mathematical analysis. 

Returning to the general case of compound interest growth, 

since ( l+~j m, and so as n=rm, tends to infinity. Also, 

since the discontinuous variable x is a multiple of -, it tends to 

become less and less discontinuous as n increases. Hence, as n tends 
to infinity and interest is added more and more frequently, the 
compound interest formula tends to assume the form y=ae*'® and 
the variable x tends to become continuous. We have now derived 
a concept of continuous compound interest as the result of a limiting 
process in which interest is compounded more and more often. Our 
result is : 


The amount of £a after x years when interest is compounded con- 
tinuously at the nominal rate of 100?' per cent, per year is given by 

* See Hardy, Pure Mathematics (3rd Ed., 1921), p. 137. 
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This compound interest formula, dependent on a continuous variable 
X, is an abstract one. But, though interest can never he compounded 
continuously in actual practice, the formula can be taken as a con- 
venient and approximate representation of the actual state of affairs 
when interest is compounded frequently. 


9.7 Present values and capital values. 

A sum of £a is due x years hence and the rate of interest and the 
frequency of its compounding are known. Then we can determine 
the sum to invest now so as to produce the given sum of £a at the 
end of X years. This sum is called the present value, or the discounted 
value, of £a available x years hence. 

If interest is compounded once yearly at lOOr per cent., then £y 
is the present value of £a available x years hence provided that 

y{l +rY=a. 


So 




Similarly, if interest is added n times a year at lOOr per cent., we have 


a 



Finally, if interest is added continuously at lOOr per cent., then 

2/6’"®= a, 

i.e. y=:ae“’’®. 

The present value £y of a given sum at a given date depends on 
the parameters r and n indicating the interest rate and the frequency 
of compounding. The present value is smaller, the higher is the 
interest rate and the more frequently is interest compoimded. 

The uses of a computation of present value are fairly obvious. If 
a dealer has a claim on £a in a; years’ time, he can seU his claim now 
to another person, not for the full £a, but for the present value of 
this sum calculated at the current rate of interest. Further, we can 
find the total present value of a claim on a whole series of sums due 
in successive years. The series 

£^ 0 ? £^%i ••• £^m 

may represent the values in the current and in m successive years of 
the crops obtainable from a piece of land, of the outputs of a given 
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macliine or plant or of the incomes due to a given individual. We 
have, in fact, a given “ stream ” of crop values, of output values or 
of incomes over time. The present value of the stream, if interest 
is added yearly at lOOr per cent, per year, is given by the sum 

do , 

® + r:]:^ + (TTTp + • • • + ' 

This sum can he called the capital value of the land, machine or 
income stream in question. It represents the sum which must be 
invested now to produce incomes of £ao, icq, Su„, ... £a„ in successive 
years. It is to be noticed that the capital value of an output or 
income stream depends, not only on the items of the stream and on 
the number of years that the stream flows, but also on the interest 
rate that is taken. One and the same income stream has different 
capital values when different interest rates are current. Simple 
examples can be given to fllustrate this fact. 


Shares in a m inin g company are expected to produce dividends of £40, 
£32, £24, £16 and £8 in the present and in the four following years, and 
to be worth nothing thereafter. If interest is added once yearly at 6 per 
cent., the present or capital value of the holding is 


, 32 24 

1-05 1-052 


+ 


8 


16 


1-052 l-05f 


) ==£112-6, 


the calculation being made with the aid of logarithms. A similar com- 
putation shows that the capital value is £116-2 if the interest rate is 
only 2i per cent. These are the two sums which can be invested now 
to produce, at the respective interest rates, the given income stream over 
the five years. 

Shares in a new trading company are expected to produce dividends 
of £1, £2, £4 and £6 in the present and in the three following years. In the 
fourth year, it is expected that the shares can be sold for £120. The 
capital value of this holding, taking interest as added once yearly at 5 per 
cent, per year, is given by 


'(^■*■ 1 - 05 ^ 1-052 


6 


120 

^■^r^'^l-05« 


:) = 


£110-4. 


But, if the interest rate is per cent., the capital value is found to be 
£121-1. This holding is worth less than the previous one if the rate of 
interest is 5 per cent, but worth more if the rate of interest is 2 \ per cent. 
The relative capital valuation of the two holdings is reversed by the 
change in the rate of interest. 
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In conclusion, we can consider a simplified economic problem in 
the field of capital and interest. Let £x be the income derived by 
an entrepreneur this year and £.y his income next year. The relation 
between these two incomes is given by technical considerations as 
y=f{x) (see 5.6 above). The entrepreneur wishes to arrange his 
resources to give incomes which correspond to the largest possible 
present value. If the rate of interest, compounded yearly, is fixed 
at lOOr per cent., the present value of £x now and £y next year is 

V=x+-:^=x + P^- 

1 +r 1 +r 

This is a maximum if - 7 — =0 and -r-r <0, i.e. 11 

ax dx^ 




and 




< 0 . 


1 +r 1 +r 

The first condition shows that r equals the expression { -f'(x)} - 1 
which, as the numerical gradient of the transformation curve 
y=f{x) reduced by one, is called the marginal rate of return over 
cost.* At the incomes for maximum present value, therefore, this 
marginal rate must equal the fixed rate of interest. The second 
condition is that /"(. t) < 0 , i.e. the transformation curve must be 
concave from below, a condition which is satisfied in the “ normal ” 
case. 


9.8 Natural exponential and logarithmic fimctions 
The introduction of the number e = Lim 


1 \" 

1+- =2-71828... 

provides us with the most important cases of the exponential and 
logarithmic functions. When the base of the function is taken as e, 
it is called a “ natural ” exponential or logarithmic function. The 
standard forms of the natural functions are y = e^ and y = \ogg,x and 
the curves representmg them are similar to those already indicated 
(in Figs. 62 and 63) for the base 2 , 

A more general form of the natural exponential function is 

y = a.e*®, 

where a and b are constants. But tliis function can be derived quite 
easily from the standard form y = e®. The method of derivation is 

* See Fisher, The Theory of Interest (1930), pp. 159 et seq, and pp. 614-6. 
See also. Examples VI, 31. 



EXPONENTIAL AND LOGABITEDMIC FUNCTIONS 235 

best described in a particular case and in diagrammatic terms. The 
curve is obtained by stretching the curve y=e® in the hori- 

zontal {Ox) direction so that each point on the former is twice as far 
from Oy as the point with 
the same height on the lat- 
ter. This is illustrated in Pig. 

67. The curve y=2e^^ is 
then obtained from the cimve 
y—e^^ by stretcliing in the 
vertical {Oy) direction so that 
aU ordinates are doubled, 
as shown in Fig. 67. Two 
stretching processes are thus 
needed to transform the 
standard curve into 

the curve y=2eS^. In gen- 
eral, if a and b are positive, 
the curve y=a^^‘ can be 
derived from the curve y = e® in two stages. The standard ex- 
ponential curve is first reduced in the Ox direction in the 
ratio 6 : 1, i.e. contracted if 6> 1 and stretched if 6<1. The curve 
so obtained is then expanded in the Oy direction in the ratio a : 1, 
i.e. stretched if a > 1 and contracted if a <1. As a result, the ordinate 



»c 

of the curve y=ae^^ at abscissa -r is a times the ordinate of the curve 

h 


y=e® at abscissa x* Exactly similar remarks apply to the relation 
between the natural logarithmic function y=a log,6.'c, where a and b 
are constants, and the standard form y=^\ogeX. 

All problems of growth at compound interest added continuously 
are described by means of a natural exponential function. An 
investment of £a at lOOr per cent, continuous compound interest 
increases over time according to the law y=oe’'“. The particular 


* If the constants a and h are allowed to take negative values, a further 
modification of the standard exponential curve is needed. The curves 
= and y = ae^^ diSer only in that the abscissa { — x) pves the same 
ordinate of oiie curve as the abscissa x of the other. One curve is the reflection 
of the other in Oy, One curve falls and the other rises from left to right. 
Similarly, the curve y= — ae*’^ is the reflection of the curve y^aef’^ in Ox. 
Negative values of a and b, therefore, require the reflection of the standard 
expenential curve in one or other of the axes. 
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shape of the curve representing this growth depends, as we have 
seen, on the values of the constants a and r. Tlie larger the 
interest rate, the steeper becomes the curve and the faster becomes 
the growth of the investment. The larger the original sum in- 
vested, the higher becomes the curve and the larger the amount of 
the investment at any time. 

A somewhat different use of the curve y = ac''^ can be noticed. 
Any point (.r, y) in the positive quadrant of the plane represents a 
situation in which ty is available x years hence. If this point Ues 

on the curve y = ae'^^, then 
the present or discounted 
value of this sum is £a if the 
interest is reckoned continu- 
ouslj' at lOOr per cent. The 
curve thus connects aU points 
representing situations ^vith 
the same present or dis- 
counted value at a given 
rate of interest and, for this 
reason, it can be described 
as a (Uscoxint curve. 

Fia. 08 . A system of discount 

curves y=ne'^^ is derived by 
fixing the value of r and taldng a as a parameter. Certain curves of 
the system are shomi m Fig. 68, in the case where the interest rate 
is 10 per cent. (?- = 0-l). One curve of the system is obtained from any 
other by stretching or contracting in the vertical {Oy) direction and 
one curve passes through any given point in the positive quadrant 
of the plane. The discount curve system provides a simple means of 
comparing the present values of different sums available at different 
future dates. Suppose that two situations are given (certain sums 
available at certain dates) and represented by points in the plane Oxy. 
If the points are on the same discount curve, then the present values 
are equal and given by the parameter of the discount curve. If one 
point is on a higher discount curve than the other, then the present 
values are different and the first situation corresponds to the greater 
present value. It is necessary, of course, that the rate of interest 
should be known and fixed ; the discount curve system is given only for 




EXPONENTIAL AND LOGARITHMIC FUNCTIONS 237 

one rate of discounting. The whole system changes when the rate is 
changed, the curves becoming steeper for larger rates of interest.* 
A discount curve y=ae’'^ becomes a straight line log y=log a+rx 
when it is plotted on a semi-logarithmic graph in which the vertical 
scale for y is based on natural logarithms. The hne slopes upwards 
with a gradient equal to the interest rate r. The discoimt curve 
system of Fig. 68 then reduces to a set of parallel straight lines. 

In conclusion, it is easily shown that an exponential or logarithmic 
function to a base other than e can be expressed as a natural ex- 
ponential or logarithmic function. If 6 is a positive number, the 
definition of a logarithm enables us to write 

5_glos,6. 

The general exponential function then appears 

i.e. as a natural exponential function. Further, since 


log6a; = 


log»a: 

log, 6’ 


the general logarithmic function y=a logi,ca; can be written 


i.e. as a natural logarithmic function. 

There is, therefore, no need to consider exponential or logarithmic 
functions other than those to the natural base e. In practical work, 
it is convenient to take common logarithms and powers of the base 
10. But, in theoretical work, it is always found preferable to use 
the natural base e. In this case, for example, the derivatives of the 
exponential and logarithmic functions appear in their simplest form 
(see 10.1 below). Natural exponential and logarithmic functions are 
thus assumed in all our theoretical work and, if we write a logarithm 
without specification of the base, it is to be tmderstood that the base 
is e. The step from the practical logarithms to the base 10 to 
theoretical logarithms to the base e is, however, a very simple one ; 

log,® = log, 10 . logio« — =(2-3026) logioo;, 
the numerical multipfier being given correct to four decimal places. 


* Another system of discount curves is obtained when a is fixed and r is 
taken as a parameter. Tliis sytem enables us to determine at what interest 
rate £y available in x years has a given present value of £a. 
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EXAJMPLES IX 

Exponential and logarithmic functions 

1. Draw a graph of 2 /= 10®. Read off the values of cc for 1 / = 0-6, l'2and 
8-9 and check from tables of logarithms. 


S. Use logarithmic tables to construct a graph of = Add the 

graph of y = x-2 and so solve logio® + 2 = a; approximately. 

3. Find, with the aid of logarithmic tables, approximate solutions of the 
equation 2®. 3"®= 10 and of the equation 2®” = 7. 


4. Illustrate the fact that the logarithm of a non-prime number can be 
reduced to logarithms of primes by showing that 

logio 1 1 7 6 = 3 login 2 + login 3 -f- 2 login 7 . 

Check the result by looking up the logarithms in tables. 


5. By expressing the left-hand side as a single logarithm, show that 
Mog^-log^-l-tlog^ = 0. 

Express y explicitly in terms of a; if it k given that 

2 logy -flog (a; - l)-Iog(a;-f 1) = 0. 


6. Express the logarithm of 

logaritluns of simpler expressions, 
when a;= 2-4. 


X 


4 


-f 2x 


1+x V l + 3x 


as sums and difierences of 


Hence, find the value of this expression 


7. Show that (x + -fx^ ~ 1) (x - Va;* - 1) = 1 and deduce that 

log(a:-f-\/a;2- 1)= -log(a;- 1). 

8. Indicate why - log^tc and x‘ 3~* both tend to zero as x tends to infinity. 

Deduce that as a : -^00 . 


9. Y early production of bricks, V.K., 1816-1849. 


Year 


1816 

17 

18 

19 

20 
21 
22 

23 

24 


Bricks 

Mn. 


673-0 

701-7 

952-1 

1101-6 

949-2 

899-2 

1019-6 

1244-7 

1463-2 


Year 


1825 

26 

27 

28 

29 

30 

31 

32 

33 


Briclss 

Mn. 


1948-8 

1350-2 

1103-3 

1078-8 

1109-6 

1091-3 

1125-4 

971-9 

1011-3 


Year 


1834 

35 

36 

37 

38 

39 

40 

41 


Bricks 

Mn. 


1152-4 

1349-3 

1606-1 

1478-2 

1427-0 

1568-7 

1677-8 

1423-8 


Year 


1842 

43 

44 

45 

46 

47 

48 

49 


Bricks 

Mn. 


1271-9 

1158-9 

1420-7 

1820-7 

2039-7 

2193-8 

1461- 0 

1462- 7 


Data from Shannon, Bricks~A Trade Index, 1785-1849, Economica, 1934. 

of brfckfn^ time-series on two graphs, one showing the number 

(yrnT.liif.oi atural scale and the other on a logarithmic scale. Which 

grapnicQ,! roprosonta-tioii is to b© proforrod, ? 
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10. If y is the number of persons Tvith incomes over &x, the following table 
is obtained for super-tax payers, U.K., 1911-2 : 


x(£000) 

6 

10 

16 

20 

26 

35 

46 

y 

11,654 

4143 

2114 

1327 

889 

607 

321 


Plot the data on a logaritlunic graph and show that the plotted points lie 
close to a downward sloping line. Deduce that Pareto’s Income Law is 
approximately satisfied (i/ = a/a:'") and estimate the values of the constants 
a and m. (See Bowley, Elements of Statistics, 4th Ed. 1920, p. 347.) 


11. Plot the price and consumption data of Examples I, 30 as a scatter 
diagram on logarithmic scales for both variables. 


12. Number of Insured Workers in Staffordshire, at July, 1 935, and percentage 
Unemployed, at May, 1936. 


Area 

Insured 
(OOO’a) 
July 1935 

Per- 
centage 
unem- 
ployed 
May 1936 

Area 

Insured 
(OOO’s) 
July 1935 

Per- 
centage 
unem- 
ployed 
May 1936 

Audley 


1-7 

28-3 

Rugeley - 


3-2 

6-9 

Biddidph - 


3-3 

25-8 

Smethwick 


36-8 

4-9 

Bilston 


10-8 

11-2 

Stafford - 


13-1 

3-0 

Brierley Hill 


10-2 

10-7 

Stoke 


120-7 

16-7 

Burton 


18-4 

8-8 

Tamworth 


8-3 

6-1 

Cannock 


15-8 

7-3 

Tipton 


15-7 

7-8 

Cheadle 


6-1 

27-3 

Uttoxeter 


2-7 

3-1 

Cradley Heath 


lG-1 

9-8 

Walsall - 


41-9 

10-0 

Darlaston - 


10-0 

6-9 

Wednesbury 


11-6 

12-0 

Kidsgrove 


3-3 

60-6 

W. Bromwich 


22-7 

7-6 

Leek - 


IM 

14-3 

WiUonhall 


11-8 

8-4 

Lichfield - 


2-6 

C-6 

Wolverhampton 

55-3 

11-1 

Newcastle - 


16-3 

20-3 






Plot a scatter diagram on logarithmic scales. Is there any evidence of a 
correlation between imemployment and the size of the area t 


13. Given log, 10 = 2-3026, use tables of common logaritlims to plot a graph 
of 2 / = log, a;. Put y—l and read off the value of e. 

14, Plot graphs of 2 / = e-*, 2 / = fe-* and j/ = 2e~i®. Show how these curves 
can be obtained from the curve y = e®. 


15, If l/= J(e®- e“®), show that e"® - 2ye® - 1 = 0. Solve this quadratic 
equation in e® to show that a: = Iog{y-i- •Jy^+ 1). Why must the other root of 
the quadratic be neglected ? In the same way, show that y = |{e® -f e~®) and 
x=log{y + “Jy* - 1) are inverse functions. 


16. Show that 

“T €■ 


and a: = ^log 


1-ty 

i-y 


are inverse functions. 
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17. Given logmen 0-4343, use tables of common logarithms to evaluate 
y = xe-^ approximately for x-Q, 1, f, 2, 3, 4 and 5. Hence plot a graph of 
the curve y = xe~^ for positive values of x. (This is one of Pearson’s system 
of curves for fitting to statistical frequency distributions. See Elderton, 
Frequency curves and correlation.) 

18. Using the method of the previous example, plot a graph of the curve 
y = e~i^ for positive and negative values of x. (This is the normal curve of 
error of statistical theory.) 

19. Indicate why and must tend to zero as x tends to infinity 

for any finite value of n. From the graph of y = xe-^, illustrate that a:e~“-»0 
as x^co . 


Compound interest problems 

20. What is the amoimt of £100 after 6 years and what amount must be 
invested to realise £100 after 10 years when interest at the rate of 3^- per cent, 
per year is added (a) yearly, (6) twice yearly, (c) continuously? 

21. In how many years will an investment double itself when interest at 
2| per cent, per year is added (a) yearly, (6) twice yearly, (c) continuously? 
What are the periods when the interest rate is 6 per cent. ? 


22. A National Savings Certificate costs 15s. and realises 20s. after 10 years. 
Find the rate of interest involved when it is added (a) yearly, (6) twice a year, 
(c) eight times a year, (d) continuously. Show that the nominal rate is 
smaller, the more frequently is interest added. Take logiije= 0-4342945 and 
use Chambers’ seven-figure logarithmic tables. 

23. The certificate of the previous example produces 17s. 3d. after 5 years. 
What rate of interest, added yearly, does this represent? Is it less than the 
rate over the complete 10 years? 


24. In a previous issue (1933), a certificate cost 16s. and realised 20s. after 
8 years, 21s. 4d. after 10 years and 23s. after 12 years. Find the interest rate, 
added yearly, for each of these periods. Is it true, as claimed, that the present 
issue bears the same rate of interest as the 1933 issue over the 10 years period ? 

^5. Interest at lOOr per cent, compounded yearly is equivalent to interest 
at 100s per cent, compounded n times a year, a given sum producing the same 


amoimt 


after any period at the two rates. Show that r=^l-i-— ^ -1. 

Deduce that s is less than r by an amount equal to fs“ approximately when 
s is small and n = 4. 


>^26. If lOOr per cent, compoimded yearly and lOOp per cent, compounded 
continuously are equivalent interest rates, show that p = logg(l+r). Plot a 
graph of this relation to show that p is always smaller than r but approxi- 
mately equal to r when r is small. 

27. A sinking fund is formed by investing £a: at the end of each year for 
m years. Show that the final amount of the fund is 

a; -t a; ( 1 -I- r) + a; ( 1 -I- r)^' -t- . . . -f a: ( 1 r)*"-! 

when interest is added yearly at lOOr per cent, per year. By writing the sum 
of this geometric progression (17.1 below), show that the fimd will amount 
finally to £o if 

^-(1 +^)m_ 

Show that approximately £79-5 must be set aside each year if the sinlting 
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fund (interest at 6 per cent.) is to replace a machine costing £1000 after 
10 years. (See Fowler, Depreciation of Capital, 1934, p. 131.) 

28. If the rate of interest (added yearly) will be lOOrj per cent., lOOrj per 

cent 100r„, per cent, during the next m years, show that £a will amount 

to £o(l +r,)(i +r 2 ) ... (1 +r„,) at the end of the period. What is the present 
value of £6 due in m years ? 

The interest rates in successive years from now will be 4 per cent., 3 per 
cent., 2i per cent., per cent., 31 per cent., .... Find the amoimt of £100 
after 6 years and the present value of £100 due in 4 years. 

29. Find the present value of £100 due 10 years hence when interest at 

2 per cent, per year is compounded (a) yearly, (b) continuously. 

30. A mine-owner derives an income of £2000 this year and his income 
falls by £200 in each following year tmtil no income results. Find the present 
value of the income stream when interest is added yearly at (o) 4 per cent, 
per year, (h) 5 per cent, per year. 

d 

31. Why can £- he taken as the present value of an income stream of £o 
a year for ever? (Interest at lOOr per cent, compoimded yearly.) 

32. A fir plantation brings its owner nothing this year or next year. In 
the two following years the incomes are £300 and £400 and the income is 
thereafter £500 a year for ever. Wliat is the discounted value at the beginning 
of the fifth year of the constant income stream when interest is added yearly 
at (o) 4 per cent, per year, (6) 5 per cent, per year? Find the present value 
of the whole income stream now at the same interest rates. Compare these 
values with those of Example 30 above. (See Fisher, The Theory of Interest, 
1930, pp. 133 et seg,) 

33. Interest is added yearly at 3 per cent, per year. What is the present 
value of a perpetual income of £100 beginning two years from now? This 
income can be produced by investing £2000 in a business this year and £1200 
next year. What is the present value of the investment? Is it a profitable 
investment? 

34. Draw a graph of certain curves of the discount curve system when the 
rate of interest is fixed at 5 per cent. Use the graph to determine whether 
£220 due in 10 years has a larger or smaller present value than £150 due in 

3 years, interest being added continuously at 5 per cent, per year. 

35. If r is a parameter, what is the form of the curve system y= lOOe™ on a 
semi-logarithmic and on a natural graph? Draw certain curves of the system 
using a logarithmic scale for y. Hence estimate at what continuous rate of 
interest £200 due in 8 years has a present value of £100. 


M.A. 



CHAPTER X 


LOGARITHIMIC DERIVATION 


10.1 Derivatives of exponential and logaritlnnic functions. 

The introduction of the exiDonential and logarithmic functions makes 
it necessary to extend the list of standard derivative forms by the 
addition of the derivatives of the simplest of these functions, y = e^ 
and y — \og x. The rules for derivation then appl}^, exactly as 
before, to give the derivatives of more complicated exponential 
and logarithmic functions and of combinations involving these 
functions. 

Standard form derivatives are found from first principles, using 
the definition of the derivative and the properties of the function 
concerned. But the exponential and logarithmic functions are in- 
verse to each other and we have only to find the derivative of one 
of them from first princii)les, the other derivative following from the 
inverse function rule. The derivative of the logarithmic function 
y — logx is found more easily from the definition : 


log{x+h) -logx ^l , f x+h 

li h ^\x 




where n denotes j and tends to infinity as li tends to zero. But 

th 

the expression ( 1 tends to the limit e as n tends to infinity. So 


log (a; +/^) -logo; 1 • i 1 , 1 

Lim — ^ 5_ = _Lim log ( 1 +- ) =-loge=-, 


A-^O 


X 


n/ X 


X 


i.e. 


d . 1 


The function inverse to is a; = logy with derivative ^=-. 

dy y 
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Hence, the inverse function rule gives the derivative 

d 1 


• = 
dx d 


=ij = c- 


is '” 82 ' 


i.e. 


dx 




Tiio derivative of tiic exponential or logarithmic function to a base 
a otiicr than c can be deduced at once : 


Since 
we have 


Again 


logaa; = logaClog«a:, 

^ log, a; = log, c log, a: = ^ log, e. 

Qr_(glOK,a)i_grloK,a^ 


and 


dx 




e'‘^(xlog,a)=e'‘log,a, 


du dx 


where u =.t log,a and the function of a function rule is used. So 

±a’=a^)oe.a. 

The derivative of the logarithm of any function of x or of any 
functional power of c can be deduced from the function of a function 
rule. If u—f{x) is a single-valued function of x, then 


d 


du 1 dn 


or 




Similarly 


-r- e" 


d du 


du 


c" = c" -r- , 


or 


dx dxL dx 
dx' 

An imjiortant special case of the latter result is 

L 

dx' 
d 


dx 

c/(*)=/'(a;)c^<*>. 
he latter 

pOZ . 


e.g. 


dx 


e~^= -e~ 
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The list of standard form derivatives, as now constituted, is 



d 

/Y*ft 

dx' 


II 


d 

— a®=a“ log^a, 
dx 

d , 1 

^ 10^.^=- , 
dx ® a: ’ 


d . 1, 

jjlog.r.=-Iog.e. 


The following generahsations of the standard forms are also estab- 
lished : 


u”=nu"~^ 

dx 


du 

dx' 


d 



du 

'dx' 


d, I du 


where u is any smgle-valued function of x. 

The following examples illustrate the practical method of evalu- 
ating derivatives when the fmrctions concerned mvolve exponential 
and logarithmic expressions : 


Ex. 1. 


J J 

— -r- i2x) = 2e^®. 

dx dx 

J J 

-f =e==+i (^ + 1) =e“'+h 

dx dx 

A ei-2^ = el -2^ ^ (1 - 2x) = - 2ei-2A 
dx dx 


In general, 


£ 

dx 




Ex. 2. £e^'' = e^- ~ (x^) = 2a:e®', 
dx dx 

£ = e-^"£{~x^}= - 2xe-^\ 

dx dx^ ’ 


£ 

dx 


2 + 32-2 ^ 


In general, 

£ eaxH6x+c _ ^2ax + 6)e“^+*3:+c 
ClX 
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T'' 


Es. 3. ^ = 2a;e® + xh^ =x{x+2) c®. 


dx 


[x^ + 3a; - 2) e® = (2a: + 3) e® + (a:® + 3a; - 2) e® = (a:^ + 5a; + 1) e®. 


In general, 


^ {ax^ + bx+ c)e® = {aa:® + (2a + 5)a; + (6 + c)} e®. 

1 ^ 

1 dx 

1 ci 


E..4. 






1 -2a: 


In general, 


^ log(aa; + 6) • 

dx ° ax+b 


■nir ->1^0 In 2 

Ex. 5. -r- loga:2=-^ j-a;2=-5 2x=-. 
ax ° x^ ax x^ x 


^Jogix'^ + Sx 2) + 


In general, 
d 


2x+3 

x^+3x-2’ 

2a.x4-6 




«»- -ra-T^ 


Ex. 7. ^x21ogx=2xlogx+x®-=x(l + 21ogx). 


(l+x)(l-2x) 


dx 


X” log X = x"~^ (1 + n log x). 




(fx 


X 
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Ex. 9. Derivatives of the second and higher orders are to be obtained 
by successive applications of the derivation process. Thus 

d \ Id® 2 

In general, the following results can be established : 
d’’ 

— a:" = n(?i - 1)(» -2) ... {n-r + 


dx^ 


e® 




dx'^ 


logx = { - I)*"-® 


2.3.4...(r-l) 

a;'" 


10.2 Logarithmic derivation. 
liy=f{x) is any single-valued function of x, then 


dx y dx ’ 

an important result with many practical uses. The proportional 
change in the value of the function as x increases from x to {» + /«.) is 

f(x + h) -f(x) 

m ' 

The rate of proportional change m the value of the function at the 
point X is thus 

T -A T ;^ /(^ + -/(•'»'’) _^dy _d (log y) 

hj{x) fix) /A h ~ydx-~di 

The derivative A A thus serves to measure the rate of 

dx y dx 

proportional change of the function. In diagrammatic terms, just 
dy , 

as — measures the tangent gradient of the curve y-f{x) plotted on 
, , - c^(logy) 

natural scales, so — ^ measures the tangent gradient of the curve 


when plotted as a semi-logarithmic graph. In fact, whenever we 
consider proportional changes in the function y^f{x) as x changes, 
we use a semi -logarithmic graph and the appropriate derivative 
dj^ogy) . 
dx 

The logarithmic derivative provides the simplest method of 
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finding the derivative of a product or quotient. In general terms, 
if y=uv, where u and v are two single-valued functions of x, then 
log y=log{uv)=logu + log V, 

and ^log!,=llog,. + 4l„g„. 


i.e. 

\dy 1 du 1 dv 
ydx udx vdx 

Again, if y = 

= -, we have 

V 


log y = log j = log M - log V, 

and 

d , d . d , 

i.e. 

Idy 1 du 1 dv 
ydx udx vdx' 


These two results are equivalent to the product and quotient rules 
for derivation given above and we have now established the rules 
with the use only of the sum or difference rule and the notion of 
logarithmic derivation. 

A completely general form of the product and quotient rules can 
be given by adopting the same method of logarithmic derivation. 

<1/ <2^ 'li 

If y — ? . a : ^ where iq, Wg, u^, ... and v^, v^, ... are any given 

ViV^Vs... 

single-valued functions of x, then 

log y =log tq + log U 2 -F log Uj + ... - log - log v^-logv^- ... . 
gQ ^dy _1 dui 1 du^ ^ 1 dti^ ^ 1 dv^ 1 dv^ 1 dvg 

° ydx u^dx^u^dx dx "" v-j^dx v^dx v^dx 

Further, it is often more convenient, in practice, to evaluate a 
derivative by writing the logarithm of the function before proceeding 
to differentiate. In fact, we prefer to carry out the steps of the 
logarithmic derivation process rather than quote the rules for the 
derivatives of products or quotients. This remark holds particularly 
of the derivation of a function which involves comphcated products, 
quotients or powers. The following examples illustrate : 

X 

{x + l){x+2) 


Ex. 1. y = 
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Here log ?/ = log a: - log (a; + 1) - log {x + 2), 

1 1 a:2-2 

ydx~x a; + l a ;+2 x{x + \){x + 2)’ 

dy -X x^-2 _ x^-2 

rfx^(a: + l)(a: + 2)«(^l)(a; + 2)~ (a: + l)2(a; + 2)^ ‘ 


Ex. 2. 2/=^''\/^Tr' 

Here logy = 2\ogx + \\og{2x -1) - \\og{x + 1), 

1^_2 1 2 1 1 8 a :2 + 7 a :-4 

^ ydx a;^ 22 a;-l 2 a: + l 2 a:(a: + l)( 2 x-- 1 ) ’ 

dy 2 /2a: -1 8.r2+7a:-4 _ a: ( 83 :^ + 7a; - 4) 

dx~^ ^ x + l 2 a:(a; + l)( 2 a;-l)“ 2 (a: + l)s/(a; + l)( 2 x^)’ 


Ex. 3. 
Here 

and 

i.e. 


?/ = a:"e~l(*^““'*, where a and n are constants, 

log y = n log a; - 1 - (a: - a)^, 

\dy n , . 1 , o, 

. _i = — (a: - a) = -(7i +aa: ~x^). 
ydx X X 

^ = (71 + ax 
dx 


10.3 A problem of capital and interest. 

The exponential and logarithmic functions are important, as we 
have seen, in economic problems of capital and interest. A simple 
case can be considered here as an example of the type of analysis 
involved.* A good is produced at a given moment of time (i = 0 ) at 
a fixed and known cost. The good is not sold at once but is stored 
for a variable length of time. The value of the good increases in a 
known way as time goes on, the seUing price per unit being £f(t) 
after t years. The function f(f) is assumed to be known and to 
increase with t. As concrete, though necessarily highly simplified, 
examples of the kind of problem considered, we can quote the 
obvious cases of wine and timber. New wine is bought by a dealer 
and laid down for sale at a later time. Or a given piece of land is 
put under timber at a given time and the timber is to be cut for sale 

* The development given here is based on the work of Wicksell, Lectures 
on Political Economy, Vol. I (Ed. Robhins, 1934), pp, 172-84, and of Fisher, 
The Theory of Interest (1930), pp. 161-6. 
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at a later time. The problem is to determine the optimum time for 
selling the wine or cutting the timber. 

It is assumed that interest is added continuously at the fixed 
market rate of lOOr per cent, over the periods concerned. Then, if 
&x denotes the present value per unit of the good sold after t years, 

(see 9.7 above). 


It is assumed that the storage period of t years is chosen to maximise 
the net profit as discounted to the base time (i = 0), i.e. to maximise 
the value of x since the cost of production is constant. The optimum 
storage period is given by 



and ^<0. 


Now 

and 


\ogx=F{t)~rt where F{t)=logf[t), 





1 

x^ 



=F"it). 


The conditions for the optimum storage period are thus 
F'{t)=r and jP"(^)<0. 

The first condition is that F'{t)—^\ogf{t)=Y^ is equal to the 

at j (t) 

fixed rate of interest. At the optimum time of sale, therefore, the 
rate of proportional increase in the value of the good over time is 
equal to the market rate of interest. We find that it is the marginal 
variation of value that is the important factor. Further, 




i.e. the rate of proportional increase of value must be decreasing at 
the optimum time of sale. 

Fig. 69 shows the solution of the problem in diagrammatic terms. 
The curve represents the function y=f{t) on a semi-logarithmic 
diagram, log y being taken against t. The zero point on the 
horizontal axis Ot is the time 1}=^) when the initial cost of 
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production is incurred and that on the vertical axis is taken, for 
convenience, as y=a, where £a is the fixed cost of production. 
The gradient of the tangent to the curve at the point P (at time t) 
is given by 

d(log?/) f’{i) 
dt fit) ■ 


Interest is reckoned continuously at the given rate of lOOr per cent, 
per year and y = xe^^ represents a system of discount curves, x 

being a parameter. Here, 



Fig. 69. 


S.X is the discounted value 
(at ^ = 0 ) of £,y available 
at time t. The system 
appears on the diagram 
as a set of parallel straight 
fines (log y = log x + rt) 
vdth gradient r and cut- 
ting the vertical axis at 
y=-x. One fine of the set 
passes through the point 
P and cuts the vertical at 
Q where 

OQ=logx -\oga=\og- , 

CL 


since the origin is a.t y = a. £x is now the discounted value of a unit 
of the good sold at time t and the optimum time of sale = is 
obtained when x or OQ is a maximum, i.e. it is given by the point A 
where a discount fine touches the curve y=f{t). At t=tm, the 
tangent gradient of the curve equals the gradient of the discotmt 
fit) 

fine, i.e. '' 7 — =r. Further, for a genuine maximum, the curve must 


, - - , . d^llogy) d (fit)] ^ rni • T • 

be concave from below, i.e. — = ^<0. This condition 

dt^ dt {fit) j 

is satisfied in the “ normal ” case shown, the value of fit) increasing 
rapidly at first and then more slowly. The point B, where the 
tangent at A cuts the vertical axis, must fie above 0 if the dis- 
counted sale value of the good is to be greater than the cost 
incurred. 
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10.4 The elasticity of a function. 

We have seen that measures the rate of proportional 

change of the function y=f{x), the proportional change in y being 
related to the absolute change in x. Suppose, now, that we relate 
proportional changes in both variables. If a: is changed from x to 

the proportional changes in x and y are ^ and 

respectively. The average proportional change in y per unit propor- 
tional change in a; is 

X f{x + k)~f(x) 
fix) h 


If the derivative of the function exists, the rate of proportional 
change in y for proportional changes in x is 


Lim 


X fix+h)-f{x) } 
(x) h j 


xf'jx) ^xdy ^ 
fix) ydx’ 


Denoting the logarithms of x and yhju and v, we can write 
v=:logy, where y=fix), where x = e'‘, 
dv _dvdydx _\dy ^^_xdy 
du dydxdu ydx ~ydx 

The rate of change of y—fix), when both changes are expressed in 
proportional terms, is thus measured by 

dilogy) _xdy 
d{Ioga;) ydx' 

This rate is termed the elasticity of the function at the point x and 
Ey E 

can be denoted by =zr^ fix).* Hence : 

Ex Ex 


Definition : The elasticity of the function y—fix) at the point x 
is the rate of proportional change in y per unit proportional change 
in X 2 

Ey ^ dtfogy) xdy 
Ex difogx) ydx' 

* The notation adopted here is that suggested by Champemowne, A 
Mathematical Note on Substitution, Economic Journal, 1935. An alter- 
native notation is Eg{y)=N^{fix)}. No established notation for elasticities 
is in current use. 
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A logarithmic diagram is the appropriate representation of the 
function y=f{x) when proportional changes in both , a; and y are 
considered. The gradient of the tangent to the curve shown on the 

diagram is then * Hence, the elasticity of a function at 

various points is given by the tangent gradient of the corresponding 
curve when logarithmic scales are taken for both variables : the 
elasticity can be read off the logarithmic graph of the function just 
as the derivative is read off the natural graph. 

The important property of the elasticity of a function is that it is 
a number which is independent of the units in which the variables 
are measured. This is clear since the elasticity is defined in terms of 
proportional changes winch are necessarily independent of units. 
More formally, if units are changed, so that the new measures of x 
and y are x' =Xx and y' =ix/y respectively, then 


x' dy' Xx d {fiy) Xxjxdy x dy 
y' dx' fiyd{Xx)~y.yXdx~'ydx’ 

i.e. the elasticity of the function is unaltered. 


10.5 The evaluation of elasticities. 


Since the elasticity of a function is simply the derivative ^ with 


a multiplicative factor -, which makes it independent of units, we 

can obtain elasticities from the corresponding derivatives. It is 
interesting, however, to translate the derivative rules into elasticity 
form and to examine the natru’e of the elasticities of simple functions. 
If u and V are single-valued functions of x, then 


Eu Ev 
E{ u±v) _ ^'Ex'^'^Ex 
Ex u±v 


E {uv) Eu Ev 
Ex Ex ^ Ex ’ 
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Further, if y is a function of u, where li is a function of x, then 

Ey _By Eu 
Ex Eu Ex 

As an example of the method of proving these results, we have 
E (uv) _x d {uv) _^ ( du dv\ _xdu xdv __ Eu Ev 
Ex uv dx uvVdx ^ dx)~udx^ vdx~ Ex Ex 
The other results are established in a similar way. 

It is to be noticed that the elasticity rules are simplest in the 
cases of product and quotient and more complicated for sum and 
difference. This completely reverses the position obtained in the 
case of the derivative rules. But it is no more than we expect since 
an elasticity is a derivative in which the variables are expressed as 
logarithms and since logarithms are designed to deal conveniently 
v?ith products and quotients. Further, since the elasticity of a 
constant is zero, 

E{u+a) u Eu j E{au) _Eu 
Ex u+aEx Ex Ex’ 

i.e. it is the multiplicative constant that disappears in an elasticity. 

As examples of the elasticities of simple functions, we have ; 

E , ax E , . E , . 

■^(ax+b)= r, ■=^(ax^)=a and (ae'’®)=aa;. 

Ex^ ’ ax + b’ Ex^ ’ Ex^ 

Hence it is the power function, and not the linear function, which 
has a constant elasticity. If a is a positive constant, then the 
function with the same positive elasticity a at aU points is y^ax^, 
and the function with the same negative elasticity ( - a) at aU points 
is yX^=a. In particular, the function y=ax has elasticity 1 at aU 
points and the function xy—a has elasticity ( - 1) at aU points. In 
diagrammatic terms, the function y=ax^ is represented by an 
upward sloping straight line with gradient a on logarithmic scales 
and the gradient measures the constant elasticity of the function. 
In the same way, the function yoc^=^a is shown as a downward 
sloping line with numerical gradient a on logarithmic scales. The 
rectangular hyperbola try = a is a particular case, shown on a log- 
arithmic diagram by a line sloping downward with gradient and 
elasticity numerically equal to unity. 

The elasticity of a function varies, in general, with the value of x 
taken. Certain points may be found where the numerical value of 
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the elasticity is unity and these points are of particular interest. 

Xf ^{f(^x)} = l at a point x, then a proportional increase in x from 

this point gives rise to an equal proportional increase m f{x). On 
E 

the other hand, if ^{/(^)}> ^ ^ proportional 

increase in x results in a greater proportional increase in f{x). Con- 
E 

versely, if ^{/(a:)}<l at the point x, the proportional increase in 

f {x) is less than that in x. Similar remarks apply when —{f (a;) } = - 1 

at a point x, but here proportional increases in x correspond to 
proportional decreases inf(x). 

Further, at a stationary value of a function, the derivative, and so 
the elasticity, is zero. As particular cases of the product and quotient 
rules for elasticities, we have 




Ex\ X 




It follows that a maximum or minimum value of the “ total ” ex- 
pression {xf{x)} can occur only at a point where the elasticity of 
f{x) is - 1 and that a maximum or minimum value of the “ average ” 

f 


expression 


can occur only where the elasticity of /(a;) is 1. 


Finally, it is clear, from the definition, that the elasticity of a 
function j{x) is the ratio of the “marginal ” value of f{x) to the 
“ average ” value of f{x) at the point in question, i.e. the ratio of 
f(x'\ 

f'{x) to Hence, at a point where the “ average ” value is a 

CD 


maximum or minimum and the elasticity is equal to 1, we have also 
that the “ average ” and “ marginal ” values of the function are 
equal (see 8.5 above). Points where the elasticity of a function is 
nmnericaUy equal to unity are thus of considerable importance. 
This is particularly evident, as we shall show, when we consider the 
application of the elasticity concept to the demand and cost problems 
of economic theory. 


10.6 The elasticity of demand. 

The market demand for a good can be represented, under certain 
conditions, by the monotonic decreasing function x = <f){p)- The 
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elasticity of this function defines the elasticity of demand at any 
price. Since its value is negative at all prices, it is found convenient 
to make it positive by the introduction of a negative sign. This step 
does not affect the elasticity concept in any material way. So ; 

Elasticity of demand 1 /= . 

' xdp d{\ogp) 

The value of tj, which is independent of both price and quantity 
units, varies from point to point and always measures the rate of 
proportional decrease of demand for proportional increases in price 
from the price and demand in question.* 

When we consider proportional changes in demand and price, it 
is a great advantage to plot the demand curve on a logarithmic 
diagram, taking both price and demand on a logarithmic scale. The 
tangent to the demand curve is then downward sloping with a 
numerical gradient equal to the elasticity of demand. For example, 
the demand law x=ap-^ is shown, on a logarithmic diagram, as a 
straight line with gradient ( - a). The elasticity of demand, in this 
case, is constant and equal to a at aU points. 

If demand curves are drawn on natural scales, as is usual in 
economic works, it becomes more difficult to estimate and compare 
the elasticities at various points on the same or on different demand 
curves. It is tempting to estimate the elasticity from the gradient 
of the demand curve, to say that a demand curve steeply inclined to 
the price axis has a large elasticity. This is incorrect. Demand 

elasticity is the product of ^ and ^ - 

judged solely from the second of these two factors. For example, 
the linear demand curve has a constant gradient but its elasticity is 
not constant. The elasticity, as is easily seen, decreases as the price 
decreases and the demand increases. 

Two diagrammatic methods have been devised by Marshall for the 
purpose of estimating the elasticity of a demand curve drawn on 


^ j and its value caimot be 
dp) 


* The inverse demand function is p=il>(x) and the elasticity of price with 

respect to demand is — - the reciprocal of Some writers use the term 
^ dec ^ 

flexibility of price to indicate the reciprocal concept (see Moore, Synthetic 
Economics, 1929, p. 38). Notice also that the elasticity of demand and 
flexibility of price are sometimes written without the negative sign (see 
Schultz, Statistical Laws of Demand and Supply, 1928). 
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natural scales.* The first method makes use of a simple geometrical 
property of the demand curve. With the notation of Fig. 70, tPT 
is the tangent at any point P on the demand curve and the elasticity 
of demand at P is 

pf dx\ _ MPMT ^MT ^ 

^ a; \ dp) OM MP OM 

MT PT 

A well-lmown geometrical property of parallel lines gives = 

PT ON ^ 

(since MP is parallel to Op) and = (since NP is parallel to 
Ox). Hence ; 

MT ON PT 
Nt~ tP ‘ 

We have thus three convenient length ratios as measures of the 
demand elasticity at any point on a demand curve. 




The second method depends on the fact that any curve with 
equation xp=ai^ a demand curve with unit elasticity at aU points. 
Such a cruve can be called a constant outlay curve, since the outlay 
{xp) of consumers is constant at all prices. On logarithmic scales, 
the curves for various values of a form a set of parallel straight fines 
sloping downward with unit gradient. On natural scales, we have 
the system of rectangular hyperbolas shown in Fig. 71. Through 
each point P of a given demand curve AB, there passes one of the 
constant outlay curves. The elasticity of the demand curve AB at 
P can be compared with the unit elasticity of this constant outlay 
curve by comparison of the gradients of the two curves referred to 

* Marshall, Principles of Economics (8th Ed, 1927), p. 839. 
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the price axis. This is possible since the other factor - in the elas- 

X 

ticity expression is the same for both curves at P. If the demand 
curve AB is steeper to the price axis than the constant outlay curve 
at P, then the demand elasticity is greater than unity at this point on 
AB. If AB is less steep than the constant outlay curve at P, then 
the demand elasticity of AB is less than imity. Finally, if AB 
touches the constant outlay curve at P (as shown in Fig. 71), then 
AB has unit elasticity of demand at P. Hence, the path of a given 
demand curve across the constant outlay curves gives us a good idea 
of the variation of demand elasticity along the demand curve. 


10.7 Normal conditions of demand. 

For any demand law p — we have B=xp—xil){x), and 


dx 


-{xp) ~p+x 


dp 

dx 


=P 



But the elasticity of demand tj = 


and so 



This is an important result. From it we deduce : 

(1) If ■??> 1 at a given price and demand, a small decrease in price 
results in a more than proportional increase in demand, marginal 

dJR 

revenue -j- is positive and total revenue increases as output (=de- 

Cv*C 


mand) increases. This is the case of elastic demand. 

(2) If 17 = 1 at a given price and demand, the small decrease in 
price and increase in demand are proportionally ec[ual, marginal 
revenue is zero and total revenue has a stationary (usually a maxi- 
mum) value. 

(3) If 77 <1 at a given price and demand, a small decrease m price 
is accompanied by a less than proportional increase in demand, 
marginal revenue is negative and total revenue decreases as output 
increases. This is the case of inelastic demand. 

Our general idea of elastic and inelastic demands (see 5.4 above) 
is thus in agreement with the precise measure of demand elasticity. 

We have assumed, in the normal case of demand, that price 
decreases are associated with demand increases, and conversely, i.e. 
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that the demand curve falls from left to right. A further property 
of demand is now assumed to hold in the normal case. It is taken 
that, as the demand increases, the elasticity of demand decreases 
continuously from values greater than unity at small demands to 
values less than rmity at large dernands. As demand increases it 
becomes continuously more inelastic. It follows that there is one 
definite demand a;=a where the demand elasticity is equal to unity. 
This normal property of the demand curve is illustrated by the 
curve AB of Fig. 71. The curve touches a constant outlay curve at 
one definite demand, is steeper to the price axis than the constant 
outlay curves for all smaller demands and less steep than the constant 
outlay cimves for aU larger demands. 

In the normal case of demand, therefore, total revenue R increases 
with output at first (tj> 1), reaches a definite maximum value at the 



output x=a ('Jj = l) and then decreases as output increases further 
(t] <1). Average revenue, of course, decreases continuously as output 

dR 

increases. Now, from the expression for -j- above, 

marginal revenue = average revenue ^1 • 


Since t] is positive, marginal revenue is less than average revenue at 
all outputs. Further, as olitput increases, i) decreases and becomes 


unity at the output x=a. 


Hence, for outputs less than a. 



positive and decreasing. So marginal revenue must decrease as 
output increases until it becomes zero at the output x—a where 7 ^ = 1. 
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For farther increases in output, marginal revenue is negative but 
need not decrease continuously. The normal forms of the total, 
average and marginal revenue curves are indicated in the two 
diagrams of Fig. 72. The diagrams must be consistent in the sense 
that the ordinates of the average and marginal revenue curves are 
respectively equal to the gradient of the vector from 0 and the 
gradient of the tangent at the corresponding point on the total 
revenue curve. 

The linear demand law, p~a-bx, and the hyperbolic demand 

law, -c, are both of the normal form here described. In 

’ x + b 

the first case, -q—b 


~ y j and, in the second case, 
X bJ 


1 


’) = 


a 



-bc-cx). 


Each of these expressions decreases continuously as x increases. 
The total, average and marginal revenue curves in particular cases 
of linear and hyperbolic demands are gi-aphed in Figs. 44 and 45 
above. It is clear, from these graphs, that the demand cmves are of 
normal form. 

In conclusion, an inter- 
esting connection between 
the average and marginal 
revenue curves can be 
established.* If the tan- 
gent at any point P on 
the average revenue curve 
cuts the price axis in A 
and if .4 is joined to the 
point Q on the marginal 
revenue curve at the same 
output as P, then the 
gradient of AP referred to 
the price axis is twice that of AQ. In Fig. 73, PM and QN are per- 
pendicular to the price axis. Then (10.6 above) : 



__OM _ ^ 
'^~'MA~'MA' 


i.e. MaJ^, 
V 


* See Robinson, The Economics of Imperfect Competition (1933), pp. 29 etseq. 
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where 17 is the demand elasticity at P, But marginal revenue equals 
average revenue times ^1 i.e. 

ON=OM (l-^j , 

031 


and 


So 


NM=OM~ON-. 


V 


_P, 


MA=N3I = hNA. 


The gradient of AP to the price axis is f^ice 

the gradient of AQ to the price axis. ^ 

This result provides a method of tracing the marginal revenue 
cxirve from a given demand (or average revenue) curve. Select any 
point P on the demand curve, draw the tangent to cut the price n.-da 
in A, draw the line AQ with gradient to the price axis half that of 
AP and find the point Q on AQ with the same output as at P. Then 
Q is a point on the marginal revenue curve and the whole marginal 
revenue curve is traced by repeating the process for different points 
on the given demand curve. 


10.8 Cost elasticity and normal cost conditions. 

A less generally recognised, but extremely useful, application of 
the elasticity concept is found in the analysis of the cost problem 
(6.5 above). This application provides a striking contrast to the 
use of demand elasticity. The latter refers to the average quantity 
(average revenue) and enables us to determine, by relating its value 
to imity, whether the corresponding total quantity (total revenue) 
increases or decreases. The position is completely different in the 
cost problem. Here the total quantity (total cost) increases for all 
outputs and its elasticity is defined and used to deduce properties 
of the average quantity (average cost). 

If a firm produces an output a; at a total cost n=F{x), then 

Elasticity of total cost = . 

n dx d(logx) 

The value of k is independent of both cost and output units and 
measures the proportional rate of increase of total cost for propor- 
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fcional increases in output from the level in question.* Prom the 
definition k w equal to the ratio of marginal to average cost. Further, 

the elasticity of average cost n—— can be expressed z 

From these results, it follows that : 

(1) If K<1 at a given output, we have the case of increasing 
returns in which a small increase in output is obtained at a less than 
proportional increase in cost, average cost is greater than marginal 
cost and average cost decreMes as output increases. 

(2) If K=1 at a given output, the case is one of constant returns 
in which the small increase in output is proportionally equal to the 
increase in cost, average cost equals marginal cost and average cost 
has a stationary (usually a minimum) value, 

(3) If K> 1 at a given output, we have decreasing returns and the 
situation is exactly the reverse of that when k<1. 

It has been assumed, in the normal case of cost conditions, that 
total cost increases continuously from a positive value (representing 
overhead costs) as output increases from zero, A further property 
of the normal case is now added, the property that cost elasticity 
increases continuously from values less than unity at small outputs 
to values greater than unity at large outputs. Returns become 
increasingly unfavourable as output increases. There is one defimte 
output x—a, where cost elasticity equals unity and returns cease to 
be increasing and become decreaaing.f 

It follows, in the normal case, that average cost faUs with increas- 
ing output at first, reaches a minimum value at the output a;=a and 
then increases as output increases fturther. Marginal cost is less 
than average cost for outputs less than a and greater than average 

♦ The elasticity of total cost is described by Professor Moore {Synthetic 
Economics, p. 77) as the “ coefficient of relative cost of production ^ and rts 
reciprocal as the “coefficient of relative efficiency of organisation . The 
reciprocal of k has also been used by W. E. Johnson {The Pure Thmry of 
Utility Curves, Economic Journal, 1913, p. 608) and by Professor Bowley 
{The Mathematical Groundwork of Economics, 1924, p. 32). 

t As a slightly less severe normal assumption it can be taken simply that 
«= 1 at some definite output a:=o, k< 1 for outputs »< oand k > 1 for ou pu s 
x>a. 



262 MATHERIATICAL ANALYSIS FOR ECONOMISTS 

cost for outputs greater than a. At the output x=a, marginal cost 
is rising and equal to the (minimum) average post.- The normal 
forms of the total, average and marginal cost curves are shown in 
the two diagrams of Fig. 74. The forms of the average and margiual 



cost curves can be checked from the form of the total cost curve, 
and conversely. If P is the point on the total cost curve at a given 
output, then average and marginal cost are to be read off as the 
gradients of OP and of the tangent at P respectively. 

The simplest cost function satisfying the normal cost conditions 
is the quadratic form 

n = ax^ + hx + c 

where a, b and c are positive constants. Here 

_ x{2ax + b) 
ax"^ -\-bx + c 

The dei'ivative of k can be shown to be positive, i.e. k increases as x 
increases. The total, average and marginal cost curves in the case 
of a particular quadratic cost function are graphed in Fig. 46 and 
they are seen to be of normal form. 

It may be convenient to take the total cost curve vdth a point of 
inflexion and the marginal cost curve with a minimum point at some 
output less than that at which average cost is a minimum. This is 
shown in Fig. 74. The quach’atic cost function does not exhibit this 
additional property and the simplest normal cost function to do so 
is the cubic form 


n = ax^ — + cx + d 
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where a, b, c and d are positive constants {b^<2ac). 

Average cost -bx + c+-, 

X 

Marginal cost — =30x2 _ 2bx+c 
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Here 


and 


dm 

dx" 


= 6ax-2b. 


dn 


Since is positive for all values of x (since b^<3ac) and since 

dm , , 6 , 

■^^=0 at the single output total cost curve rises but 

has a point of inflexion at the output . The average cost curve 

oCt ^ 

has a single minimum value at an output greater than x=— (see 

3o 

8.4, Ex. 7). The marginal cost curve is a parabola with a positive 


minimum value 


300 - 6 “ 


at the output x=— . The curves are thus 


3o * ^ 3a 

of the normal form shown in Fig. 74. 

As a final illustration of the elasticity concept, we can consider a 
problem very similar, in some respects, to the cost problem just 
discussed. The output of a firm, under given technical conditions, 
is determined by the amounts of the various factors of production 
employed. . It is now assumed that the factors are always employed 
in the same fixed proportions. The output x of the good pro- 
duced is then imiquely dependent upon the proportion A by 
which the factors are increased (A>1) or decreased (A<1) from a 
given basic position. We can, therefore, take x as a function of A 
and define 


Elasticity of productivity c 


^dx d(log.'g) 
x^~d(log A)’ 


If 6>1, we have the case of increasing returns in which a small 
proportionate increase in all factors employed results in a more than 
proportional increase in output. In the same way, e = l and e<l 
correspond to cases of constant and decreasing returns. In the 
normal case, e decreases continuously as A, and the amount of the 
factors employed, increases. It is to be noticed that the reciprocal 
of e is analogous to /c in that it measures the elasticity of cost with 
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respect to output, cost being expressed in terms of the amount of the 
factors used instead of in money terms. But e is limited, as k is not, 
to the case of factors used in fixed proportions.* 


EXAMPLES X 


Exponential and logarithmic derivatives 

1. Obtain the derivatives of the functions : 2“=, -p:, e®, 6^+®, 

ve® 

- - — 2 

xe-^\ log(l-a;), log (a;+ l)(a! + 2), \og>dl-x-, ]og(l+a:“), log- — log- 

2 J. iC X “ 

and log -— • 
kJx 

2. By writing 6“®+** = e’’(e®)“, verify that ^ e°®+*’ = ae“®+*’. 


3. Find the derivatives of (aa:-t6)c® and {ax + b)e ®, 


4. Show that —{|^(e® + e ®)-} = e°®-e °®. 


5. Show that ^(x log cc) = 1 + log x, ^ I “ log ond 

1 


^ log (x + "dx-- o®) = 


^x- - o® 


6. Establish the general result 

d Uj .r + 6^ _ Oj 6j - Oj 

dx "ajX + tj (Oj^ + bjilUaX + tj) 

7. Find the second derivatives of e"®, e“®+'’, log(aa: + b), x log x and a:® log x, 

8. Show that ^ (xe®) = (x + r )e® and (xe"®) = ( - 1 )’’ (x - r)e“®. 

9. By logarithmic derivation, evaluate the derivatives of 

(x+l){x + 2) 


x®(x- 1)®, 


(X- l)(x-2) 


and 


Ix+l 


10. Find the derivatives of and (ax® + 6x + c) e® by taldng logarithms 

before derivation. 


11. By logarithmic derivation, show that 
d d 

— (x®) = x®(l + logx) and — (x”e®®+®) = (ax + n)x"~^e®®B'. 

IS. Find the maximtnn and minimum values of x®c®. Show that (log x — x) 
has only one maximum and (x log x) only one minimum value. 

13. _ Show that the curve y = xe~® has one maximum point and one point of 
inflexion. Verify that y and its derivatives tend to vanish as x-»-ao . Illus- 
trate from the graph of the curve (Examples IX, 17). 

The concept of elasticity of productivity (Ergiebigheitsgrad) is used by 
Prof. Schneider (Theorie der Produktion, 1934). It describes one aspect of the 
“ production function ” which will be discussed at a later stage. 
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14. Show that, on the curve y = there are two points of inflexion 

separated by a mnximiun point. Hence, indicate the shape of the curve and 
describe its behaviour as a;->±co (Examples IX, 18). 

15. If 2 / = *(e® + e-®), show that y and ^ are always positive while — 

ox- dx 

changes sign at a: = 0. Deduce that the curve representing this function 
roughly resembles a parabola with a minimum at a: = 0. How can the curve 
be derived from the curves y = e^ and 

16. Ify=Y:f^'Showthat^ = j/(l-y)and^ = y(l-y)(l_2?/). Deduce 

that y increases continuously between 0 and 1 as a; increases. Show that the 
cur\'e representing the function has a point of inflexion at .r = 0 and indicate 
its shape. (This is the logistic curve, see 16.2 (3), Ex. 3 below.) 

17. The selling value of a good is £/(<) after t years from the time when the 

fixed cost of production of £a was incurred. K £f(t) represents lOOr per cent, 
(reckoned continuousl 5 ’-) on the outlay £a, find r as a function of t. It is 
assumed that the entrepreneur aims at maximising r. Show that the optimum 
storage period t and the (maximised) value of r are given by and 

f'[t)=rj{t). Illustrate diagrammatically and contrast this problem with that 
of 10.3. 

18. The cost of planting a piece of land with timber is £272. The value of 
the timber after I years is £I00ei^^<. Show that the present value of the 
timber is greatest (the rate of interest being 5 per cent, compounded continu- 
ouslj') if it is cut after 25 years. Show also that the maximum return (reckoned 
continuously) on outlay is 6} per cent, after 16 years. Hence illustrate the 
difference between the problem of 10.3 and that of the previous example. 
(Take log, 2-72 = 1.) 

19. It is assumed, at given prices of consiuners’ goods, that the utility of 
an individual consumer is measurable and dependent on his income £x. How 
is the marginal utility of income then defined? If it is kno^vn that marginal 
utility of income decreases towards zero as income increases, show that 

w = alog? and «=aa:‘> are two possible forms for the utility function. 


Elasticities and their applications 

20. Show that the inverse fimction rule is of the same form for elasticities 
as for derivatives. Verify the rule by finding the elasticities of e® and log x 
separately. 

21. Evaluate the elasticities of xe^, are“® and 

22. If € is the elasticity of f{x), then the elasticities of xf{x) and ^ ■ S're 
(« + 1) and (e - 1) respectively. Check with f(x) = ax\ 

20 , 

23. Find the elasticity of demand y when the demand law is ^ ^ ^ and 

p=3. Plot an accurate graph of the demand curve, draw the tangent at the 
point P where p = 3 and locate the points T and t where it cuts the axes. 
Hence verify that y=MT : OM = ON :Nt, where PM and PN are perpen- 
diculars to the axes. 
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24. If p cents per bushel is the price of corn and x bushels the yearly con- 
svunption per head of corn in the U.S.A., it is found that 


p 1 

50 

55 

60 

65 

70 

X 

30-4 

28-4 

26-7 

25-3 

24-0 


By plotting on a logarithmic diagram, show that the elasticity of demand 
for corn can be taken as approximately constant for all prices. 

25. The following table gives the average N.Y. price ( p cents per lb.) and 
the yearly consumption {x th. short tons) of sugar, U.S.A., 1904-6 : 


Year 

p 

X 

1904 

4-8 

3100 

1905 

5-25 

29.50 

1906 

1 

4-5 

3210 


Plot on a logarithmic diagram and draw three parallel lines, one through each 
plotted point, so that the second line is equidistant from the other two. It is 
assumed that the elasticity of demand for sugar is constant and that the 
logarithmic demand line has shifted downwards by equal distances over the 
three years. Estimate the elasticity of demand for sugar. (See Pigou, The 
Statistical Derivation of Demand Curves, Economic Journal, 1930.) 

26. If A.R. and M.R. denote the average and marginal revenue at any 

A.R. 

output, show that t] = at this output. Verify for the linear 

demand law p~a-bx. 

J 27. Find the elasticity of demand in tenns of x for each of the demand 
laws p=’da-bx, p=:{a- bx)- and p = a- bx-. Show that tj decreases as x 
increases and find where rj equals unity in each case. 

28. If the demand law is x = ae~^P, express demand elasticity and total, 
average and marginal revenue as functions of x. Show that the demand is 
of normal form. At what output is total revenue a maximum? 

29. A monopolist radio manufacturer produces 100;i; sets per week at a total 

cost of £(-g^’ + 3a;+ 100). The demand is x — e -lo sets per week when the 
price is £p per set. Plot the marginal cost and the marginal revenue curves 
on the same graph for outputs up to 50 sets per week and deduce that 
approximately 25 sets per week should be produced for maximmn monopoly 
profit. (Take log^ 10 = 2-3026.) 

30. If the demand law is a: = pag-Hv+c)^ show that the demand increases as 

the price decreases, becoming large as the price approaches the value ^ . Find 

the elasticity of demand for any price greater than ^ . Is the demand of 
normal form? b 

31. If a 6im produces an output a; at a total cost of n=ax^ + bx, find an 
expression for k, the elasticitj'^ of total cost. Show that k is always greater 
than umty and increases as x increases. 
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32. Show that, for the total cost function J7 = vai + b, the elasticity of total 
cost increases but remains less than unity as x increases. 

cc b 

33. The total cost function of a firm is 11= ax hd. Show that the 

x+c 

average and marginal cost curves are of normal form if a, b, c and d are 
positive and if d < a (c - 6 ), the former having a minimum point and the latter 
rising continuously. 

2 / ”f* b 

34. If n=ax' \-d is the total cost function, where a, b, c and d are 

x+c 

positive (b<c), express average and marginal cost as functions of x. Show 

that ^ increases with x, being negative for small x and positive for large 

X. Show, also, that 3 — increases from zero to large values as x increases. 
dx 

Deduce that the cost curves are of normal form {see Examples V, 22). 

35. The production (y) of a good Y depends on the amount (x) of a single 
variable factor of production X according to the law y = ax^(b-x), where a 
and b are positive constants. E.xpress average and marginal product as 
functions of x and indicate that the forms of the corresponding curves can be 
taken as typical of the normal case of production (see Examples VII, 37). 


36. The supply of a good is given by the law x = a'dp - b, where p (which is 
greater than b) is the price and a and b are positive constants. Find an 
expression for e, the elasticity of supply as a fimction of price. Show that e 
decreases as price and supply increase and becomes imity at the price 26. 
IVhat property of the supply curve holds at the point where e = 1 ? 



CHAPTER XI 

FUNCTIONS OF TWO OR MORE VARIABLES 
11.1 Functions of two variables. 

OiJE study of relations between variable numbers has been limited, 
so far, to the case of two variables, one of which is taken as a function 
of the other. This restriction can now be relaxed by defining 
relations involving many variables and by applying such relations 
in the interpretation of scientific phenomena. It is evident that all 
sciences are concerned with large numbers of inter-related variable 
quantities and that only by a process of severe simplification can 
functional relations between two variables be applied at aU. For 
example, the volume of a gas depends on the pressure, on the tem- 
perature and on other factors. In economics, when an individual 
considers his purchases on a market, the demand for any good 
depends, not only on the price of the good, but also on his money 
income and on the prices of related goods. Again, to quote an every- 
day example, the sum of money extracted by a London taxi-driver 
from his passenger depends on the distance travelled, on the time 
taken for the journey and on the proportion expected by way 
of a tip. 

The formal extension of the function concept presents no difficulty. 
Suppose, first, that we have three variables, .r, y and z, each with its 
appropriate range of variation. The variables are related by an 
implicit function if the values taken by them are not arbitrary but 
connected in some definite way. In general, we write 

f{x, y, z) = 0. 

Further, the variable z is an explicit function of the variables x and y 
if the values of z depend in a definite way on those allotted arbitrarily 
to X and y. In this case, we write 

y). 

A given implicit function between three variables gives rise to three 
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distinct explicit functions ; each variable can be taken as a function 
of the other two. For, when values are allotted arbitrarily to two 
of the variables, the functional relation determines the values of the 
third variable. When one particular explicit function is considered, 
say z as a function of a: and y, the variable z is called the dependent 
and the variables x and y the independent variables. 

The terms already used (2.4 above) to distinguish different kinds 
of fxmetions extend at once. It is important to distinguish, in 
particular, between single-valned functions, to which the notation 
z=f {x, y) particular!}’ applies, and 7nuUi-valued functions. Of single- 
valued functions, we can note the class of monotom’c functions where 
the dependent variable increases (or decreases) steadily as the 
independent variables increase. Again, the function z =/ {x, y) is said 
to be synunetrical in the variables x and y if an interchange of these 
variables leaves the function unaltered in form. Finally, the con- 
cepts of limits and continuity extend easily to the case of a single- 
valued function of two variables. If, for example, the function 
z=f{x, y) approaches the limiting value A as x approaches the 
value a at the same time that y approaches the value 6, we vu’ite 
f{x, y)-^X as x-^a and y->b. 

The function is continuous at the point x=a, y = b if z takes the 
definite value /(a, b) at the point and if z tends to the same value as 
X and y approach a and b respectively from either side. All ordinary 
functions are continuous except, perhaps, at a few isolated points 
where the variables assume infinite values. 

The following examples show some common cases of functions of 
two variables and their grouping into function tj'pes : 

Ex. 1. The implicit function 2a: -{-3y -z - 1 =0 is a particular case of 
the general linear functional relation 

ax + by + cz+d=0. 

Each of the explicit functions obtained liere is single-valued. For 
example, from the particular function quoted, we have 

z = 2x + 3y-l; y=^-(l -2x-hz) and x = 1 (1 -Sy +z). 

Ex. 2. The three explicit functions 

z=3xy; z=x-+y“ and x=x®-2xy-2/® 
are instances of the explicit and “ homogeneous ” quadratic type 

z=ax“ + 21mj + hy''-. 
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In the first of these instances, the other two expUcit functions are also 
gjjjgj 0 _yalued.. In the other two instances, 2 ? and. y are double-valued 
functions. Eor example, in the third case, we have 

x=y +z and y=-x±J2x‘^-z. 


Ex. 3. 


The exphcit function 2 = 

^ x—y+ L 


appears in impUcit form as 


x^ -xz+yz-z = 0, 

and this is an instance of the implicit quadratic function type. 

Here, y is also a single-valued function of x and 2 but a; is a double- 
valued function of y and 2 . Another example of the same type is 

x^ +y^ +z^ = lQ, 

where each variable is a double- valued function of the other two. The 
general imphcit quadratic fimction type can be written 

ax'‘‘ + + cz^ + 2/yz + 2gxz + 2hxy -i- 2ux + 2vy + 2it}z +d=0, 

where all the coefficients are constants. 


Ex. 4. The exphcit functions z = log (a:" -t- and 2 =x%*' 

illustrate the fact that exponential and logarithmic expressions can 
appear in functions of two variables. In the second case, for example, 
the expression (x^ -t- y^) takes a definite value when values are allotted to 
X and y and the logarithm of this value then defines 2 . 


11.2 Diagrammatic representation of functions of two variables. 

If three axes Oxyz are fixed to intersect at right angles at the 
origin 0 in space and if a definite scale of distance measurement is 
selected, then (from 1.9 above) a point P in space can be located 
by three co-ordinates {x, y, 2 ). It will be assumed throughout the 
following development that Oz is drawn vertically upwards and that 
Ox and Oy are drawn, in a horizontal plane, in the W.E. and S.N. 
directions respectively. The co-ordinate z thus represents “ heights ” 
above or below the horizontal plane Oxy while the co-ordinates x 
and y represent distances E. and N. of the origin 0 in the plane Oxy. 
These conventions are adopted solely for ease in description ; they 
are not essential to the argument. 

From a given single-valued function z=f{x, y), a table of values 
can be constructed by giving x and y arbitrarily selected values and 
by finding the corresponding values of z. To each pair of values of 
X and y there corresponds a point Q in the plane Oxy {OM =x and 
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ON =y). A perpendicular QP is then erected of length equal to the 
value of 2 from the table (Fig. 75). The point P (x, y, z) is thus 
obtained in space vith co-ordinates related by the given function. 
The whole table pro^^des a finite “ cluster ” of such points in space 
►- and, if the variables x and y are contmuous, there is no limit to the 
number of points that can be obtained. The mfinite cluster of points 
makes up what is called a surface in space. Tlie surface has the 
property that it is cut by lines parallel to Oz in no more than a smgle 
pomt the height of which above or below Oxy represents the value 
of the function z=f{x, y) for the values of x and y concerned. An 
easily visuah'sed example of such a surface is provided bj^ an open 
hemispherical bowl resting Avith its rim in a horizontal plane. 



More generally, if /(a;, ?/, z) =0 is a given implicit function defining 
2 as a multi-valued function of contmuous variables x and y, we can 
still represent it by a surface drawn in space. The heights of 
various points on the surface above Oxy represent values of z 
obtained in the function from given values of x and y but, since the 
function is multi-valued, the surface can be cut in more than a single 
i' point by a parallel to Oz. A sphere can be taken as a simple example 
of the kind of surface obtained when z is a double-valued function 
of X and y. 

To a functional relation between three variables x, y and z, there- 
fore, there corresponds a surface referred to axes Oxyz in space. 
Conversely, if axes and a scale of distance measurement are fixed, 
to any surface in space there corresponds a definite functional 
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relation between three variables, the equation of the surface. The 
concept of a surface, it should be noticed, is not hmited to the case 
of a surface without “ jumps ” or “ gaps ” and with an equation 
which is a continuous function of the variables. 

We can construct an actual tliree-dimensional model of any surface 
of which the equation is given (e.g. the surface z = x^-\-y'^). Axes 
Oxy are drawn in a plane board and a set of points is selected and 
marked to correspond to a set of values of x and y and to cover the 
plane fairly uniformly. At each point, a vertical pin is erected vith 
height equal to the value of z given by the function. As more and 
more pins are erected, their heads are seen to describe a definite 
siu-face, the surface representing the function. Such a model is the 
three-dimensional equivalent of the graph of a function of one 
variable but, on account of the labour involved, its construction is 
rarely a practical proposition. 

Again, if a function type is defined with the aid of certain para- 
meters (e.g. the type z—ax^ + 2hxy + by“), then there corresponds a 
whole class of surfaces in space. Each surface of the class corre- 
sponds to the function obtained by giving definite values to the 
parameters. The systematic study of function types and surface 
classes is simply an extension of analytical geometry from two to 
three dimensions. For example, it is found that the class of planes 
in space is represented by the linear function type and that a 
class of surfaces known as paraboloids corresponds to the function 
type z=ax^ + by^. It is not proposed, however, to elaborate this 
interesting study here. 

11.3 Plane sections of a surface. 

Without constructing an actual model of the surface in three 
dimensions, it is difficult to visualise the form of a surface corre- 
sponding to a given function. This difficulty can be overcome, to a 
large extent, by a method of great practical and theoretical service, 
the method of “ plane sections The essentials of the method 
are contained in certain expedients familiar in everyday life. An 
architect, for example, seldom constructs a “ working model ” of a 
house he has designed ; he draws grormd and floor plans (horizontal 
sections) and cross-sections or elevations (vertical sections). Again, 
motorists and “ hikers ” do not carry relief models of Devonshire to 
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guide them about that county ; the}’' refer to Ordnance maps whicli 
reduce the coimtry to plane representations by means of a system of 
contours or horizontal sections. The methods underlying these and 
other practical devices are not difficult to generalise. 

A given plane cuts a surface in points lying on a curve called a 
flane section of the surface. Of all the possible sections of the surface, 
the most convenient are the horizontal sections by planes perpen- 
dicular to Oz and the vertical sections by planes perpendicular to 
Oxij. Each of these sets of sections can be considered in turn. 

A horizontal section of the surface s=/ (a;, y) is a curve l}’ing in the 
surface at a given and uniform height above the Oxij plane. Taking 



different horizontal sections at various heights and projecting them 
on to the Oxy plane (by reducing the heights to zero), vze obtain a 
set of curves in Oxy wloich can be called the contours of the surface. 
Each contour, to which can be attached the height (or value of z) 
which defines it, shows the variation of x and y for the given value 
of z. If the variables are continuous, the set of contours consists of 
a limitless niunber of curves aU included in the general equation 

f{x, y)= constant 

by allotting different values to the constant. In Fig. 76 are shown 
certain contours of the “paraboloid” surface with equation 2 = a;® + 
at heights z = l, 2, 3 and 4. The contours are here concentric 
circles with centre at the origin. 

The shape of the surface, i.e. the variation of z with x and y, is 
shown in a very convenient way by the contour system. As the 

M.A. 

K 
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independent variables change, a point {x, y) moves in the plane Oxy 
and the variation of z (the height of the surface) is seen by tracing 
how the point moves in relation to the contours. The value of 2 
increases, remains fixed or decreases according as the point crosses 
from lower to higher contours, remains on one contour or crosses from 
higher to lower contours. Further, the values of z attached to the 
contours crossed indicate the actual changes in z. If, as is usual, 
the contonrs are for values of z at constant intervals, then z changes 
more rapidly and the surface is steeper when the contours are closer 
together. A curve across the contour system (e.g. the line AB of 
Fig. 76) imphes a definite change in x and y and the contours show 
how the corresponding value of z changes. The curve, in fact, is the 
projection on to Oxy of an actual path on the surface. The marldngs 
of roads, railways and other features of a country on a contoured 
Ordnance map are made on this principle. 

Vertical sections of the surface can be defined in a similar way. 

Fixing a value of y, we have 
a section of the surface by a 
plane perpendicular to Oy 
showing the variation of z 
as X changes only. Such a 
section, which is conveniently 
projected on to the plane 
Oxz, is an “ elevation ” of 
the surface shoving the up 
and down movement of a 
path on the surface in the 
W.E. direction. The section 
can be traced, at least rough- 
ly, from the contour map 
already obtained. The curve of Fig. 77 is the elevation of the 
surface z=x‘^ + y“ for y = l, i.e. the parabola z = l-i-.r-. It can be 
traced by observing how the fine AB (y = l) crosses the contours of 
Fig. 76. By taking different planes perpendicular to Oy, a whole 
set of vertical sections can be obtained in the plane Oxz, all sections 
being included in the general equation 

for different values of the parameter b. Other systems of vertical 
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sections can be derived by taking a set of planes perpendicular to 
Ox (on each of which x has a constant value) or by taking a set of 
vertical planes through Oz and at various angles to Ox (on each of 
which X and y vary in proportion). 

A system of sections by planes perpendicular to one or other of 
the axes shows, therefore, the related variation of two of the variables 
of the function for a given value of the third variable. Fxirther, by 
arranging the sections of the system in order and relating them, we 
can even allow for the variation of the third variable. This idea of 
holding one variable constant while observing the variation of the 
other two is at least a first step in the examination of the complex 
variations of the complete function ; it hes behind most of the 
analytical and diagrammatic expedients which are described below. 

11.4 Functions of more than two variables. 

There is httle difficulty in completing the extension of the function 
concept and notation to the general case where any number of 
variables is taken. An implicit function relating four variables 
X, y, z and u is denoted by f{x,y, z,ii)—0 and implies that one vari- 
able is a (single-valued or multi-valued) function of the other three. 
Further, to denote u as an explicit function of three independent 
variables x, y and z, we vrite, in general, u =f{x, y, z). This notation 
applies particularly, but not exclusively, to the case where the 
function is single-valued. 

More generally, a fimctional relation between n variables 

f{Xi, X^, 3^3, ... ®n) = 0 

gives one variable as a function of the other (to - 1) variables. Or, 
if a variable y is given as an explicit function of to independent 
variables Xi, x^, x^, ... x„, then we write 

y—f{^} ^ 2 » ^ 3 > ••• 

The different variables related, or the different independent variables, 
axe here conveniently represented by a single letter x with different 
suffixes. It is easy to see, in this notation, the number of the variables 
concerned. The notation should not be confused, however, with the 
practice we have sometimes adopted of adding suffixes to indicate 
particular values of one variable. 

Pure geometry as an abstract study is Just as possible in four or 
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more dimensions as in two or three dimensions, and the correspond- 
ence between the functions of analysis and the concepts of geometry 
persists no matter how many variables are related. But actual 
diagrammatic or graphical representations are no longer possible 
when more than three variables are involved. We should need to 
fix more than three axes interseetmg at right angles and, unfor- 
tunately, the resources of concrete space are limited to three axes or 
dimensions. In the present development, therefore, we consider 
first the analysis of three-variable relations with concrete diagram- 
matic representations used as illustrations. We ean then extend the 
results in a purely formal and analytical manner to the general case 
where many variables are related. Diagrammatic illustration finds 
no place in this extension, nor is it needed. Analj^sis, as we shall see, 
finds it little more difficult to deal with the general case than with 
the three-variable case. 

It is sometimes convenient, however, to use certain geometrical 
terms even in the formal analysis of functions of many variables. 
The use of the terms is merely descriptive and made by analogy with 
the thi’ee-variable case. So, a set of values of n variables 


(.^1, .Ta, ••• ^n) 

is called a “ point ” in ?i-dimensional space referred to n mutually 
perpendicular axes, and any relation betu’een the variables is 
described as a “ hyper-surface ”, a “ locus ” of a “ point ” in ti dimen- 
sions. In particular, the “ hj^er-surface ” representing a h'near 
relation between the variables is termed a “ flat ”, a concept which 
includes a straight line (two dimensions) and a plane (three dimen- 
sions) as particular and concrete cases. 


11.5 Non-measurable variables. 

It was seen (1.5 above) that many properties of scientific pheno- 
mena can be described by the measurable quantities vuth which our 
analysis has been concerned. There remain other properties capable 
of order without the additive character necessary for direct measure- 
ment and described by ordered but non-measruable magnitudes. 
We have yet to investigate whether, and under what conditions, 
mathematical analysis can be applied in such cases. 

A clue to the solution of our problem is to be found in the use of a 
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contour map of a function. As x and y vary continuously, a function 
z=f{x, y) increases, remains constant or decreases according to the 
way in which the variable point {x, y) crosses the contour map of the 
function. There is no reference here to actual numerical changes in z ; 
only the order of the values of z and of the contours is needed. It is 
possible to proceed to trace actual numerical changes in z by examin- 
ing how close together the contours are as we cross them. But this 
second and quantitative use of the contour map is quite independent 
of the first use. It should he possible, therefore, to take a non- 
measurahle magnitude as dependent on measurable variables and 
represent it by a contour map used only in the first of the ways 
described. This is the point we must now develop. 

Suppose that the level assumed by a non-measurable magnitude 
depends uniquely on two measmable quantities x and y. As x and y 
vary, therefore, we can observe simply whether the magnitude 
increases, decreases or remains at the same level. A set of numbers z 
is now associated with the ordered set of levels of the magnitude so 
that z and the magnitude increase, decrease or remain constant 
together. Then z must be some function of x and y, z=f{x, y), a 
function which is, however, by no means unique. The magnitude 
can be represented just as well by any other variable number or 
function which changes always in the same direction as z—f{x, y) 
when X and y vary. For example, the variation of the magnitude 
might be indicated by {/(.r, 2/)}^ by or by log /(a;, y). In 

general, the dependence of the magnitude on the variables x and y 
can be expressed : 

l=F{z) where z =f[x, y), 
i.e. ^=F{/(a;,y)}. 

Here, z—f{x, y) denotes any one variable number which indicates the 
variation of the magnitude and ^ then denotes any other variable 
number, or the whole class of possible variable numbers, indicating 
the magnitude’s variation. F{z) is any function restricted only by 
the fact that F'{z) must be positive, so that ^ and z move always in 
the same direction. 

In diagrammatic terms, the variable magnitude is shown by the 
height above Oxy of any one of a large number of surfaces. The 
points on the different surfaces for a given pair of values of x and 
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y are at aU kinds of heights, but they move up and down together as 
X and y vary. In particular, if x and y vary so that the height of one 
surface is unaltered, then the same is true of all surfaces. The 
different surfaces have one feature in common ; they all have 
identically the same contour map. The values of ^ attached to the 
contours of the map change according to the choice of the function F, 
but this affects in no way the form and order of the cmwes of the 
map. Since l=F{z) is constant if z is, the equation of the contour 
map can be written, in a form quite independent of F, as 

/(*, 2/)= constant. 

For example, the same non-measurable magnitude can be shown by 
z=x^ + y^, z = {x~ + y~)”, z=e^’+J'’ or z=log(.r^ + ?/2) 

and the contour map of each function is the same system of circles 

_ constant 

shown in Fig. 76. The value of z attached to the various circles 
changes from one function to another but that is all. 

The dependence of a given non-measurable magnitude on two 
variable quantities x and y is described by the function F{f{x, y)}, 
where /(a;, y) is any one form of the dependence and where F is any 
monotonic increasing function. The dependence can be represented, 
without ambiguity, by a sj'^stem of curves in the plane Oxy defined 
by the relation /(x, y) = constant. As x and y vary, the path of the 
point {x, y) across the curve system tells us whether the magnitude 
increases, decreases or remains constant, and tlie curve system must 
be used only in tliis non-quantitative sense. It follows that mathe- 
matical analjj^sis can be apphed, subject to the limitations indicated, 
in problems concerned with non-measurable magnitudes. The 
development given here can be extended, of coui’se, to cases where 
the magnitude depends on more than two measurable quantities. 

11.6 Systems of equations. 

It has been shown (2.9 above) that two equations provide, in 
general, a determinate solution for two variables. This result can 
now be taken up and generalised. If one relation 

y) = 0 

is given between two variables x and y, there is an indefinitely large 



279 


FUNCTIONS OF TWO OR MORE VARIABLES 

number of pairs of values of x and y possible and the solution of the 
equation for x and y is said to be “ indeterminate If two relations 

/i(.r. ?/) = 0 and Mx,y)=0 

are given, there is, in general, only a finite number of possible pairs 
of values of x and y and the solution of the equations is then “ deter- 
minate The solution may be unique (as in the case of two linear 
equations) or it may be multiple (as in the case of a linear and a 
quadratic equation). If we are given three relations 

A (x. y) = 0, A (*, y) = 0 and A (x, y) = 0 
then the first two equations give a determinate set of solutions for 
X and y and these do not, in general, also satisfy the third equation. 
There is, in fact, no solution consistent wth the three equations. 
The same result holds, a fortiori, if more than three relations between 
the variables are given. In diagrammatic terms, one equation is 
shown by a curve in the plane Oxy and the co-ordinates of any one of 
the infinite number of points on the curve satisfy the equation. Two 
equations are represented by a pair of curves which intersect, in 
general, in only a finite and determinate number of points. The 
co-ordinates of any point of intersection provide a solution of the 
equations. Three equations are represented by tluee curves and, 
since there is in general no single point lying on all curves, the 
equations have no solution. 

Very similar results hold of a system of equations in three variables. 
If the number of equations is less than three, an infinite number of 
sets of values of the variables is possible and the solution of the 
equations is indeterminate. If there are three equations, the number 
of sets of values of the variables is finite (unique or multiple) and the 
solution of the equations is determinate. If there are more than 
three equations, then the solutions of any three of them do not, in 
general, satisfy the others and the equations have no consistent 
solution. These solutions are supported by considering the three 
dimensional surfaces which represent the equations. 

A general result is now evident. A system of equations is given 
between n variables. Then : 

(1) If there are less than n equations, the system is indeterminate 
in the sense that an infinite number of sets of values of the variables 
is possible. 
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(2) If there are exactly n equations, the system is determinate in 
the sense that only a finite number of sets of values of the variables 
is possible, the solutions of the equations. 

(3) If there are more than n equations, there is no one set of values 
of the variables consistent with all equations. 

One restriction on the generality of these results must be noticed. 
It is essential that the equations of the S 3 "stem should be mutually 
consistent with each other and independent of each other. In fact, 
it is not permissible to include an equation in the system either 
if it eannot hold if one of the others docs or if it automatically holds 
if the others do. For example, the equation 2.r + 2y-42 = 5 cannot 
be included in the same sj’^stem as rc + y - 22 = 3 ; the}’^ are not 
consistent. Nor can the equation 2.^• + 2y - 42 = 0 be included with 
.r 4 -y - 22 = 3 ; they are not independent equations and the one tells 
us no more about the variables than the other. Hence, before the 
solution of a sj^stem of equations can be examined, we must see 
whether the system is mutually consistent and independent. It 
often happens, for example, that the number of equations in a given 
system is one more than the number of variables, so that it would 
appear that no solution exists. On examination, however, it is found 
that one of the equations is derivable from (i.e. not mdependent of) 
the others. When this equation is discarded from the sj^stem, the 
number of equations equals the number of variables and the system 
is determinate.* 

The solution of a system of eqxiations can also be approached from 
a different angle. One equation between n variables determines one 
variable as a function (not necessarily single-valued) of the other 
(w - 1 ) ; two equations determine two variables as functions of the 
other (?i - 2) ; and so on. In general, if there are m equations in 
n variables {m<n), any m of the variables can be determined as 
functions of the other (n - m). Then, if further equations between 
the variables are foxmd, the in selected variables can be eliminated 
by the substitution of the functions ah'eady obtained, and the new 
forms of the equations mvolve only {n - m) variables. Thus each 

* This case often arises in the analysis of economic eqiiilibrivnn. See, for 
example, Pareto, Manuel d' economic politique (2ncl Ed. 1927), pp. 691-3 and 
pp. GlO-5; Bowley, The Mathematical Oroundworh of Economics (1924), 
pp. 20-2 and p. 61. 
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equation of a system can be used to determine and eliminate one of 
the variables in terms of the others. As long as the number of 
equations is less than the number of variables, there remain some 
variables ■which caimot be determined and eliminated and to ■which 
- values can be allotted at -will. The equations are indeterminate. 
But ■when the number of equations and variables is equal, we can 
ehminate the variables one by one until a single equation in one 
variable is left to complete a determinate solution. For example, 
x+y+z + u-\—Q and 2a;-y-2z+% + l=0 
are two equations from which we find 
z—\{2+x-2y) and 
K, now, a third equation is given 

= 3 5, 

we have on substitution an equation in the variables x and y only : 
ISa:^ 4- 2xy + 7y^ - 2a; - 5y - 16 =0. 

From the system of three equations, two have been used to ehminate 
two variables and the other gives an equation in the remaining 
variables. 

11,7 Functions of several variables in economic theory. 

It is clear that functions of many variables must play an important 
part in any precise and general interpretation of economic pheno- 
mena. This fact has been implicitly recognised already when we 
foxmd that functions of one variable could only be apphed when the 
problems were sunplified and abstraction made of the inter-relations 
of the many variable quantities involved. We are now in a position 
to reconsider the problems in a more general fight. 

To generalise the problem of demand, we suppose that n consumers’ 
goods Zi, Zs, Zg, ... Z„ are sold at uniform prices pi, pg, pg, ... p„ 
on a competitive market consisting of a fixed number of consumers 
with given tastes and incomes. Then the amount x^ of any one good 
Z, demanded by the market is uniquely dependent on the prices of 
all the goods on the market. We can thus write 

— Pa, Pg, ... Pn) 

as the demand function for the good Z,., a function which, for con- 
venience, can be assumed continuous in all the variables. 
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The number of the variables overcrowds our picture of market 
demand. It is possible, however, to select a few of the prices accord- 
ing to the particular aspect of the problem considered and to assume 
that all the other prices are fixed. In particular, we can study the 
inter-relations of the demands for two goods and by assuming 
that the prices of all other goods are fixed. Then 

{Piy Pi) and ccg = (f). p^) 

are the demand functions, each dependent on the two variable 
prices. Each function can be shown as a demand sui face with heights 
above the horizontal plane Opip„ representing the varying demand 
for the good. The vertical sections of such a surface are particularly 
interesting. The section of the surface x^ = (f>i{pi, p^) by any plane 
perpendicular to Op^ (on which p^ has a fixed value) is an ordinary 
demand curve showmg the variation of as p^ varies. There is one 
such demand curve for each fixed price p^ of the other good and the 
whole system of demand curves shows the way in which demand 
shifts as the price pn is changed. All these demand curves are down- 
ward sloping in the normal case. The section of the surface by a 
plane perpendicular to Op^ is a curve showing the variation of as 
P2 varies for a given value of 2\. At any point where this section is 
upward sloping, a rise in the pi-ice of Xo results in a rise in the demand 
for Xj and the goods can be called “ competitive ”, at least in a rough 
sense. If the section is downward sloping, the converse holds and 
the goods can be called “ complementary ” at the prices concerned. 

It is often convenient to assume, as an approximation for certain 
ranges of the prices, that the demand functions are of definite tj'pes. 
The following are examples of demand functions of relatively simple 
type in the case of two related goods : 

(1) = -OuPl -f OlsPaJ ^2='^2 + (^2lPl-(f22P2’ 


( 2 ) x^ = 


<h 


Pi+^xx 


Ujo P^y 


Xo=- 


P2+CI22 


+ 021 Pi. 


( 3 ) Xi — a^p^ “"^ 2 ”'% X2 — ^2 2^i’"'P2~^‘'- 

(4) Xi=p^ «ii gOisPa+ai^ Kg g«2iri+a5_ 

In the normal case of demand, the constants and as well as 
% and 0-2, can be taken as positive. But the constants cTjo and aoi can 
e of either sign. The goods are “ competitive ” if they are both 
positive and complementary ” if they are both negative. It can 
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be noticed that the demand functions (3) and (4) become linear if 
the demands and either both or one of the prices are taken on 
logarithmic scales. 

A slightly different presentation can be given to show the demand 
of an individual consumer instead of that of the whole market. If a 
consumer has given tastes, his demand for a good is a function 
of his income /x and of all the prices : 

Pi, Ps, .-Pn)- 

As a problem of particular interest, we can trace the effect on the 
demand for X,. of changes in income and in the price of X,. If all 
other prices are taken as fixed, we have a demand surface 

Pr), 

showing the demands for X, for various incomes and prices. The 
section of the surface by a plane perpendicular to 0 /x is an ordinary 
demand curve for a fixed income level. As the income level is 
changed, the section shifts in position. We can thus observe the 
shifting of demand consequent upon the variation of individual 
income. On the other hand, if the price of the good is fixed, the 
variation of demand as income increases is shown by the section of 
the surface by a plane perpendicular to the axis Op^. 

A generalised cost problem provides a second example of the use 
of functions of several variables. If a firm produces different goods 
or different qualities of the same kind of good, and if the technique 
of production and the supply conditions of the factors of production 
are given, then definite amounts of the various goods can be obtained 
at a determinate minimal total cost : 

n~F{Xi, X^, X^, ... ®n)> 

where x^, 0 : 3 , ... are the amounts of the goods Xj, Xj, X 3 , ... X„ 
produced. K only two goods X and T are produced, the cost 
function 11 =F{x, y) can be represented by a eost surface with heights 
above the horizontal plane Oxy showing the costs of producing 
various combinations of outputs. The vertical sections of the 
surface represent the cost of producing a variable output of one good 
in conjunction with a fixed output of the other good. A particular 
form of the joint cost function, such as 

U—ax^ + 2hxy+by^ + 2gx + 2fy+c, 
can be assumed for convenience in certain cases. 
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The transformation functions of 5.6 above can also be generalised 
in an obvious way. The technique of production and the pro- 
ductive resources of a given firm or country are fixed. Then, if 
Xi, x^, X3, ... x„ are the amounts of various goods X^, Zj, X3, ... X„, 
that can be produced in a given year, or the incomes obtainable 
in a series of years, there must be some relation between these 
variables : 

F {x-y, X2, X3, ... Xfi) 0. 

For, given the outputs desired of aU goods but one, or the incomes 
desired in all years but one, then technical considerations determine 
the amount of the remaining output or income. When there are 
three goods or incomes, we have a transformation surface 

X(x, y, z) = 0 

referred to axes Ox, Oy and Oz along which amounts of the goods or 
incomes are measured. In the normal case, we can take the surface 
as downward sloping and convex to the origin at all points. A simple 
case of the normal type of transformation function is 

ax^ + hy'^ + 0x^=6,, 
where a, b, c and d are positive constants. 

11.8 The production function and constant product curves. 

An important problem, to which only incidental reference has so 
far been made,* concerns the conditions xmder which factors of 
production are combined in the production of a given good by a firm 
or industry. With given technical conditions of production, the 
amount of a good X produced depends uniquely on the amounts of 
the variable productive factors, Az, A3, ... A„ used. If cr is the 
amount produced when amounts %, az, Ug, ... a„ of the factors are 
employed, we can write the ’production Junction 

••• ®n)- 

It will be assumed, tlrroughout the present development, that the 
factors of production are continuously divisible and that the pro- 
ductive process is continuously variable. The production function 
is then a continuous function of continuous variables. It is to be 
noticed that our presentation of the problem does not exclude the 


* See 10.8 above. 
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possibility of the variable factors being used with certain fixed factors 
of production. A definite production function can be assumed in 
aU cases, no matter how many factors are fixed and how many 
variable. Only the appropriate form of the function depends on 
considerations relating to the nature, the variability or otherwise, 
of the factors. 

If there are two variable factors A and JS, the production function 
x=f{a, b) can be represented by & production surface referred to axes 
of which Oa and Ob are taken horizontally and Ox vertically. The 
method of plane sections is now of great advantage. The contours 
of the production surface consist of a system of curves in the plane 
Oab which can be termed constant product curves and are defined by 

f{a, fe) = constant. 

One curve of the system, corresponding to a given value of the 
constant, includes all points (a, b) representing amounts of the 
factors giving a definite product x^. The curves form a continuous 
and non-intersecting system covering the positive quadrant of the 
plane Oab in such a way that one, and only one, curve of the system 
passes through each point. As the amount of the factors used are 
changed in any way, the corresponding point {a, h) moves in the 
plane Oab and its path across the constant product curves determines 
the resulting variation of the product obtainable. 

The vertical section of the production surface by a plane perpen- 
dicular to Ob (on which the value of 6 is fixed) is a curve showing the 
variation of product as various amounts of the factor A are x;sed with 
a given amount of the factor B. Thus 

=/ j — 4 ’i ® ^2) = ^2 (®)> • • • 

are the equations of the vertical sections for fixed amounts b^, ... 

of the factor B. They are different “ elevations ” of the production 
surface. A similar set of sections or “ elevations ” is obtained by 
fixing the value of a and taking planes perpendicular to Oa. A third 
set of vertical sections, corresponding to “ elevations of the surface 
of a different kind, can also be used to advantage. The sections are 
obtained by taking planes through Ox and at various angles to Oa 
and Ob, and they show curves giving the variation of product as the 
factors are varied in proportion. Thus, if a fixed point on one of the 
sections corresponds to amounts cq and bi of the factors, then any 
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other point on the section is given by a= Aoj and 6 = Xb^, where A is a 
variable proportion. The equation of the section is 

x=f{X(h, Xbj) = <f>(X), 

a function of the variable A (see 10,8 above). Different sections of 
the complete set are obtained by allotting different values to the 
constants cq and 6i. 

In the “ normal ” case of production, the production surface can 
be subjected to certain restrictions apart from that of continuity. 
It can be assumed, in the simplest “ normal ” case, that product can 
only be maintained, when less of the factor B is used, by increasing 
the use of the factor A. Further, as the substitution of the factor 



A for the factor B proceeds, increasingly larger additions of A are 
needed to compensate (i.e. to maintain product) for a given reduction 
of ,B.* The constant product curves are then downward sloping and 
convex to the origin at aU points of the positive quadrant of Oab, 
i.e. they form a system of curves similar in form to that of the 
“ normal ” indifference map described in 5.7 above. 

In a more general normal ” case, the properties assumed above 
®'PPty only to certain ranges of employment of the factors while, out- 
side these ranges, product is maintained only by increasing the use 

principle of “ increasing marginal rate of substitution ” (see 
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of both factors. The form of the constant product curve system is 
then that sho^vn in Fig. 78. In the area of Oab between the curves 
OA and OB, the curves are down^vard sloping and convex to the 
origin ; outside this area, the curves turn back and slope upwards. 

. Here, when one factor is used in much greater proportion than the 
other, an increase in the factor’s use requires more of the other factor 
even to maintain product. 

The normal form of the vertical sections of the production surface 
can be traced from that of the constant product curves. If a line 
distant from the axis Oa, is drawn in the plane Oub, the way in which 
it cuts the constant product curves shows the variation of product 



on the section perpendicular to Ob corresponding to the fixed amount 
of the factor B. In the simpler normal case, the line cuts higher 
and higher constant product curves from left to right, i.e. the vertical 
section rises as a increases. In the more general normal case of 
Fig. 78, the product increases as a increases at first, attains a maxi- 
mum value when a equals a certain value cq (where the fine cuts the 
curve OA and touches a constant product curve) and then decreases 
as a increases further. The vertical sections of the production 
surface, for fixed amounts b^, b^, b^, ... of the factor B, are of the 
form shown in Fig. 79. Each section has a “ peak ” product corre- 
sponding to a combination of factors shown by a point on the cimve 
OA of Fig. 78. The greater the fixed amount of B used, the more 
of A do we need before we obtain the peak product and the greater 
is the peak product. The curve OA of Fig. 78 is thus of great interest ; 
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it corresponds to a “ ridge line ” of the production surface and indi- 
cates the peak product obtainable from any given use of the factor B. 
The vertical sections of the production surface for fixed use of the 
factor A are similar in form and lead to the definition of the curve 
OB of Fig. 78 as another “ ridge line ” of the surface.* 

A particular production function of the simpler normal type is 

x=Aa°b^~°, 


where a is a positive fraction.! The constant product curve, for the 
given product x=.z\, is given b}’- 


i.e. 


aa^i-a 


6 


A’ 

4 ! 

a’“ ’ 


1 


where A' = f ] and m • 


A 

da 


a 


in A' 

dVl+l 


1 


<0 and 


are positive constants. 
da^~ ^ ’ 


So 


and the constant product curves are dovoiward sloping and convex 
to the origin at all pomts. In the particular case where a = | the 
curves are rectangular hyperbolas with Oa and Ob as asymptotes. 
Further, the vertical section for the fixed amount 6^ of the factor B is 

Since a is a positive fraction, the section rises from left to right at a 
decreasing rate and never attains a “ peak ” value. Notice that 

log .r =log A+cx. log a + (1 - a) log b. 

On taldng logarithmic scales for aU variables, the production surface 
becomes a plane and the constant product curves straight fines. 

A production function of the more general normal type is 

X = 2Hab - Aa^ - Bb^, 

where A, B and H are positive constants such that > AB. It can 
be shown that the constant product curves are of the form of Fig. 78 

* The normal form of the vertical sections is described by Emight, Risk, 
Uncertainty and Profit (1921), pp. 100-1. 

t See, for example, Douglas, The Theory of Wages (1934). 
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with OA and OB as straight lines {see Examples XIII, 32). The 
vertical section for which b—bi has equation 

X- - Aa^ + 2Hbja - Bbj^, 

( H^-AB,\ f H.y 

..e. , 

i.e. the section is a parabola with axis vertical. The peak product 

- AB H 

2 ^ obtained when the amount -j b^ of the factor A is used 

with the fixed amount of the factor B. It is to be noticed that a 
zero (or negative) product is obtained if the amount of the factor A used 

is less than ^ {H -JH^-AB) or greater than ^ {H ->r J - AB). 

For intermediate amounts of the factor, the product rises fi:om zero 



to a peak and then falls to zero again. Fig. 80 shows certain constant 
product curves and vertical sections when the product of wheat m 
bushels is 

x=%{l2ab - 5a* - 46*), 

when 100a men-hours of laboxir are employed on 6 acres of land. It 
appears, for example, that no wheat is obtainable from 10 acres when 
less than 400 men-hours are employed and that the wheat product 
rises to a maximum of 640 bushels when 1200 men-hours are em- 
ployed. 

11,9 The utility function and indifference curves. 

An individual consumer has a scale of preferences for two con- 
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sumers’ goods X and Y represented, according to the conditions of 
5.7 above, by the indifference map with equation 

<f) (x, y) = constant. 

Denote u = <f>{x, y), 

a continuous function of two continuous variables. The original 
indifference map is then the contour map of the surface representing 
tliis function. The variable u takes a constant value on any one 
indifference curve and increases as we move from lower to higher 
indifference curves. Hence, as the purchases of the individual 
change, the value of u increases, remains constant or decreases 
according as the change leaves the individual better off, indifferent 
or worse off, i.e. the value of u indicates the level of preference or the 
utihty of the purchases x and y to the individual consumer. 

The concept of preference or utility, however, is an ordered but 
non -measurable one and the remarks of 11.5 above are of direct 
application. The function u = (f>{x, y) is only one way of indicating 
the dependence of utility on the purchases. In general, if F [u) is 
any monotonic increasing function of u, then 

U=^F{u)=F{cl>{x, y)) 

serves as an indicator of utility and can be termed the general index- 
function of utility.'^' It is quite immaterial which utihty function, 
e.g. u = f>(x, y), ■M.=log (j>{x, i/), ... , is used to represent the depend- 
ence of utility, as a non-measurable magnitude, on the individual’s 
purchases. The surfaces representing the various functions, referred 
to axes of which Ou is vertical, are different but rise and fall together 
and have the same contour map, the indifference map of the indi- 
vidual as originally defined. 

The problem is generalised by assuming that the individual has 
a definite preference scale for the goods Zg, Z3, . . . Z„ appearing 
in his budget, a scale described by the indifference map 

Xg, X3, ... x„) = constant. 

For a given value of the constant, this relation connects all purchases 
which are indifferent to the individual while, for increasing values of 
the constant, we move from one set of indifferent purchases to 
another set at a higher level of preference. If there are three goods 

* This is a translation of the term “ fonction -indice ” introduced by Pareto, 
Economie mathemutique (Encyclop4die des sciences mathematiques), p. 596 
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X, T and Z, the indifference map is represented by a system of 
surfaces in Oxyz space which, in their normal form, fit into each other 
as a series of shells, aU downward slophig and convex to the origin. 
For more than three goods, no diagrammatic representation is 
possible, but the indifference map can be described, by analogy, as 
a system of hyper-surfaces in manj^-dimensional space. The indi- 
vidual’s utility is again a non-measurable concept dependent on the 
piurchases according to the general index-function of utihty 
ZJ — F {u) = F {x^, Xn, Xj, ... Xn)}, 

where F {u) is any function such that F' (?/) > 0. The particular utility 
function u = <f> (a^, Xj, arj, . . . x„) is onlj' one of manj' possible forms. 

A simUar representation applies when we consider, not the pur- 
chases of the individual of different goods at one point of time, but 
the flow of his purchases or income over time. If Xj, x„, x^, ... x„ 
represent incomes in successive 3 "ears according to the conditions of 
6.8 above, we have a definite indifference map 
i/r(xi, a:,! ^ 3 . ••• «„) = constant, 
and we can write a corresponding index-function of utihty 
U=F{u)=F{ifj{x^, X., Xa,... a:„)}, 
where F{u) is any monotonic increasing function. 

As an approximate representation of a normal indifference map 
for two goods or incomes, we can sometimes take the particular form 

u = {x+aY{y-^hY, 

where a, b, a and ^ are positive constants. Any monotonic increasing 
function of «, for example the function 

«'=:log u=u log(a;-i-n) ^og{y + b), 
serves equallj^ well as an index of utility. The indifference map, 
common to ah forms of this particular utility function, is shoum in 
Fig. 25 in the case where a=^ = l and a = 2, b = l. It is seen to be 
of normal form. A rather different utility function 

u=:ax + by+cJxy 

also corresponds to a normal case of an indifference map for two 
goods or incomes. Any monotonic increasmg fmiction of u, such as 

u' = e“ = 

serves equally well as an index of utility. The corresponding 
indifference map is shown in Fig. 26 in the case where a =6 = 1 
and c = 72 . 
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EXAJMPLBS XI 
Functions of two or more variables 

1 . Express the function z= ^ implicit form and show that each 

variable is a single-valued function of the other two of the same form in each 
case. Deduce that the sections of the surface representing the function by 
planes perpendicular to an axis are rectangular hyperbolas. In what sense is 
this a symmetrical function? 

2. Illustrate graphically the form of the contours, and of the other sections, 
of the surface z= 

3. Show that the sections of the surface x + y + 2z = 3 by planes perpen- 
dicular to an axis are parallel straight lines and deduce that the surface is a 
plane. Locate the points where the plane cuts the axes. Generalise to show 
that ax-i-by + cz + d=Q is always the equation of a plane. 

4. Examine the sections of the surface x^ + y* + z* = o* and show that it is 
a sphere of radius a. 

5. Show that ic® -t- - z“ = 0 is the equation of a circular cone with its axis 

along Oz, 

6. Show that the contours of the sm-face x^ + y^ + z^- 2xz - 2yz = 0 form 
a system of circles and deduce that the surface is a cone. 


7. By a geometrical construction, show that ^ is the 


mid-point between two given points {x^, y^, zf) and {x„, y^, zf) referred to 
rectangular axes in space. Show that the mid-point between any two points 
on x + y + z+l = Q is also in the surface and deduce that this is the equation 
of a plane. 


8. If (Xj, y^, Zj) and {x^, y^, Zj) are two given points referred to rectangular 
axes in space, show that the distance between the points is 

n/ (Xj - -f ( 2 /i - yfj^ + (z, - Zj.)h 

Deduce that the equation of a sphere with centre (a, b, c) and radius r is 

(x - a}^+ {y-by+ (z - c)‘' = r“. 

9 . Show that any point on the sruface x“ -f y® + z® — 2z = 0 is such that its 
distance from 0 is twice its distance from Oxy. 

10 . By examining the sections of the surface by various planes, show that 
z = X* -f is a surface obtained by revolving the parabola z = x- about the axis 
Oz in the plane Oxz. 

11 . Show that z=f{x^ + y^) is a sruface obtained by revolving the curve 
2 =/ (x®) about the axis Oz in the plane Oxz. Illustrate by considering the 
surfaces z = x^ + y\ z = e^-+v* and z = log{x^ + y’‘). 

12. If z = , show that z ->■ ± oo as x ->-o and y ->a, where a is any constant. 

X — y 

Deduce that the sruface represented by the equation has “ infinities ” at all 
points above the line x - y = 0 in the plane Oxy. Check from the vertical 
sections of the surface. 
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13. Show that each section of the surface s=(a: + ^)e-<®+i') by planes 
perpendicular to Oy has a single maximum point and that the sections are 
the same curve translated varying distances parallel to Ox. 

14. Show that, for each of the functions 

^ .jf J 

and 2 = 

x + y 

the value of s changes from z to Az when the values of x and y are changed in 
proportion from x to A* and from y to Ay. Deduce that the surface repre- 
senting any of these functions has a straight line section by a vertical plane 
through 0 and a given point on the surface. 

15. For any of the functions of the previous example, show that z = x^(r), 

X 

where r=-, and that z—ytLia), where s=—. 

X y 

16. If <^{x) and ^(y) are two functions of single variables, show that the 
sections of the surface z=^{x)+ ^(y) by planes perpendicular to Ox or Oy are 
of the same shape but variable height, and that similar sections of the surface 
z—^(x)ijt(y) consist of a curve “ stretched ” or “ contracted ” by a variable 
amount in the direction Oz. 

17. In what sense can it be said that the function ■w = a;“ + y*-f z“ has con- 
tours consisting of a set of concentric spheres in Oxyz space ? 

18. Show that a; + y-f-z=l, a; + 3y-z=3 and 2x--y + z= \ have a unique 
solution mx,y and z. Blustrate by drawing the planes which represent these 
equations. 

19. Have the equations x-¥2y-z-l, 2ic-y + z = 3 and x + ly-4x-0 any 
solution? Verifjf that one equation can be deduced from the other two, 
i.e. that the equations are not independent. 

20. Eliminate z and u from the equations 

2ay + z-M-t-l = 0, ai’ + y^ - 2 z + m= 2 and 4a:*y» + z* -«=-}- 1 = 0 
and obtain an equation in x and y only. 


Economic functions and surfaces 

21. If £z is the present value of £y available x years hence, interest being 
reckoned continuously at lOOr per cent., show that z-ye~^^. Show that the 
contours of the surface z=ye~''®, for a given value of r, form a system of 
discoimt curves. What are the vertical sections ? 


22. The demand for tea is a:, = 40 ^ and for coffee = 10 ^ thousand lbs. 

per week, where and p, are the respective prices of tea and coffee in pence 
per lb. At what relative prices of tea and coffee are the demands equal ? 
Draw a ^aph to show the shifts of the demand curve for tea when the price 
ot coffee mcreases from 2s. to 2s. 6d. and to 3s. per lb. 


23. Show that ajj - Oj ^ and ajj eft are two simple examples of a demand 

law for a good in competition wik a good X^ and that 

and a:, 

PlP2 * Pi 

are corresponding laws when X^ and X^ are complementary. 



CHAPTER XII 

PARTIAL DERIVATIVES AND THEIR APPLICATIONS 


12.1 Partial derivatives of functions of two variables. 


In a function of two variables z=f{x, y), the two variables x and y 
can be varied in any way quite independently of each other. In 
particular, one of the variables can be allotted a fixed value and the 
other allowed to vary. The function, in such a case, reduces to a 
function of a single variable only. Two functions can be obtained 
in this way, 2 as a function of x only {y fixed) and 2 as a function 
of y only (a; fixed). The derivative of each of these functions can be 
de^ed at any point and evaluated according to the familiar tech- 
nique. The derivatives so obtained are called the “ partial deriva- 
tives ” of the function z=f{x, y), the term “ partial implying that 
they are defined only for very special variations of the independent 
variables. One partial derivative follows when x is varied and y kept 
constant, the other when y is varied and x kept constant. 

If the function z=f{x, y) is single-valued, its partial derivative 
with respect to x at the point {x, y) is the limiting value of the ratio 


ag arbitrary increment h tends to zero and the 
^ dz 9 

partial derivative is written either ^ ^ / 2/) • 


The notations are similar to those for ordinary derivatives. But, to 
indicate that we have the 'partial derivative with respect to a; (i.e. that 
the other variable y is regarded as fixed), we use the symbol “ 9 ” 
instead of the previous “ ” in the first notation and add a suffix x 

in the second notation. An exactly similar definition and notation 
can be given for the other partial derivative. Hence : 


Definition : The partial derivative of z=f{x, y) with respect to x 
at the point [x, y) is 

f{x + K y) -fix, y) 

dx dx^^ ’ y)~^x ~fx (a:, ^ 
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and the partial derivative vdth respect to y at the same point is 
dz d 

j[x, y}=i 

i-+0 


, - 3 y) =z«' =/v' {•'«. y) =Lim . 

oy i-ya k 


It is sometimes convenient to use slightly different notations. For 

example, %- and % can be used instead of — and Further, when 
^ dx ay ox dy 

no ambiguity is likely to arise, it is possible to use/j. and/„ as simple 

notations for the two partial derivatives. 

The meaning of partial derivatives is most clearly seen when they 

are interpreted in diagrammatic terms. In Fig. 81, P is the point on 



the surface z ~f{x, y) defined by the values x and y of the independent 
variables. Two vertical sections of the surface can be drawn through 
P, one perpendicular to Oy and the other perpendicular to Ox. The 
former is the curve on the surface passing through P in the W.E. 
direction and showing the variation of z as a: varies. On this section, 
the value of y retains throughout the constant value allotted initially 
at P. The tangent PT^ to the section at P has gradient measured 
by the derivative of z as a function of x [y constant), i.e. by the 

partial derivative evaluated at {x, y). Hence, ^ ^ interpreted 

as the gradient of the W.E. section of the surface at P or, more 
shortly, as the W.E. gradient of the surface at P. In the same way. 
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dz 

the value of — at {x, y) measures the gradient of PT^, the tangent 
By 

at P to the vertical section of the surface perpendicular to Ox, i.e. the 
S.N. gradient of the surface at P. Hence ; 

Bz Bz 

The partial derivatives — and — measure the gradients of the 

surface z=f{x, y) in two perpendicular directions at the point P 
defined by {x, y), the directions in the planes perpendicular to Oy 
and Ox respectively. 


It is to be noticed that we have not yet obtained a measure of the 
gradient of the surface in any other direction. 

The remarks (6.2 above) on the meaning of an ordinary derivative 
apply, with obvious modifications, to partial derivatives. One 

Bz 

additional point, however, must be stressed. The value of — at a 

point {x, y) depends, not only on the value of x from which we start 
in the limiting variation defining the partial derivative, but also on 
the value of y which is kept constant during the hmiting process. 
The partial derivative, as the W.E. gradient of the surface z—f{x, y) 
at the point P, varies m value when the point P is moved in any way, 
i.e. when either or both of the variables x and y are varied. Similar 

Bz 

remarks apply to the partial derivative — . Hence, the value of each 

partial derivative at a point (x, y) is a function of both x and y. To 
stress this point, we can refer to partial derived fuvctiom and use 
the particularly appropriate notations /^.'(x, y) and/„'ix, y). 

No essentially new idea is involved in the definition of the partial 
derivatives and they can be evaluated exactly as ordinary deriva- 
tives. The variable other than the one directly concerned must, of 
course, be treated as a constant in the actual process of derivation. 
In particular, the rules for finding the partial derivatives of composite 
functions are similar to those for derivatives. The modified form of 
the function of a function rule, however, merits separate notice. It 
can be expressed : 

If z is a single-valued function of u where m is a single-valued 



du d du j ® 1 ^ 

— • — -e“=e“;;- and — log«=-^ 

dx dx dx dx u 3x 
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function of x and y, then z is a function of x and y with the partial 
derivatives 

dz_dzdu , 

dx du dx dy du dy 

In particular, if « is any single-valued function of » and y, we have 

d du d du , d . 1 du 

— — ; -r-e“=e“;;- and — log«=-^ 

dx dx’ dx dx dx ^ udx 

and g^milar forms for the partial derivatives with respect to y. 

The practical technique of partial derivation is fully illustrated hy 

the following examples : 

Ex. 1. ^i2x-Sy + l)=2; ^(2a;-3y + l)= -3. 

9 

Ex. 2. ^(z^ + 2xy-i/)=2(x+y); ^{x^ + 2zy-y^)=^2(x-y). 

Ex. 3. Eor any fixed values of the coefficients a, b, c, , 

3 3 

■^{ax-hby+c)=a; ■^{ax+by+c)=b‘, 

^ {ax^ + 2hxy + by^ + 2gz + 2/y + c) = 2 [ax + hy + g) ; 

{ax^ -i- 2hxy + by'^ + 2gx -f- 2fy ■\-c)=2{hx + by+f). 

dy 

Ex. 4. ^ — 7) = 7 + + 

dx\x-y^\) (a;-y + l)2V ' dx'' ' dx' ^ 

_2x(x-y + l) -x^ x(z-2y + 2) _ 

(a;-y + l)2 ” {x-y + lf ’ 

d ( x^ \ .d ( 1 \ X- d, .. 

8 y\a;- 2/ + l/ ^ 3y\a:-y + I/ {x-y + Vfdy^ ^ 


( V 

= x'^ — ( — 

1 ) 

Va ; -y + 1/ 

dy\x- 

-y+y 


{x-y + lf' 

Ex. 5. ^{x^ +y^f -4x{x^ +y^) \ ^ {x^ + y^f - iy {x^ + y^) . 

a O 

^e®’+J'’=2a:e®*+J'’: ^e*’+*'’=2we*’+i'\ 
dx dy 

O 2 

Ex. 6, g^(a;®e'')=2a:e‘'; ^(a:V)=a;V. 
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Ex. 7. Hz 


^ x-y 


then 


So 


i.e. 


log z = 2 log a: + ^ log (a; + 2 ^) log (x-y). 

1 11 2x^-xy-2if 


\dzjl 1 

zdx X 2 x+y 2 x-y 
dz X (2a;* -xy - 2?/*) 
dx ‘J{x+y){x-yY 
dz a;* 


a: (a;* -?/*) 


Similarly = , ■ • 

'J{x + y) {x - y)^ 

Ex. 8. The definition of the partial elasticities of a function of two 
variables z =f{x, y) is similar to that of the elasticity of a function of one 
variable : 


Ez xdz 9(logz) 


, Ez ydz 9(logz) 
and r=r- = -^ = 


and 


Ex zdx d (log x) “““ Ey zdy d (log y) 
So, if z=x^y^, where a and jS are constants, then 

logz=aloga: + ;61ogy 
Ez 


■^2 , 
-=p =a and 
Ex 


Ey 


= ^. 


12.2 Partial derivatives of the second and higher orders. 

The two partial derivatives of a function z =/ (.r, y) are themselves 
functions of x and y. The partial derivation process can thus be 
repeated and we obtain two partial derivatives from each of the 
partial derivatives of z, i.e. four second-order partial derivatives of the 
original function z. By an extension of the notation, we can vurite 
the ne'w second-order partial derivatives as 

dx^ dx [dxj ’ dy dx dy \dx) ’ dx dy dx \dy/ dy- dy Kdyj " 

Alternatively, if /^.'(. t, y) and /„'(.a', y) denote the (first-order) partial 
derivatives, the second-order partial derivatives appear as 

y) ; fyx{x, y) ; y) and /" (.r, y) 

or, more shortly, as 

fxx > fvx J fxv ^nd fyy 

The order of the suffixes mdicates the order in which the partial 

derivations are carried out. Thus, ^^~fyx{x,y)=fy^ is the 

oy u*t/ 
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second-order partial derivative obtained by partial derivation first 
with respect to x and then with respect to y. 

It is to be noticed that the two “ cross ” partial derivatives 


and are quite distinct in meaning; and there is no a vriori 
dy dx ax ay 02 - 

reason to assume that they have the same value at any point. A 
result can be established, however, stating that the two “ cross ” 
partial derivatives are identical in value, provided that certain con- 
ditions relating to the continuity of the function are satisfied.* 
This result, known as Young’s Theorem, will not be proved here but 
it is verified below in the cases of two particular functions. It is, in 
fact, safe to assume that, for any ordinary continuous function, the 
order of partial derivation is immaterial i 


92z d~z 
dy dx dx dy * 


The following examples illustrate : 


Ex. 1. 



x(x-2y + 2) 
{z-y + lf 


, we derive 


/ x^ \ 1 

dx-\z-y + lJ~(x~y + l)^ 

X {(2a; -2y + 2){z -y + 1)® -xix -2y +2)2{x -y+ 1)} > 

d^ ( ^- ) 1 

dydx\x-y + l) (x-y + l)^ 

2^ f?/ ” i) 

'k{{-2x){x -y + 1)- +x{x -2y + 2)2{x -y + l)}= 


Prom ^ ( — - — -) = — ^ , we derive 

By\z-y + lJ {x-y + lf 


^ 5a; By Va; -y + lJ~{z-y + 1)* 


(x-y + ir-‘ 

(2x (x-y + l)^~ x^2 (x-y + 1)} 


jjf Vj.Sf ■ 1 

By^\z~y + 1/ By [(x-y + l)^j 


2x^ 

{x-y + lf' 


2z{y-l) 
{x-y + Yf' 


* See Couxant, Differential and Integral Galmilne, Vol. II (1936), pp. 65-7. 
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d 2x 

Ex. 2. Since ^log(a;2 


dij 

9^, , o . 9x 2(a:2+^2) -4a:2 

W6 have + V i = — {x^+y'^f — 


r2 “>5 




2{x^-y’^) 

{X^ + ^2)2 » 

4:xy 

{x^ + i/2)2 ’ 


92 


{ 2a; 1 4x?/ 


. 2(^+y°)-4y» 

+2/ ) (a;2 -2/2)2 


(a:2+ 2/2)2’ 

2(0;^ -y^) 

( a ;2 + 2/^)2 * 


Ex. 3. The partial derivatives of a function ^ (a;, 2 /) are and It 
is given that the partial derivatives of the ratio of cf>^ to considered as 
a fimction of x and y, are respectively negative and positive : 




It is required to express these inequalities in terms of the first and 
second-order partial derivatives of 4> {x, y),* We have 




_9 

dx 

_9 

dy 



^v^xx - ^aixv 
<}>v^ 

4*x4*vy ~ ^v4‘x9 

<}>y^ 


The inequalities are, therefore, equivalent to the forms 

^y^XX ~ i^xi’xy and <f>g.(j)yy — ^y(f>^y<C.O. 

Each of the four second-order partial derivatives is a function of 
X and y and, by a further partial derivation process, we obtain eight 
partial derivatives of the third order. We can then proceed to 
partial derivatives of the fourth and higher orders. The notations 
we have given clearly extend to partial derivatives of order higher 
than the second. Young’s Theorem can also be extended to show 
that the order of partial derivation is immaterial in a partial deriva- 
tive of any order whatever. Partial derivatives of the third and 
higher orders are, however, of little practical use and we shall seldom 
have need of them in the present development. 


* The problem is taken from Pareto, Manuel d'economie politique (2nd Ed. 
1927), p. 575, where the mathematical steps given here are omitted. The 
function <j>{x j/) is a utility function of an individual for two goods X and Y. 
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12.3 The signs of partial derivatives. 

The definition of partial derivatives shows that ^ and — must 

oz dy 

measure the rates of change of the function z—f{x, y) as x varies 
(y constant) and as y varies (z constant) from the point (x, y). 
Further, as we have seen, these partial derivatives measure the 
gradients of the surface z=:f{x, y) in two perpendicular directions. 
The meaning of the signs assumed by the partial derivatives is now 
clear. We have, for the partial derivative with respect to x : 

3z 

(1) If — >0 at the point (a, b), then the function z=f(x,y) 

increases as z increases from the value a {y remaining equal 
to the value b) and the surface z=J{z, y) rises from W. to E. 
at the point where a:=a and y=6. 

dz 

(2) If — < 0 at the point (a, b), then the function decreases and 

OX 

the surface falls in the direction named above. 


02 

The sign of — at the point (a, b) is to be interpreted in a similar way 
%/ 

and refers to the variation of y from the value b {x remaining equal 
to the value a) and to the path on the surface through the point 
where x—a and y=b in the S.N. direction. The signs of the partial 
derivatives thus determine, at various points, the increasing or 
decreasing nature of the function, the rising or falling nature of the 
surface, in two particular and important directions. There remain, 
for later detailed consideration (14.1 below), the cases where one or 
both partial derivatives assume zero values. 

The values of the two “ direct ” second-order partial derivatives 
of z=f{x, y) have also quite simple interpretations. The partial 

derivative measures the rate of change of as a: increases from 
ox^ ox 

the point in question {y remaining constant), i.e. it measures the 

“ acceleration ” of the function z=f{x, y) as x increases and y 

dH 

remains constant. In diagrammatic terms, ^ measures the rate 
of change of the W.E. gradient of the surface z =f {z, y) as we move 
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result that, if two points in space have co-ordinates (cCi, y^, z^) and 
{X 2 , t/ 2 > ^ 2 ) referred to rectangular axes Oxyz, then the mid-point 


Xi + Xz Vi + Vz 21 + Z2 


^ . Suppose, 


between them has co-ordinates 2 ’ 2 ’ 2 

now, that {x^, y^, %) and {x^, 2 / 2 . ^re any two points on the surface 
(whatever its form may be) corresponding to the linear equation 

ax+by + cz=d 
where a, b, c and d are constants. Then 

axi + byi + cz^=d and ax^ + by 2 + cz 2 = d. 

Adding, and dividing through by 2, we find 


a 


^ 1 +^ 2 '! { l/l+y2 \ . „ / 2 i +22 


2 / 


+ c 


=d, 


i.e. the mid-point of the two selected points also lies on the surface. 
This is true of any selected pair of points on the surface and it follows 



that the latter must be a plane. The general linear equation in three 
v^ariables thus represents a plane. The actual location in space of 
a plane whose equation is given is easily determined by finding the 
points A, B and G where the plane cuts the axes (see Fig. 82). On 
the axis Ox, we have y=z = 0. Substituting in the equation of the 
plane, ax=d. So 
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Simaarly OB=- and OC=-. 

0 c 

The cases where one (or more) of the constants a, b and c has a zero 
value clearly correspond to planes parallel to one of the axes. 

A plane is given as passing through the fixed point {x^, y^, z^. 
If the equation of the plane is 

ax+by+cz—d, 
then aZi + by]_+cz^—d. 

It follows that d can be eliminated so that the equation of the plane 
appears 

a{x-a^)+b{y~yi)+c{z-z^}=0, 

or (c?^0). 

c c 

„ dz a , dz b 

Hence :e-= — a^id -- 

ax c ay c 

are the gradients of the plane (referred to the horizontal plane Oxy) 
in the two fundamental directions perpendicular to Oy and to Ox 
respectively. The following result is thus obtained : 

The equation of the plane passing through the point («i, y^, z^ 
with gradients a and in the fundamental directions is 

In general, a plane through a given point P on the surface z =f{x, y) 
cuts the sm-face in a curved section on which the point P lies. If it 
is possible to vary the position of the plane so that the part of the 
section including P encloses a smaller and smaller area and finally 
tends to close down on P itself, then the limiting position of the plane 
can be described as the tangent plane to the surface at P.* Suppose 
that the tangent plane exists at P and that a section of the surface 
and its tangent plane is taken by a plane through P perpendicular 

* The possibilities are rather more complicated than this brief statement 
indicates. It may happen, of oomse, that no such limiting plane exists at all 
and the surface may have no tangent plane at a point -where there is a “ sharp 
point ” or an “ edge ” of the surface. Further, it may happen that the section 
tends, not to a point, but to a straight line through P. The limiting plane is 
then a tangent plane touching the surface at aU points on the straight line 
through P. In any case, it should be noticed that the section of the surface 
by the tangent plane can consist of a curve as well as the isolated point P. 
Only one part of the section need close down on the point P, 
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to Oy. We obtain, from the surface, the curved path in the W.E, 
direction and, from the tangent plane, the tangent PT^ to the path 
at P (see Fig. 81). It follows that the tangent plane, containing the 
line PT^, has gradient in the direction of the plane perpendicular to 

dz 

Oy given by the value of — at P. In the same way, the gradient of 

OX 

the tangent plane in the other fundamental direction is given by the 

value of at P. If the point P has co-ordinates (cv^, y^, 2 ,), the 
dy 

fundamental gradients of the tangent plane at P can be denoted : 

So t 

The equation of the tangent plane at the point (Xj, on the 

surface z=f{x, y) is 

This is an obvious extension of the form given for the tangent line 
to a two-dimensional curve (6.6 above). 

As an example, the paraboloid surface z=x^ + y^ gives 

dz j n 

— = 2x and ^=2y. 
ax ay 

The tangent plane at (x^, y^, %) has equation 

z-z^ = 2x^{x- x^) 2yi {y - y^), 
i.e. 2 = 2xxi + 2yy^ +Zi-2{X]^ + y-^) . 

Since the point must lie on the surface, we have z^=x^ -{-y^ and 

z + zi=2xxi + 2yyi 

is the equation of the tangent plane. 

An interesting result can now be deduced. If — and — are both 

ox oy 

positive at a point P on the surface z=f{x, y), then the tangent 
plane at P is positively inclined to the plane Oxy in the two funda- 
mental directions, and so in any direction in which x and y increase 

together. Hence, in the particular case in which — and — are both 

ax dy 
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positive, the function z=f{x, y) increases whenever x and y both 
increase. The converse result holds in the particular case when both 
partial derivatives are negative. 


12.5 Partial derivatives of functions of more than two variables. 

The definition of partial derivatives extends readily to cases of 
functions of more than two variables. If u=f{x, y, 2 ) is a single- 
valued function of three variables, then a function of one variable 
is obtained whenever two of the variables are given fixed values. 
This can be done in three different ways and we have « as a function 
of X only (y and z fixed), of y only (z and x fixed) and of z only 
(x and y fixed). Hence, we can define three partial derivatives, 

^ ^ and ^ , of the function at any point (x, y, z), e.g. 

=Lim y» y. g) _ 

dx A 

Then three second-order partial derivatives are obtained from each of 
the first-order partial derivatives, making a group of nine in all. For 
all ordinary continuous functions, however, Yoimg’s Theorem asserts 
that the order of partial derivation is immaterial and only three of 
the six “ cross ” second-order partial derivatives are distinct. So we 

have only three “direct” partial derivatives 

I 0^ dhi j dhi \ 
\^y' 3^/ ■ 

The alternative notations for partial derivatives also extend, in an 
obvious way, to this three-variable case. Finally, if necessary, we 
can obtain partial derivatives of higher order than the second by 
further derivation processes. 

In the general case of a single-valued function of n variables, 
y=f{xi, Xz, ... x„), there are n first-order partial derivatives 

^ ^ 9y 

dxi’ dx^’ dXn 


and three “ cross ” partial derivatives 


Each corresponds to the variation of y as one of the independent 
variables changes, the other (»-l) variables remaining constant. 
There are then n® second-order partial derivatives but this number is 
reduced in the case of ordinary continuous functions, since Young’s 
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Theorem shows that the order of partial derivation is immaterial. 
There are, in fact, n “ direct ” partial derivatives 

d^y d^y d^y 
’ dx^^ ’ **’ dXn’^ 

and ln{n-l) “cross” partial derivatives 

gay gsy 9^y dhj d^y 

dx^dx^ ’ dx^dx^ ’ dx^dx^ ’ dx^dx^ ’ *'* dx^dx„ 

The analytical interpretation of the partial derivatives extends at 
once. The first-order partial derivatives, evaluated at a given point, 
measure the rates of change of the function as one of the variables 
increases from the given value, the other variables remaining 

constant. Thus, if — is positive at the point {a, b, c), then the 

OX 

function u=f{x, y, z) increases as x increases from a, y and z having 
the fixed values b and c respectively. Further, the “ direct ” second- 
order partial derivatives measure the various “ s ccelerations ” of the 
function, one of the variables increasing from the given value and 
the others remaining constant. It is not possible, of course, to give 
any concrete diagrammatic interpretation of partial derivatives 
when there are more than two independent variables. 


12.6 Economic applications of partial derivatives. 

Under the conditions of 11.7 above, the market demand for any 
good Xr is a function of aU market prices : 


a^r = <^r(Pi,P 2 , ...Pn) (r = 1, 2, ... n). 

The partial derivatives of this function indicate the variations of 
demand as one of the prices varies, other prices remaining constant. 

Bx 

The partial derivative , which must be negative in the normal 

case, shows the rate at which the demand for decreases as its 
price increases. It is usually convenient to put this rate into elas- 
ticity form — the partial elasticity of demand for X^ with respect to 
its price j 

_ 9(Ioga^r) _ Pr^^r 
9(logp,.) 


This expression, independent of demand or price rmits, shows the 
rate of proportional decrease of demand for proportional increases 
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in price. It is an extension of the ordinary demand elasticity 
obtained when demand is regarded as dependent only on the price 
of the good concerned. The ordinary demand elasticity is defined 
only when the prices of other goods are fixed and known ; if these 
prices change, the whole demand law shifts and the elasticity must 
be evaluated anew. But our generalised demand law and the 
demand elasticity i;,.,. obtained from it automatically allow for these 
shifts in demand. In fact, 7i„ is a function, not only of the price Pr, 
but also of all other prices ; its value is thus seen to change when 
any of the prices change. 


The partial derivative measures the rate of change in the 

demand for when the price of another good X, is increased, and it 
is best considered in relation to the corresponding partial derivative 

^ , measuring the rate of change in the demand for X* for increases 
^Pr 

in the price of X^. If both partial derivatives are positive, then the 
demand for X,. increases with the price of X, and the demand for X, 
increases with the price of X,. The goods X^ and X, are then 
competitive, using this term in a broad sense. If both partial deriva- 
tives are negative, the demand for one good changes in the sense 
opposite to that of the price of the other good and the goods can be 
called, in the same broad way, complementary goods.* It is often 
convenient, again, to use the elasticity forms 

9(log»r)__ _ _ 9 (log a:,) _ Pr^x, 


Vr,= -] 


d{\ogp,) X,.dp/ 9(logPr) x,dp/ 

i.e. the partial elasticities of demand for one good with respect to 
the price of another good. 

If the demand laws for two goods X^ and Xj are linear : 


“ ^hiPi 1" j ^2 — ®2 "b ^2iPi ~ ^izPit 

.. then the price elasticities of demand are 

Pi Ps Pi j Pa 

= ’?12 — “ ®12 “ 5 V 21 —~^ a ~ ' J ? 22— ®22 

*02 *^2 

and aU depend on the prices assumed for both goods. 


* There remains the possibility that the partial derivatives are of opposite 
signs. In this case, the goods, on the present definition, are neither competitive 
nor complementary. See Schultz, Interrelations of Demand, Journal of 
Political Economy, 1933, and 19.7 below. 
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On the other hand, if the demand laws are of the form 

then we have linear relations when all variables are taken on log- 
aritlimic scales and the price elasticities of demand are constants : 

Vu — ®11 > ’?12 = " *^12 ■> Vil — ~ ®21 ''?22 = ® 22 - 

It is to be noticed that the two elasticities of demand for one good 
uith respect to the price of the other are of the same sign, in each of 
the above cases, only if and a^i are of the same sign. 

The production function x=f{a^, a^, ... a„) shows the depend- 

ence of the output of a good X on the amounts of the variable 
factors Ay, A^, A^, ... A„ used in the production. Suppose that a 



particular combination {a-y, a,, a^, ... a„) of the factors is used and 
that all factors except Ay are regarded as fixed in amount. The ratio 


'V 

— (the amount of product per unit of the factor .^i) can be called the 

average ‘product and the partial derivative — the margvrml product 

00 ^ 

of the factor Ay at the combination {Oy, a^, a^, ... a„). The latter 
measures the rate of increase of output as the factor Ay is increased, 
the ammmts of other factors remaining imchanged. Both average 
and marginal products are functions of Oy, a^, a^, ... o„, i.e. depend 
on the grouping of the factors considered. Average and marginal 
products of the other factors can be defined in similar ways. 

With two variable factors A and B, average and marginal products 
can be shovm diagrammatically on the vertical sections of the pro- 
duction surface x =/ (a, b). The section of the surface by the plane 
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b=bi shows the variation of product for a variable use of the factor A 
with a fixed amount b^ of the factor B. If P (a, b^ is a point on this 
section, then the average product of A at {a, b-A is shown by the 
gradient (referred to Oa) of the line OP and the marginal product of A 
by the gradient (to Oa) of the tangent PT. In the normal case of 
production (see 11.8 above), the section, which can be called the 
product ciuve for the factor A, takes the form shown in the first 
diagram of Fig. 83. A second diagram can now be constructed 
showing the variation of average and marginal products (see Fig. 83). 
Average product increases to a maximum at a definite point a=a^ 
where the tangent to the product curve passes through the origin. 
Average product equals marginal product at this position. Further, 
at some larger amount a=a^, product is a maximum and marginal 
product zero. All three curves depend on the fixed amount b^ of the 
factor B used and change in position and form when this amount 
bi is changed. 

In the particular case where the production function is 

x = 2Hab-Aa^-Bb^ {m>AB), 

then - = 2Hb-Aa-B- and ^ = 2(Hb-Aa). 

a a da 


s„ and |1 (?) = -25 ^:<0. 

da \a) a?- da^ \a/ o® 

Hence, for the fixed amount b^ of the factor B, average product of A 


is a maximum when a = ‘\J^ 


w, and both average and marginal 


products are then equal to 2{H- •JAB)bi. In this case, the “ opti- 
mum ” use of the factor A and the maximised average product 
increase in proportion to the fixed amount of the factor B used. The 
marginal product curve for A, when 6=6i, is a downward sloping 

H 

straight line cutting Oa where o='v K product here being a maxi- 

XX 


mum. The average and marginal product curves are of the normal 
form of Fig. 83. 

If u = <j>{x^, Xz, Xz, ...x„) is one form of an individual’s utility 
function for consumers’ goods X^, X^, Xz, ... X„, it might appear 


du du du du ... 

that the partial derivatives represent the 
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“ marginal utilities ” of the various goods to the individual at a 

set of purchases x^, x^, ... x„). For example, ^ measures the 

rate of increase of utility when the purchase of is increased, the 
purchases of other goods remaining unchanged. But we have seen 
that utihty is a non-measurable magnitude to be indicated in 
general by 


U — F (u) — F{(f>(Xi, x^, x^) ... x„)} 


where F{u) is any function such that F'('w)>0. Can any meaning 
be attached, therefore, to increments of utility and so to “ marginal 
utihty ” ^ We have 




dXi 


dXt 


dU Bit 


dU , du dU du 


i.e. marginal utilities involve the arbitrary function F and lose their 
definiteness when utility is regarded as non-measurable. But 


dU dU dU ^ dU _du du du ^ du 

dxi ‘ dx 2 , ' dxs dx„ dx^ ' dx 2 ' dx^ dx„ 

and the ratios of the marginal utfiities are definite concepts quite 
independent of the non-measurabihty of utihty. This fact will be 
developed in the foU owing chapter (13.7 below). 

Suppose, for example, that one form of the utihty function is 


u = (x + a)° (y-f-6)P, 


where only two goods X and Y are considered by the individual. 
Then 

and ^=^(x + a)<‘(y + by-\ 


. du du a B 

i.e. — : — = : - i - - . . 

dx dy x-\-a y-\-b 

Another form of the same utihty function is 


whence 


%' = a log {x + a) +B log (y + 6), 

Bu' a du' B 

dx x+a dy y + b 


The ratio of marginal utihties, 


x^-a ' y + b ’ 


is thus perfectly definite. 
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12.7 Homogeneous functions. 

When the variables x and y are increased or decreased in a fixed 
proportion from given values, the corresponding increase or decrease 
in the function z=f{x, y) may be in greater, in equal or in less pro- 
portion. In the very special case where z=f{x, y) increases or de- 
creases always in the same proportion as x and y, the function is said 
to be homogeneous of the first degree, or to be linear and homogeneous. 
Such a function has the property that its value is doubled whenever 
the values of the independent variables are simultaneously doubled 
from any position whatever. And a similar result holds for any 
ratio other than that of doubling. Hence ; 

Definition : z=f(x, y) is a linear homogeneous function if 
f{hx, Xy)=Xf{x, y) for any point {x, y) and for any value of A what- 
ever. 

To quote particular examples, each of the following function types 
is linear and homogeneous : 

(1) z=ax + by, (2) z=axf'y^-°, 

(3) z = Jax^ + 2hxy + by^, (4) g= ”— 

where the coefficients, a, b, c, , and the index a are constants. 
The fact that z changes proportionally for proportional changes in 
X and y can be verified in each case. 

If P is a given point on the surface representing a linear homo- 
geneous function, then any point with co-ordinates proportional to 
those of P also lies on the surface. The points {x, y, z), {^x, \y, \z) 
and (2a:, 2y, 2z) all lie on the surface if one of them does. But all 
points of this nature lie on the straight line OP joining the origin to 
the given point P. In fact, the line joining 0 to any point on a linear 
homogeneous surface lies entirely in the surface. The surface is 
completely described by lines passing through the origin and is a 
particular case of what is called a ruled surface. It also follows that 
the tangent plane at P touches the surface, not only at P, but also 
at aU points on the line OP. A cone with vertex at the origin is an 
easily visualised example of the type of surface corresponding to a 
linear homogeneous function. 
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The sections of a linear homogeneous surface by planes perpen- 
dicular to an axis also reflect its special properties. If P is a point 
{x, y) on the contour by the plane 2 = 2 : 1 , then the point Q {2x, 2y) 
must he on the contour by the plane z = 2zi. But the points P and Q 
he on a hne through 0 so that 0Q=20P. Hence, any radius 
through 0 in the plane Oxy cuts the and £ 2:1 contours in points of 
which the second is twice as far from 0 as the first. The contour 2Zi 
is of exactly the same shape as the contour 2 ^ but radiaUy double in 
size. A similar result holds for any pair of contours : 

All contours of the hnear homogeneous surface are similar in shape 
and vary in size radiaUy according to the ratios of the fixed values 
of z defining the contours. 


Any one contour is a radial “ projection ” of any other and the whole 
system of contours can be derived given any one contour. Fmther, 
the tangents to the various contours at points where they are cut by 
a given radius through 0 must all be parallel. 

Exactly similar results hold of sections of the linear homogeneous 
surface by planes perpendicular to Ox or Oy. The various sections 
of such a system are radial projections of any one section of the 
system and vary in size according to the fixed values of x ov y 
defining the sections. Also, from the ruled surface property, the 
vertical section of the linear homogeneous surface by a plane through 
0 and a point P on the surface consists of a straight fine. 

The finear homogeneoixs function is the simplest case of a wider 
class of homogeneous functions. More generally, if 

f{Xx, Xy)=A^f{x, y) 

for any point {x, y) and for any value of A, then the function z =f{x, y) 


is homogeneous of the Hh degree. 


For example, z = 


a^x + b-^y 
a^x + h^y 


is 


homogeneous of zero degree, z-=ax^ ■\-21vxy ■\-hy'^ is homogeneous of 


the second degree and z=ax^y^ is homogeneous of degree (a+^)- 


The diagrammatic properties of a general homogeneous function can 
be illustrated in the quadratic case (r=:2). The vertical section of a 


quadratic homogeneous surface by a plane through 0 and a given 
point on the surface is always a parabola with vertex at 0 and axis 


along Oz. The contours of the surface are radial projections of each 
other and vaiy in size according to the sqimre roots of the values of z 
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defining them. A similar properij^- holds also of the vertical sections 
of the surface by planes perpendicular to Ox or Oy. 

The definition of homogeneous functions extends without diffi- 
culty to the case of functions of more than two variables. The 
function y =/(«!, x^, x^, ...) is homogeneous of the rth degree if 
f{Xxi, Xxn, Xxg, ...) f {Xj^, x^, x^, ...) 
for any point {oc^, x^, x^, ...) and for any value of A. The case r = l 
gives the linear homogeneous function, and here the proportional 
change in the values of all the independent variables produces an 
equal proportional change in the value of y. 


12.8 Euler’s Theorem and other properties of homogeneous functions. 

If z=f(x, y) is a linear homogeneous function of two variables, 
then the following properties can be shown to hold at any point 
{x, y) whatever ; 

(1) The function can be written in either of the forms 




where ^ and ip are some functions of a single variable. 

(2) The partial derivatives and — are fimctions of the ratio of 

xtoy only. 

(3) Euler’s Theorem i 


dz dz 
dx By 


(4) The direct second-order partial derivatives are expressed in 

terms of the cross second-order partial derivative 

3^ y d^z , d^z x dh 
— 


dx- xdxdy dy^ y^xdy 

The proofs of these results can be set out formally : 


Since 

f{Xx, Xy) =Xf{x, y) for any value of X, 

we have 


i.e. 



y I 

t is a function of - only. Similarly, for A=- , 

X y’ 
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Finding the partial derivative of with respect to x : 

where (f>' denotes the derivative of the single variable function 


^ ^ j with respect to ^ • Further, 


dz 

dy 




3z dz y 

Hence, both — and — appear as functions of the ratio - only. 
ex ay ^ 

Now, ^ I +!/ 1 (l) - (f) + yi'' (l) (l) 

which is Euler’s Theorem, Finally, to prove the last result, we 
notice that Euler’s Theorem holds for any values of x and y whatever, 
dz dz . 

' dy 

no matter how x and y are varied and it follows that the partial 
derivatives of one expression are equal to the corresponding partial 
derivatives of the other.* Hence : 

d I dz 9z'\ _ dz 

dx^^ dy) dx’ 
dz . dH_ y 


i.e. x~ +y is identically equal to z. This identity is maintained 
ooc * 


I.e. 


dz dH 


dx 

dH 


X 


dx^^ dx"^^'^ dxdy dx’ 


I.e. 


X dx dy 


A similar result is obtained by partial derivation with respect to y. 


* The equation of the derivatives of each side of an identity is a device of 
wide application (see, e.g., 14.8 below). Before applying the device, it is 
essential to establish that the relation used hol(^ identically for all the 
variables with respect to which the derivation is carried out. A relation 
holding only for certain values of the variables cannot be treated in this way. 
Two examples make this clear. For all values of x, we have 

(1 + a;)®= 1 + 2x + x^, 

J J 

Hence j-(l 4 -a;)*=— (l + 2a; + a:'‘) = 2(l + a:), 

CLiC ClCC 

But *“ + 2=33; 

holds only for the particular values x=l and x=2. Hence 

as can be verified at x= 1 or a:=2. 
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The truth of Euler’s Theorem is also clear in diagrammatic terms. 
The tangent plane (12.4 above) at the point (. 7 ^, y-^, Zj) on the smrface 
z=f{x, y) has equation 

It passes through the origin tfa:=y=z =0 satisfies the equation, 

Euler’s Theorem asserts that this condition is satisfied at all points 
on a linear homogeneous surface. The tangent plane thus passes 
through the origin at all points, a fact which agrees with the ruled 
surface property of linear homogeneous surfaces. 

The four properties generahse to the case of a function z=f{x, y) 
which is homogeneous of degree r : 

( 1 ) 

3z 

(2) ^ and ^ are homogeneous of degree (r - 1). 
dz dz 

(4) „._ + 2*yg^ + !,2 — =r(r-l) 2 . 

The first of these extended results is established, exactly as before, 
by using the definition of a homogeneous function. The second and 
third results then follow by derivation. The fourth result is obtained 
from the third result, which is identically true for aU values of x and 
y, by finding the separate partial derivatives : 

d f dz dz\ dz 

Pz d^z 


i.e. 


^ dx^ dxdy 


d^z 




c- d^z dz 

Multiplying by x and y respectively and adding. 


„ d^z 


dxdy^^ dy^ 


= (r-l)(*| + !,|)=2(r-l) 
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Finally, the properties hold, in modified and extended forms, for 
homogeneous functions of more than two variables. It is not 
necessary to set out the properties in the completely general case 
here ; the nature of the extensions is sufficiently obvious.* 

12.9 The linear homogeneous production function. 

The case where the production function of a good X with respect 
to variable factors A-^^, A^, As, ... An is hnear and homogeneous is 
one of particular interest. From the definition and results (1) and (2) 
of 12.8 above, the case is characterised by the fact that a propor- 
tional increase in all factors leads to a proportional increase m 
product and leaves the average and marginal product of each factor 
unaltered. We have, in fact, the case of “ constant returns to scale ” 
where only the relative amounts of the factors used is important and 
not the actual scale of production. For example, if wheat is produced 
with land and labour imder constant retmns to scale, then the wheat 
product is (e.g.) doubled when twice the number of men are employed 
on twice the area of land. Further, the product of wheat per man 
or per acre depends only on the number of men employed per acre, 
as does the marginal product of wheat per man or acre. 

In the case of two factors A and B and constant returns to scale, 
the production sruface is subject to restrictions additional to the 
normal ones already indicated (11.8 above). The surface is ruled by 
straight fines through the origin and any section through Ox consists 
of a straight fine. The constant product curves in the plane Oab are 
now radial projections of each other and vary in size according to 
the constant products which define them. In particular, any radius 
through 0 cuts the curves in points where the tangents are parallel. 
So, in the normal case of Fig. 78, the curves OA and OB, marking 
the points with tangents parallel to an axis, reduce to straight fines. 
The sections of the production surface by planes perpendicular to 
(e.g.) Ob are also radial projections of each other and, in the normal 
case of Fig. 79, the maximum points all fie on a straight line through 
0, i.e. as the amount used of the factor B increases, the maximum 
product obtainable by varying A increases in proportion. Further, 
there is one fine through 0 which touches aU sections, i.e. the 


^ See Examples XII, 24-6, and 18.6 below. 
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maxiiiiised value of the average product of A is the same no matter 
what fixed amount of B is used. 

Euler’s Theorem states that, for any combination of factors, 


dx , dx 
a:=a — +6^, 
da db 


and this can he illustrated diagrammatically (Fig. 84). P is the point 
on the production surface for the combination (a, b) of factors and 
the tangent PQ to the section perpendicular to Ob is drawn. Then 

^=gradi8ntofPC=^=g3j, i.e. aj^=SP. 

So h°-^=x-a:f=^MP-RP=MB. 

db da 



The total product MP is divided, 3IR=b ^ and BP =a 


At the 
dx 


• f\ 

point A on the section where total product is a maximum, 


and so At such a point, the average product of P is a 

db b 

maximum on the other section perpendicular to Oa. Similarly, at 
the point B on the section where the average product of A is a 


maximum, — = — and so ^=0, i.e. the total product is a maximum 
da a db 

on the other section perpendicular to Oa. There is a correspondence 
between the maximised total product for variation of one factor and 
the maximised average product for variation of the other factor. 



322 MATHEMATICAL ANALYSIS FOR ECONOMISTS 

The following are simple examples of linear homogeneous pro- 
duction functions corresponding to constant returns to scale : 


{l)x=Aa^b'^-°\ {2)x- 


2Hab-Aa^~Bb^ 


; {3)x = j2Hab-Aa^-Bb\ 


Ca + Db 

{H^>AB in the two latter cases.) In each case, it is easily verified 
that the average products and ^ and the marginal products 

( ^X b 

— and ^ are functions of - only, i.e. depend only on the ratio of 
da ah] a 

the factors used. Case (1) corresponds to the simpler case of normal 
production and cases (2) and (3) to the full normal case illustrated 
by Figs. 78 and 79. 

EXAMPLES XII 
Partial derivatives 

1. Find the first and second-order partial derivatives of each of the 

1 X 

functions a:^ -f- 3 /^ - 3a:y ; - ■ - - ; e®~>'andloK . Verify Young’s Theorem 

that the order of partial derivation is immaterial in each case. 

2. Evaluate the partial elasticities of and {x + y)e^'t. 

3. Obtain the partial derivatives of — • 

OjX b^y -f Cj 

4. By logarithmic derivation, evaluate the partial derivatives of 

{x-\-y){,x + 2y) 


(x-y)(x-2y) 

0 d 

and show that — ((x -t- 2 /)"e®+r} = —{(a: + y)’^e^+^} = (x + y + n){x + y)^-^e^+^. 
OX oy 

0n 

5. Show that + y) 6 °^*' } = (a; + 3 / + w) 


and that 


S” 


dx^dy' 


- y)d^^}= {x-y+2r- n)e®+»'. 


X*" 

6 . Show that z = and its partial derivatives of all orders become 

x~y ^ 

infinite at any point where x = y. 

7. If z=f{u) where m is a function of x and y, show that 

, Bz dz Bz .. , ^ Bz Sz - x 

= + = = (^^>“=^ + 2/^=0 If rr=-. 

Verify in the case where /{«) = log u. 

8 . If z = ^ (m) -I- ^ (v), where <fi (u) is a single-valued function o^u=x + ay and 

^u(v) IS a single-valued function of v=x — ay, shou' that — =o* - 5 — r • Verify 
when ^ (u) = vp and ^ [v) = e”. 
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9. Evaluate the first and second-order partial derivatives of 
u= (x- + 2xy - y'^)^ 

and verify that the order of partial derivation is immaterial. 

10. Show that the surface z = (a: and y positive) rises and is concave 

from below in each of the fundamental directions. 

9z 9z 

11. If w->0 and — <0 at a point (*, y), show that z increases whenever x 

ox Oy 

increases and y decreases from the point {x, y). 

12. Find the equation of the plane passing through the points with co- 
ordinates (2, 1, 0), (-1,0, 4), and (1, 2, 1) referred to rectangular axes. 
Where does the plane cut the axes ? 

13. If A is a parameter, show that the equation a: + y -t- Az = 1 represents a 
system of planes intersecting in a given line in the co-ordinate plane Oxy. 

14. Show that the tangent plane at the point {x^, y^, z^) on the surface 

z = has equation xy^ -f yx^ - 2zzj = 0. 

15. Find the equation of the tangent plane at the point (2, - 1, 2) on the 

X 

simface z = Where does it cut the axes? Deduce that z decreases 

x + y 

whenever x and y increase from the values x = 2 and y~ -1, 


Homogeneous functions 

16. Graph the contours of the surface z=‘fxy given by z = 2 and z = 4 and 
show that the latter is radially double the size of the former. 

17. Show that the contours of the surface z = form a system of 

circles which are radial projections of each other. ® "*■ 2^ 

18. Show that the following are linear homogeneous fimctions : 

x^ + y^ 


z=^x^y; z='^x^ + y ’‘ ; z= 


Theorem in each case. 


x^ + y^ 
Bz , 0z 


Express each in the form z=x^ j. Obtain — and — and so verify Euler’s 




19. Verify property (4) of 12.8 in the case of z=’J^. 

20. Show that z = {a^x + h^yY (a,x + hy^-’^ and z = -I- are 

linear and homogeneous and verify Euler’s Theorem in each case. 

21. For each of the quadratic homogeneous functions z = x^-xy + 2y^ and 

z show that the partial derivatives are linear and homogeneous and 

.f-y Bz Bz 
verify that x-— + y — = 2z. 

8x By 


22. For the homogeneous function z=ax°yP, show that 


»^ + y^ = (a + /3)z and x^^, + 2xy-^^ + y^~ = {a + P)((i + p-'^Y- 


8x^ 


Bx By 
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23. If z is a function of x and y homogeneous of degree zero, show that z 

*\i ^2 X 02 

can be written as a function of - only and that — = — — . Verify by con- 

X oy y ooc 

... , x-y x^-xy-\-2y^ 

sidenng z = log— and . = 

24. If y=f i^i, ^ 2 ! ... x„) is homogeneous of degree r, show that 

y = xrJ^,^,...<), 

\x^ jc, aij/ 

where tf) is some function of (n - 1) variables. Deduce that the partial deriva- 
tives are homogeneous of degree (r- 1 ) and that 

By dy By By 

25. If 2 / is a linear homogeneous fvmction of x^, ... show that 


^y 

Bx. 


^ ° Bx^Bx, 


X, 


+ ... +a:„ 


® Bx^BXg ‘ Bx^Bx^J 

and similar expressions for the other direct partial derivatives. 

26. Show that the relation between the second-order partial derivatives of 
a function of n variables, homogeneous of degree r, is 




B^y B^y 


Economic applications of partial derivatives and homogeneous functions 

27. If the demand laws for two goods are given by (4) of 11.7, show that 
the “ direct ” price elasticities of demand are independent of the prices 
while the “ cross ” price elasticities are determined in sign by the constants 
aj 2 and respectively. 

28. The employment of 100a men-hours on b acres of land gives 
* = 2(12a6 - 6 a“ - 46^) bushels of wheat. Graph the average and marginal 
product curves for labour when 10 acres are cultivated. Compare with the 
product curve of Fig. 80. 


29. Draw the average and marginal product curves for labour employed 

on (o) 10 acres and ( 6 ) 100 acres when ( 1206 - 60 ^- 46 “*) is the 

o-f6' ' 

wheat product for lOOo men-hoius on 6 acres. Verify that the maximum 
average product is the same in the two cases, ten times as much labour being 
required in the second case as compared with the first. 

30. For the linear homogeneous production function x = ~ ~ 

v XI. i XT. T Ga + Db ’ 

show that the average and marginal products of the factors depend only on 

the ratio of the factors and verify that the product is always a times the 
marginal product of A plus 6 times the marginal product of B. 


81. The production function x = ’^2Hab — Aa® — Bb^ is linear and homo- 
geneous ; s how that the maximum value of the average product of x 4 is a 
Im-AB. ^ 

* y — g mdependent of the fixed amount of B used. 


constant 
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32. The production function is x=Aa’‘bP where a + ^< 1. Show that there 
are decreasing returns to scale and deduce that the total product is greater 
than a times the marginal product of A plus b times the marginal product of B. 

33. If o men are employed in planting b acres with timber, the amoimt of 
timber cut after t years is x—f{a, b, t). What meanings can be attached to 

— ,-^and~? If a:=Ao'*6*““t^, where a and 6 are fixed positive fractions, 
9a 96 ol 

show that there are constant returns to land and labour after a fixed time t 
and that, for given employments of land and labom, the timber product 
increases, but in a decreasing proportion, as time goes on. 


34. Find the ratio of the marginal utilities for two goods when the utility 
function is u=ax + hy-¥C’'fi^. Verify that the same result is obtained when 
the utility function is written M' = log(aa;+6y + c'/^). 


35. If U = F{u) is the index-function of utility where u^axy, show that 
(a) ^^ = 0, when F(u)=u; (6) when F(u) = >Ju; and (c) 

when F{u) — e'‘. 


36. If u-= ij>{x, y, z, ...) is one form of the utility function for goods 
X, Y, Z, ... and if U = F\u) is the index-fimction of utility, show that 


9»C7 

9a:2 


= F'(m) 


a*u 

9a:* 





and similarly for the other second-order partial derivatives. Deduce that the 
sign of each of these derivatives varies, in general, with the choice of the 
arbitrary function F, Illustrate with the results of the previous example. 



CHAPTER XITI 


DIFFERENTIALS AND DIFFERENTIATION 


13.1 The variation of a function of two variables. 

There is only one way in which the value of a function of a single 
variable can change, i.e. by changing the value of the independent 
variable. The variation of the function is then adequately described 
by means of the derivative. The rate of change of y=f{x) from any 
point X is measured by /'(re) and Ay=f'{x)Ax is the approximate 
increment in y for an arbitrary small increment in a;. 

The expression of the variation of a function of two variables is 
much less simple. The value of z =/ (x, y) changes when x changes 

{y remaining constant) at a rate measured by — . Hence, if 

OJO 

denotes the increment in z due to an arbitrary small increment Ax 
in the variable x from a point {x, y), then 

A^z — ^Ax approximately. 


In the same way, if denotes the increment in z due to an 
arbitrary small increment Ay in. the variable y from the point {x, y), 
then 


A^z = 


dz 

By 


Ay approximately. 


But these are only two special ways in which the value of the function 
can change and there remains the important problem of expressing 
the variation of the function when the independent variables vary 
together in any way whatever. A single partial derivative is not 
sufficient here and an addition to our mathematical equipment is 
needed. 

It is assumed that the function z=f[x, y) possesses continuous 
partial derivatives at the point {x, y). If h and k denote arbitrary 
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increments in the variables x and y from the point (a;, y), the corre- 
sponding increment in the value of the function is 

Az=f{x+h, y + h)-f(x, y) 

f{x+h,y + k} -f{x,y + k) ^ ^ S{x,y + k) -f{x,y) ^ 
h Jc 

But, from the definition of a partial derivative, 

M 

h 


f{x-hh,y + k)-f{x,y + k) _ 

— ash-^0. 


dx 


f{x, y) as k-^0, 


since the partial derivative is continuous. It follows that 

f(x+h, y + k)-f{x, y + k) d 
h dx 

Again, 


= r-/(a:, y) +e, where e-yO as h and k-^0. 




k 


as Z:->0, 

Hence, writing the partial derivatives in an alternative notation, 

Az= + e and rj-yO as h and Z:->0. 

The expressions e and y must be small Avhen both h and k are small. 
So, changing the notation for the increments in x and y, we have : 

The increment in the function z=f(x, y) corresponding to arbitrary 
small increments Ax and riy in a; and y is approximately 


. 33 . 3 ^ . 

Az-— Ax + — Ay. 
ax ay 

This is a result of the first importance. The increment in z when 

Bz 

X varies alone is represented approximately by 

increment when y varies alone approximately by ^ Ay. It is now 

established that the increment in z xohen x and y vary together is ex- 
pressed approximately by the sum, of the two increments in the simple 
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directions. The two partial derivatives can he used, therefore, to 
describe the general variation of a function of two variables. But 
it is clearly convenient to have a precise symbolism for this general 
variation and a technique for operating upon the symbols. The 
concept of a “ differential ” and the process of “ differentiation ” are 
introduced to serve just this purpose. 

Our fundamental result can be written in a variant form as 
f{a + h,b + k) =f{a, b) + hfj{a, b) + £//(o, b) 
approximately when h and k are small. Hence if x=a and y~b Sbve 
inserted in f{x, y) instead of the correct values x=a + li and y = b + k, 
then the error in the value of the function is approximately 

hfj{a, b)+kf^'{a, b). 

Again, putting x=a + h, y=b + k,v^e have 

y)=f{a, b) + ix-a)fj{a, b) + {y -b)f^'{a, b) 
approximately when {x-a) and {y~b) are small. This result 
enables us to replace / (x, y) by an approximate linear expression in 
X and y for small ranges of values about the values x=a, y=b 
(cf. 6.4 above). 

13.2 The differential of a function of two variables. 

The increment in the value of a function z^f{x, y) for small 
increments Ax and Ay in the independent variables can be reduced 

dz dz 

to two parts, a precise expression, — Ax + Ay, which is of the same 

ax dy 

order of smaUness as the increments Ax and Ay themselves, and an 
expression, eAx + 7]Ay, depending on values e and -q which are small 
when Ax amd Ay are small. The second expression is thus of the 
order of the squares of Ax and Ay. The precise and first-order part 
of Az is termed the differential of the function z=f{x, y) : 

^ Defenttion : The differential of a function z=j{x, y) with con- 
tinuous partial derivatives at a point {x, y) is 

, dz dz . 

where Ax and Ay denote arbitrary increments in the independent 
variables from the point (x, y). 

For convenience, we now denote the arbitrary increment Ax by 
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dx and call it the differential of the independent variable x. Simi- 
larly, Ay is written dy and called the differential of y. The differ- 
ential of the dependent variable z is then defined in terms of the 
independent differentials by the formula 


dz: 


dz dz , 


It must always be remembered, m using this formula, that dx and dy 
are no more than arbitrary increments in the independent variables. 
An alternative notation for the differential of z—f(x, y) is 
df (x, y) y) dx +f^'{x, y) dy =/^ dx +/„ dy. 

The interpretation of the differential of a function follows from 


the definition. The statement that dz 
the increment in the value of z=f{x. y) is approximately 


dz dz , . , 

^dx + ^dy nnphes that 


Az=:pAx-i-pAy 

dx dy 

when small increments Ax and Ay are allotted to x and y. The differ- 
ential dz replaces the increment Az in much the same way that the 
derivative replaces the average rate of change. So z—f{x, y) tends 
to increase (or to decrease) whenever x and y are varied by small 
amounts so that the corresponding differential dz is positive (or 
negative). 

dz 

The expression dz=~dx+7rdy is often called the “complete" 
dxdy 

differential of the function z~f(x, y) and from it can be derived two 
partial differentials. When x is varied by an amount dx while y is 
held constant, the differential becomes 


dz=^dx 

dx 


and the partial derivative ~ is thus the ratio of the differential dz 

OX 

{y held constant) to the differential dx. Similarly, the partial 

derivative ~ is the ratio of the differential dz {x held constant) to 
dy 

the differential dy. A partial derivative can be regarded as the ratio 
of two differentials. 

It can be noticed that the definition of a differential applies 
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automatically to the case of a function of one variable. If y =f (x) 
has a continuous derivative f'{x), then the differential of y ia 

dy=f{x)dx 

for an arbitrary increment dxiax.* This implies simply that 
Ay=f'{x)Ax approximately 

when the arbitrary increment Ax is small. It follows that the 
derivative f'{x) is the ratio of the differential dy to the differential dx. 

The notation ^ is now very useful since it can be regarded either as 
dx 

a derivative or as a ratio of differentials. The differential notation, 
however, adds nothing to the derivative notation in the case of a 
function of one variable. It is only when at least two independent 
variables are involved that the differential notation becomes essential 
in the description of variation. 


13.3 The technique of differentiation. 

The process of obtaining the differential of a function is called 
differentiation. The most obvious method of differentiating z —f {x, y) 
is to evaluate the partial derivatives and to substitute in the funda- 

mental formula dz = ~ dx + — dy. But other methods are often 

dx dy 

more convenient. It can be shown quite easily that the rules obeyed 
by differentials are exactly similar to those obeyed by derivatives. 
If u and V are two functions of x and y, then 

d{u ±v)=du ±dv ; d{uv)=udv+vdu; d 

Further, if z=f{u) where «. is a function of x and y, then 

dz=f'{u)du. 

Hni 

So =7iw”“^dw ; d (e“) = e“ dtt ; d(logw)= — . 

u 

As examples of the method of proof, we have 


fu\ _vdu-udv 
\vJ 


B B 

d{uv) = —{uv)dx + — (uv) dy 
dv 


= IM5- + 
dx 


=u 




dv 

dx 


f dv 
V'h! 

-v[ 


diC\ 
dy dy 


jdy 


dx + 


dx'^"' ' dy 


"A 


=udv+vdu. 


*The derivative /'(a:) is sometimes called the “differential coefficient”; it is 
the coefficient of the differential dx in the differential of the fimction y-J{x). 
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Again, if z=f{u), then 


dz du 

^=■^<“>35 


, dz du 


and dz=^<lx+^dy=f'{u) (^ilx+~dy'j=f'{n)dti. 

A good practical method of differentiation is to split up the given 
function into groupings of functions u, v, w, , each of which in- 
volves only one of the variables x and y. The differential of the 
function is expressed in terms of the differentials of u,v,w, ... by 
the above rules. The latter differentials are then given by ordinary 
single-variable derivatives, e.g. the standard forms 

dcxj 

d (a:") = dx ; d (e®) = e® da: ; d (log a;) = — , 

X 

and s imil ar results in the variable y. Finally, it is to be noticed that 
du 

the result d (log u) = — provides a method of logarithmic differen- 
u 

^tiation. For example, if m, v and w are functions of x and y and if 
uv 

oil taking the logarithm 

log 2 = log + log V - log w 

1 dz du dv dw 

and — = 1 • 

z u V w 

The practical technique of differentiation is illustrated by the 
following examples. Each result can be checked by using the 
partial derivatives already obtained (12.2 above). 

Ex. 1. z=x^ + 2xy-y^. 

Here dz=d[x^) + 2d (xy) - d (y^) 

= 2x dx + 2(x dy +y dx) -2ydy 
—2{x +y)dx + 2{x ~y)dy. 


Ex. 2. 


x-y + \ 

, {x-y + \)d{x^)-x^d[x-y + \) 

^ W-y + if 

{x -y + \)2xdx -x^{dx -dy) 
{x-y + lf 

x[x -2y ■k-2)dx +x^dy 
“ (a;-y + l)2 


Here 
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Ex. 3. 
So 

and 


2 = log 

z=\ogu where u=x^+y^, 

, du dix^+y'^') ^xdx+ydy 
'2= — = — V =2 — 2 - g — « 

u x^+y^ x^-h y^ 


Ex. 4. 


^x-y 


So 

and 


logz=21ogx + i log (x+y)-i log (x - y), 
dz_^dx \d{x + y) \d(x-y) 
z X 2 x+y 2 x-y 
_ 4:{x^ -y'^)dx +x{x -7j){dx +dy) -x{x + y){dx -dy) 
2x {x^ - y^) 

(2x^ -xy -2y^)dx +x"^dy 
x{x'^-y^) 


i.e. dz = -j========{{2x^-xy-2if)dx + x^di/}. 

‘J{x + y) {x-yY 


13.4 Differentiation of functions of functions. 

Bz dz 

The differential dz=-^dx + -^dy is defined for a function of two 


independent variables, dx and dy being then arbitrary increments. 
But exactly the same formula can be shown to give the differential 
of a function in which the variables x and y are not independent 
but dependent on some other set of variables. In this case, dx and dy 
are no longer arbitrary increments ; they are proper differentials 
depending on the arbitrary increments in the actual independent 
variables defining x and y. The proof of this extension of the 
differential formula is too involved to be given here.* It can be 
assumed to hold at least for ordinary continuous functions. Hence, 


The differential of the function z ~f (x, y) is given by 


, dz, dz , 
dz=~dx-\- — dy 
8x By 


whether the variables x and y are independent or not. 


The extended formula is of importance in the evaluation of the 
differentials, and hence of the derivatives, of various types of 
functions of functions. The simplest case of a function of a function 

* See, for example, Phillips, A Course of Analysis (1930), pp. 229-31. 
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has already been considered. If z=f{u) where « is a function of 
X and y, then we have seen that 

dz =f'{u) du 


-and 


dz du . dz du 


We can now pass to the two most useful cases of more complicated 
functions of functions. 

In the first case, z is a given fimction of two variables z and y 
which are themselves given functions of a single independent 

variable t. Hence, z is a function of i and the derivative -y is 

dt 

3z Bz 

required. Write z=f{z, y) with partial derivatives — and — 

dec ^ 

Further, write x — with derivative — = and y = ^{t) with 

j CLZ 

derivative = Then 

dz = ~dx + ^ dy, 
dx dry 


where 

So 

i.e. 


dx—<^'(t)dt and dy = ip'{t)dt. 

dz dz dz 


The ratio of the differentials dz : dt is to be interpreted at once as the 
derivative of z as a function of t. With a small notational change, 
the derivative can be written 

dz dzdx dzdy 
dt ~dxdt^ dy dt ’ 

This result is a very simple one and, in practice, all we need do is 

Bz Bz 

/ to write the fundamental formula dz=-;^dx + — dy, divide through 

ax ay 

by the differential dt and interpret the ratios of differentials as 
derivatives according to the definition of the problem. As a par- 
ticular case, if z=f[x, y), where y is a given function of x, then 

dz dz dz dy 
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In the second case, z is a given function of two variables x and j/ 
which are themselves functions of two independent variables u and v. 
It is required to find the partial derivatives of z considered as a 
function of w and v. Write z =f(x, y) where x=<j>{u, v) and y=ils{u,v), 
aU functions having known partial derivatives. 


Then 


where 


So 


, 9z , dz 

dx=^du+^dv and dy=^du+~dv. 
du dv ^ du dv 

. fdzdx dz dy\ . fdzdx dz dy\ 

^ ^ \dx dv '^dydvj 


The partial derivative of z with respect to w is the ratio of the differ- 
entials dz and du when v is kept constant, i.e. it is the first bracket in 
the above expression for dz. The partial derivative of z with respect 
to w is obtained, in the same way, as the second bracket in the ex- 
pression for dz. Hence, 

3z _ 9z dx dz dy j 
du dx du dy du dv dx dv dy dv 

These results are again very simple. In practice, we divide the 
3% Bz 

formula dz=—dx + ~dy through by either du or dv and interpret 
dx dy 

the resultiug differential ratios as partial derivatives. 

The basic form of the differential formula is thus capable of 
dealing with various types of functions of functions ; it is merely 
a matter of making the interpretation appropriate to the case under 
consideration. This is a striking illustration of the flexibility of the 
differential notation. Our results are still limited, however, to the 
case of single-valued functions and it remains to extend the appli- 
cation of differentials in the construction of a theory of multi-valued 
and implicit functions. 


13.5 Differentiation of implicit functions. 

Two variables x and y are related by a given implicit relation 
/(a ^5 2 /) = 0. In general, we now have y us a, multi-valued function 
of X and a; as a multi-valued function of y. The simplest method of 
deahng with such a relation is to introduce a third variable z which 
takes its value from / {x, y) for any values of x and y whatever. The 
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single-valued function z—f{x, y) has the given imph'cit function as 
its zero contorn: by z = 0, i.e. the given implicit function can be 
studied by relating those values of x and y which make z equal to 
zero in the exph’cit function z=f{x, y). 

As X and y vary in any way, independently or not, the variation 
of z—f{x, y) is given by the complete differential 

dz=:f^dx+f^dy 

where and are the partial derivatives of j{x, y). If [x, y) are 
values making z = 0 and if dx and dy are variations from these values 
keeping z = 0, then dz = 0 and 

fcdx+f^dy=0 

is the relation between the differential increments satisfying the 
given implicit function / (x, y) = 0. Hence, 


dx 


and 




Starting from a given point (x, y) satisfying the relation /(a;, y) = 0 
' - and remaining on one branch of y as a function of x, let Ay be the 
increment in y corresponding to a given increment Ax in x. Then, 
by the definition of differentials, the ratio dy : dx written above is 
the approximate and limiting value of the ratio Ay : Ax when Ax 
is small. Hence, the ratio dy : dx can be interpreted as the derivative 
of y as a function of x given hjf{x, y)~0, taking only one branch of 
this function through (x, y). In this way, the notion of a derivative 
is extended to apply to multi-valued, as weU as to single-valued, 
functions. Tile ratio dx : dy is interpreted, in the same way, as the 
derivative of a; as a function of y given by the same implicit function. 
Hence, 


The implicit function /(x, y)=0 gives y as a function of x with 

derivative ^ at the point (x, y), and it gives k as a fvmction 

f 

Kf- of y with derivative -j- = - ^ at the point {x, y). 
ay ft 


The two functions are inverse to each other and it is seen that one 
derivative is the reciprocal of the other. 

One point must now be stressed most strongly. The derivatives 
dti dx * 

^ and ^ , being expressed in terms of the partial derivatives of 
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f{x, y)=0, are themselves functions of both x and y. The derivatives 
dijffer, therefore, from those of single-valued functions and the reason 
for this is not difficult to see. If ?/ is a single-valued function of x, 
then it is sufficient to fix a value of x, the corresponding value of y 

and of the derivative being uniquely determined. The derivative 

of a single-valued function of x depends only on x. But, if y is a 
multi-valued function of x, it is not sufficient to fix a value of x since 
this stiU leaves several equally possible values of y at choice. The 

branch of the function, and hence the derivative ^ , can onlv be 

dx 

determined when the starting-point is specified as regards both x 
and y. The derivative of a multi-valued function is essentially 
dependent on both x and y. 

These remarks can be illustrated by the simple relation 

x‘^+y^ = \&. 

Here f{x,y)=:x'^ + y^-.l^ and f^ = 2x, f^=2y. 

cj dy X 

— at the point (x, y). 

The values {x, y) must, of course, satisfy the given relation. In this 
case, 2 / is a double-valued function of x and it is possible to separate 
the two branches : 


y = ‘J\Q-x^ and 


y= — Vis —x^ 


On the positive branch, we have the single-valued function 

y= - 1 - Vl6 -a;^ 

which has derivative, at any value of x, given by 

dy _ X 
dx 

On the negative branch, y= VlG — with derivative 

dx 


X 

y' 


X 


n/16- 




X 

y' 


For a given value of x, therefore, there are two different values of 
dy 

^ , one for each branch of the function. But both values are included 
in the general result the imphcit form of the function and 


y 
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of the derivative expression has thus great advantages even when 
the branches of the function can be separated. 

The derivative of an implicit function given by a relation /(a;, y) = 0 
is evaluated at once from the partial derivatives of the expression 
f[x, y). In practice, however, it is often better to differentiate 
f{x, y)=0 as it stands according to the method indicated in the 
following examples. 


Ex. 1. The relation + 2 /- - 2a: +4y + 1 =0 gives y as a double-valued 
function of x. From 

J{x, y)=x-+y~-2x+Ay + l, 
we have / 5 . = 2(a;-l) and /„ = 2(?/ + 2). 

dy _ x-\ 

dx y + 2' 

Alternatively, differentiating the relation as it stands, 


So 


i.e. 


i.e. 


2x + 22/7^-2+4^=0, 
dx dx 


dx 


x-1 
y + 2 


as before. 


Ex. 2. The relation x^+y^ - 3xy =0 gives as a triple-valued function 
of X. From f{x, y)—x^+y^- 3xy, W'e have 

/* = 3x^ - 3y and = 3y“ - 3x. 


So 


dx y~ -X 


Alternatively 




i.e. 3.»+3y"|-3(!,+*|).0, 

which gives the same value of the derivative. 


The second derivative of an implicit function is defined and 
obtained from the first derivative. If/ {x, y)=0 gives y as a function 

of X, then from ^ , we obtain 

dx fy 


_ A (fA = _ J1 liA .1 ((A M 

dx^ dx \fj \dx \fj ^ dy \fj dxf ' 


M 


M.A. 
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8 If: 




(f:)- 


fxJv -fvvfx 


dy 


u 


fxxfv fxvfx ^ 

Sy 

Substituting these expressions and the value of ^ , we have 

^ fxxfv ~ fxvfx fxvfv ~fvvfx fx 

fv\ 


dx^ 


fv 




= - A - 2A./ Jv +fvvfx^)- 

Jv 


The second derivative thus involves the first and second-order 
partial derivatives of f{x, y) and is a function of x and y. For 

dv % 

example, the relation x^ + y^ = lQ gives — and 
d-y d (x\ 1 


dx^ 


dx \y 
1 




y 




dy 


1 




X‘ 


x^ + y^ 


yZ 


r \ y / 2/ 

In diagrammatic terms, the implicit function /(a;, y)=0 is repre- 
sented by a curve in the plane Oxy. In general, one branch of the 
curve passes through a point {x, y) satisfying the relation and there 
is a definite tangent to the branch at tlie pomt. The tangent gradient, 
referred to Ox, is then given by the value of the derivative 

l=-f: 

Further, the curvature of the branch at the point is indicated by the 
d^i 

value of ^ at (x, y). Our previous discussion of the applications of 

derivatives now extends at once to the case where we have a 
curve with an implicit and multi-valued equation. It must be 
remembered, however, that the results refer only to a single branch 
of the curve, the branch passing through a specified point {x, y). 

The equation of the tangent at a point (x-^, y{) on the curve 
/(^i 2 /) = 0 is readily obtainable. The tangent is the line passing 
through the point {x^, y^) with gradient to Ox given by the value of 

dy fx 

- j- at this point. The tangent equation is thus 


i.e. 


y-yi={-^f) {x-Xi), 

' Jyd 

fx. +fv, {y-yi)=o. 
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where and are the values of the partial derivatives of f{x, y) 
at the point (a^, y^). This is a generahsed form of the tangent 
equation previously obtained (6.5 above). 

For example, in the case of the circle with equation 
+y^ ~ 2x + iy + 1 = 0, 

we have f^=2{xi-l) and fy, = 2{y^ + 2). 

The tangent at (x^, y^) on the circle has equation 
(aa - 1) (aJ - ®i) + (3/i + 2) (y - Vi) = 0, 
i.e. - 1 ) « + (yi + 2 ) y ^ yi 

Since the point {x^, y^) lies on the circle, we have 

+ - 2a;i + 4yi + 1 =0, 

i.e. Xi^ + yi^-Xi + 2yi=oci-2yi-l. 

The equation of the tangent is thus 

(aji - l)a: + (yi + 2)y =a;i - 2^^ - 1. 


13.6 The differential of a function of more than two variables. 

The definition of a differential extends at once to the case of a 
function of more than two variables. The variation of u~f{x, y, z) 
as the independent variables vary is given by the differential 


, du , 9m , 9m , 
du = — dx + — dy + — dz. 
ox Oy oz 


This implies that, if Ax, Ay and Az are arbitrary small increments 
in the independent variables, then the increment in m is approxi- 


mately 


. 9m . 9m . 

Au = -^ Ax + — Ay -\r 
dx dy 


du 

dz 


Az. 


The complete differential is again the sum of the separate (approxi- 
mate) variations due to changes in x only, in y only and in z only. 
The differential formula again extends to the case where x, y and z 
are no longer independent variables and it can be used to give the 
derivatives of functions of functions of various types. 

The variation of variables x, y and z connected imphcitly by some 
relation /(a;, y, z) = 0 must satisfy 

f,,dx+fydy+frdz = 0, 

where and/, are the partial derivatives of/(a;, y, z). Regarding 
z as a multi-valued function of x and y defined by this relation, we 
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obtain the partial derivative — as the value of the ratio dz : dx for 

OX 

y constant. Putting cZ?/ =0 in the above equation, we have 


f^dx+fjz = 0, 


i.e. 


Similarly 


dz 

{-) 

dx 

\dx/ y constant 

dz 

(-) 

dy ~ 

\dyJ X constant 


// 

A 

7.' 


In diagrammatic terms, a three-dimensional surface with equation 
in imphcit form f{x, y, z)=0 has gradients (referred to Oxy) in the 
two fundamental directions given by the above ratios of partial 
derivatives. The tangent plane at {x^, Zj) thus has equation 




(see 12.5) 


i-e. fx, (a: - ajJ -t/„, {y - y^) +f,, (2 - Zi) = 0. 

More generally, for a function y—f{Xi, x^, ... x„) of n independent 
variables, we define 

dy = ^ dxi + ^ dx2 + + ^ dx„ 


dxi 


dx^ 


dx„ 


The complete differential contains as many additive terms as there 
are independent variables. The interpretation and apphcation of 
this formula are exactly similar to those already discussed in the 
simpler cases above. 

13.7 The substitution of factors in production. 

The production function x=f{a, b) for two variable factors of 
production gives a system of constant product curves 

/(a, 6) = constant. 

In the normal case, one curve of the system passes through each 
point [a, b) of the positive part of the plane Oab and is downward 
sloping and convex to the origin (at least over a certain area of 
the plane). Differentiating and denoting marginal products by 

. dx . dx 

/.=g- and 

fada+f,,db=0 

is the (approximate) relation between increments da and db in the 
factors along the constant product curve through (a, b). This 
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relation holds for any point {a, h) we care to select. Hence, the 
tangent gradient of the constant product curve through (a, b) is 

da /ft 

when referred to the axis Oa. In the normal case and over the 
relevant area of Oab, this gradient is negative and its numerical 
value is termed the marginal rate of substitution of the factor B for 
the factor A in the production of the good X ; 

da /ft- 

The value of r depends on the combination of the factors considered, 
i.e. is a function of both a and b. It represents the additional amount 
of the factor B, from the given combination of factors, necessary to 
maintain product unchanged when a small unit reduction is made 
in the use of the factor A. 

Since the constant product curves are convex to the origin in the 
normal case, the value of r must increase as b increases (and a 
decreases) along the constant product curve. The convexity con- 
dition is thus the expression of the principle of increasing marginal 
rate of substitution, of the assumption that it becomes increasingly 
more difficult to substitute B for A as the substitution proceeds. 
The interesting point now is to determine how fast r increases, i.e. to 
measure the “ elasticity ” of substitution. For any change from 

(a, 6) along the constant product curve, d 

crease (or decrease) in the use of B as compared with that of A and 


represents the in- 


dr=d 



the corresponding increase (or decrease) in the marginal 


rate of substitution. The ratio of these differentials, expressed in 
proportional terms to make them independent of units of measure- 
ment, is defined as the elasticity of substitution between the factors 
at the combination of factors considered. Hence, 


Definition : The elasticity of substitution between A and B is 



r 


where the differentials correspond to a variation along the constant 
product curve through (a, b). 
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In diagrammatic terms, a appears as the ratio of the relative 

increase in the gradient of OP to the relative increase in the tangent 

gradient of the constant product curve at P as the point P moves 

along a constant product curve in the plane Oai>. 

The value of a can be written in terms of the partial derivatives 

of r or of the production function itself. We have 

, fb\ adb-bda , , dr dr , 

d - = and ar=7r»® + ^do. 

\aj da db 

f 

But db= -y da = -r da, and so 

Jb 


ar + b , , - f dr dr\ j 

= — da and dr = - r da. 

a^ \ db daj 


Hence, 


ar + b 


ab dr 


^db da 


Evaluating — = 


d ffA ^ dr d 

da VfJ db~db 


in terms of the first and 


y jj — db db\ fj 

second-order partial derivatives of /(a, b), it is found that 

fjbiafa + ^fb) 

abT 


where T = - L/w/a^)- 

From this last result, it appears that, although cr has been deficned 
for the substitution of B for A, the same value is obtained when 
the substitution is of M for B. The elasticity of substitution is 
symmetrical with respect to the two factors. 

The curvature of the constant product curve at {a, b) is 


d%_ 

d 



1 dr dr db\ 

dr 

dr 

da^ 

da 

- . 

\daj 

da^ 

\da^ db da) 


da 


Hence, a is a positive multiple of the reciprocal of 


d^b . . . 


positive and inversely proportional to the curvature of the constant 
product curve. The larger is the value of a, the flatter is the constant 
product curve and the more slowly does the marginal rate of substi- 
tution increase as P is substituted for A. The magnitude of cr is 
thus an indication of the ease with which product can be maintained 
by substituting B for A. There are two limiting cases. If A and B 
are perfect substitutes, so that product is maintained by increasing 
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B in proportion as ^ is decreased, then the constant product curve 

is a straight line, ^ is zero and a is infinite. If A and B are entirely 

incapable of substitution, being needed in a fixed proportion, then 
an increase in one of the factors from this proportion must leave 
product unchanged. The constant product curve has a right angle 

d'^b 

at the point concerned, is infinite and a is zero. As a increases 

from zero to infinity, substitution between the factors becomes 
increasingly easier. 

So, the elasticity of substitution a varies from one combination of 
factors to another, is independent of the units in which factors and 
product are measured, is a symmetrical relation between the factors, 
is positive for all normal combinations of factors and varies from zero 
to infinity according to the ease with which one factor can be sub- 
stituted for the other in production. 

When the production function is linear and homogeneous (constant 
returns to scale), a becomes of simpler form. Since 

faa--^fob and (12.8 (4) above) 

we have T=^{a%^ + 2aifJ,+b%^)==^{af, + bf,)^ 

and g=- m ' — (by Euler’s Theorem). 

(a/a + 6/i.)/o6 a:/aiy 

Using the alternative notation for partial derivatives, 

dx dx 
da db 
¥x' 

^ da db 

When there are constant returns to scale, a is inversely proportional 
to the cross second-order partial derivative of the (Hnear and homo- 
geneous) production function.* In the particular case where the 

production function is x=Aa'^b^~’‘, it is easily seen that r — - 

and that a = 1 at all points. 

♦ It was in this form that a was first defined by Hicks, The Theory of Wages 
(1932), pp. 117 and 245. See, also, Robinson, The Economics of Imperfect 
Competition (1933), pp. 266 and 330, Lemer and Wahn, Notes on the Elasticity 
of Substitution, Review of Economic Studies, 1933. 
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13.8 Substitution in other economic problems. 

Exactly similar definitions can be given for the marginal rate and 
elasticity of substitution for an individual consumer’s scale of 
preferences. A system of indifference curves for two goods X and Y 
is defined by the equation 

^{x, i/)= constant. 

The tangent gradient to the curve through the point {x, y) is 

dx (jiy ' 

In the normal case, the curves are downward sloping and convex to 
the origin. The marginal rate of substitution of the good Y for the 
good X in consmnption, defined as 

R= = ^ 

dx (f)y 

is thus positive and increases as the substitution of Y for X proceeds. 
It is to be noticed that R is the ratio of the “ marginal utilities ” of 
X and 7 and independent of the form we assume for the individual’s 
utility function (see 12.8 above). But there is no need to consider 
“ marginal utihty ” at all ; the expression R is sufficient for the 
description of the indifference map. The elasticity of substitution 
between X and 7 is then defined as in the production case, taking 
values between zero and infinity according to the ease with which X 
and 7 can be substituted in consumption to maintain a given level 
of indifference.* 

A similar analysis apphes for a consumer’s preference scale for 
incomes in two years. If x and y are the amoimts of this and next 
year’s incomes, we have an indifference curve system given by 

^{x, y)= constant. 

The marginal rate of time-preference is defined as the numerical 
gradient of the indifference curve through {x, y), reduced by unity f 



* See Hides and Allen, A Reconsideration of the Theory of Value, Economica, 
1934. 


f The reduction of ^ by 1 is made since we wish to define a zero time- 
preference as the case where an equal addition to next year’s income compen- 
sates for a given reduction of this year’s income, i.e. where ^ = 1. This 

is only a matter of the scale on which time-preference is measured. 
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The elasticity of substitution between the two incomes is then 
defined exactly as before. 

The same concepts are also of use in other problems, e.g. in 
problems involving the notion of a transformation function (see 
11.7 above). If two goods are produced with given resources so that 

F{x, y)-0 


is the relation between the outputs x and y, then the expression 
( dy\ F 

gives the marginal rate of substitution of T production 


for X production. Similarly, if x and y are this year’s and next 
year’s incomes obtainable from given resources, the expression 
written is the marginal rate of return over cost. The corresponding 
elasticities of substitution tlien follow as before except that a 
negative sign must be added, the transformation curves being 
concave, and not convex, to the origin in the plane Oxy. 


13.9 Further consideration of duopoly problems. 

In the duopoly problem with conjectural variations zero, as 
analysed in 8.8 above, the reaction curve of the first duopolist 
gives *1 as a function of Xz defined by 


f{Xl, Xz) = («) +Xiifi'{x)-^-- 


:0. (where x=Xi+X 2 ) 


The equilibrium outputs are then determined by the intersection of 
Cl and the similar curve Cz for the second duopolist. For stable 
equilibrium, we require that be downward sloping with a gradient 
(to the axis Oxz) less than unity and similarly for Cz- It is now 
possible to inve.'^tigate the implications of these conditions. 

Differentiating the above implicit relation, 


dxz /*,' 


lp'{x)+Xilf)''{x) 

^277 ’ 

2f(x)+xi^"(a;)--^ 


1+p’ 


where 


P = 


dxj^ 


- fix) 


lll'{x)+Xitji' {x) 


Hence, ^ is negative and numerically less than unity provided 
dxn 

that p is positive. It is assumed, in the normal case, that the 
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demand function p = xpix) is decreasing and that marginal cost 

rZxi 

is increasing. It follows that the numerator of p is positive. The 
condition we require then reduces to 

+ Xi0"(x) < 0, 

which is satisfied either if i/»"(x) is negative or if though’ 

positive, is less that — { - These alternative conditions apply 

Xj 

to the convexity of the demand curve and one or other is satisfied 
in many cases of demand laws, e.g. in the case of the linear demand 
law p=p - ax. 

A rather more complex duopoly problem is the following. The 
first duopolist is assumed to act as before, expecting his rival’s 
output to be unaffected by his own actions. The reaction curve Cj 



dec 

is then obtained with gradient -3— as given above with value lying 

Ci*C^ 

between — 1 and 0 in the normal case. The second duopolist is 
assumed to forecast correctly the effect of his own actions on his 

rival s output, i.e. his conjectural variation is -3-I as obtained from 

0X2 

CP-. The second reaction curve gives X2 as a function of Xj defined by 

^(X) +X2l/l'(x) ^1 + X = Xi + X2) 



> 
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Since tji'ix) <0 and 0 < 1 + ^ < 1, the left-hand side of this equation 

U '^2 

is greater than the form {{{j{x)+X 2 ^’{x)} in the case where his con- 
jectural variation is zero. Hence, for any given a^, must be 

ClX2 

greater than before and, since this is assumed to be an increasing 
ftmction of the value of X 2 must be greater than before. The 
new reaction curve G^' is thus farther to the right than the old curve 
C 2 , 0x2 being horizontal as in Fig. 85. If x^ and x^ are the old 
equilibrium outputs, ^ and Xi' and x^' the new, it follows that x^'<x^ 
and X 2 ' > x^. The second duopolist gains by being “ alive ” to his 
rival’s reactions. Further, since G-^ has a numerical gradient (to Ox^) 
less than unity, the sum of a^' and x^' is greater than the sum of 
Xj and Xg, at least for a small shift in Cg. The joint output is greater, 
and the common price charged by the duopohsts smaller, than in the 
previous case. 


EXAJMPLES xm 


Differentiation 

1. If A and le are increments in x and y from the point {x, y), find the 
increment in z = x* + 2xy -y^'m terms of x, y, h and k. What is tiie diSerence 
between this increment and dzt Show that the diSerence is of the second 
order in h and k. 


2. Write down the equation of the tangent plane at (a, b, c) on the surface 
z=J{x, y) and show that the increment in the height of the plane when incre- 
ments dx and dy are given to x and y from (o, b, c) is dz. Hence illustrate the 
approximation of dz to the increment in z. 


3. Evaluate the differentials of z=x^ + y^ -Zxy •, z=»/x* + j/’; z=e®~*; 

1 * 

x + y 


4. Obtain the differential of z = (x + y) (x - y) by logarithmic differentiation 
and check b 3 '’ differentiating z = x^~y’ directly. 

5. Take logarithms and differentiate z={x+y)*Jx - y and z = (x + y) 

6. Find the differential of (x® + 2xy - y*)e*. 


7. Show that /(.X, y)=/(0, 0) + x//(0, 0) + j//y'(0, 0) approximately when 
X and y are small. Deduce that, for small values of x and y, 

= 1 - X + u approximately. 

1+x-y 

Find the difference between these expressions in terms of x and y. 
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8. Show that ■^^ = i{x-y + 2) approximately when x and y are each 

nearly equal to 1. What error is involved in the use of this approximate value 
when x = 1-2 and y = Q-% t 

9. The volume of a right-circular cone of base radius x and height y is 
^TTX^y. If X is estimated as a with an error of h and y as b with an error of k, 
show that the error in the estimate of the volume is %TTa{2hh-\- ak) approxi- 
mately. 

10. For the cone of the previous example, show that the proportional 

^ ^ Ax Ay 

increase in voltome is approximately 2 1 when x and y are mcreased by 

X y 

Ax and Ay. Deduce that a 1 per cent, increase in base radius increases volume 
by the same percentage amoimt as a 2 per cent, increase in height. 

11. If pv = at is the relation between the pressiue (p), volume (v) and tem- 
perature {t) of a gas, a being a constant, show that the proportional increase 
in volume is approximately equal to the difference between the (small) pro- 
portional increases in temperature and pressure. Deduce that a simultaneous 
1 per cent, increase in temperature and pressure leave the volume approxi- 
mately imaltered. 

dz 

12. From the expression for dz, find — when z = x^ + y^ where x=\ + t and 

y—l-t. Express z as a function of t and check your result by direct 
derivation. 

dz 1 

13. Evaluate — if z = , where x = e* and y = e~*. 

dt x + y 

14. Find and if z = log(a: - y), where x = - and y = - . Express z as a 
function of u and v and check by direct partial derivation. 

15. If z =f{x, y), where x — a + at and y = b + pt, show that 


dz dz „ dz 

“77 = a P ^ and 

dt dx ^ dy 


, d^z „ „ d‘z 0'z 


16. If z =f(x, y), where x = au+ av and y = bu + jSu, show that 

dz dz . dz , dz dz „ dz 

3- = O — + 0 — and -^ = 01 . — + B — . 

du dx dy dv dx du 


9z_ 0z 0z 
dv dx"^ ^ dy ' 


Generalise by finding the partial derivatives of f{x, y, z, ...) as a fimction of 
u and V if x = au+ av, y = bu + ^v, z = cu + yv, .... 

dz 

17. Find when z=f{x, y), where x and y are functions of t and show that 


“'^dt ^ 

dH _d^z ^dx'y ^ d^z dxdy 0“z /dyV Szd^x dzd^y 
dt^ dx^ \dt) dx dy dt dt^ dy^ \dx) dx df^ du dt^ ' 


18. A function / (x, y) is homogeneous of the rth degree if f{u, v) = X’^f(x, y) 
where u = Xx and v = Xy. Differentiate each side with respect to A, put A=1 
and show that 


9 / 9 / , 


(Euler’s Theorem) 


, 02 / „ 02 / dH 


and 
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19. If z=f{x,y), where a; = Aa:o and j/=Aj/o vary in a fixed proportion, 

consider z as a function of A and show that ^ = —+'!/—') . If £ = - — 

d\ X\ dx By/ zdX 

is the elasticity of z=J[x, y) for proportional variation in x and y, show that 
dz dz 

a: — + j/ — = £Z. If the function is homogeneous of degree r, show that e = r 
and so deduce Euler’s Theorem. 

(i'i/ d'*'u 

20. Find ^ and from the implicit fimction {x - a)* + {y ~ b)‘ — c’. 

21. If ax* + 2hxy + by^ + 2gx + 2fy + c=0, show that —== _ 
evaluate the second derivative. 

6?t/ d^u 

22. Find — and when x^ + y^ -3xy=0. Show that y is a maximum 
when x=il2. Interpret in terms of the graph of the function. 

02 

23. If *’ + y’ + z’ - 3xy = 0 defines z as a function of * and y, find — and — . 

OX oy 

Deduce the second-order partial derivatives of z. 

24. Given /( k, y, z) = 0, find the first and second-order partial derivatives 
of z as a function of x and y. 

25. If a;’ y’ - 2aa: -f- 1 = 0 defines y as a function of x, a being a constant, 

show that 2a;y ^ -t «* - y* - I = 0. 
dx 

26. Show that the tangent line at (*„ y,) on the curve ax‘ + by’‘ = c is 
axxi + byyi = c, and that the tangent plane at (x^, y^, zj on the surface 
ax’ + by‘ + cz*=d is axXj^-\-byy.^-^czZi=d. 

27. Explain the meaning of each of the six partial derivatives, of one 
variable in terms of another, obtainable from the implicit fimction / (x, y, z) = 0. 
Express each in terms of the partial derivatives of / and deduce that 

dz By Bx_ j 
By Bx Bz 

28. Two relations ^{x, y,z) — B and ^(x, y, z) = 0 define y and z as functions 

_ dy ■, dz . , 

of X. Differentiate each relation and obtam expressions for — and ^ m terms 
of the partial derivatives of and ifr. 

29. Differentiate the relations a:y-fyz-z* = 0 and x* + y~z = 0 to give 
^ and ^ . Solve the equations to obtain y and z explicitly in terms of x and 

CiX CISC 

obtain the derivatives directly. 


Economic applications of dijfercntials 

30. If x=f[a, 6) is a linear homogeneous production function, show that 
the marginal rate of substitution between the factors depends only on the ratio 
6 : o of the factors used. Verify in the particular cases 

2Hab-Aa^~Bb^ 

x=’J2Hab-Aa*-Bb^ and «= Ca + Db 

31. Show that the property of the previous example is also true of the 
quadratic homogeneous production function and illustrate with the function 
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x = 2Hah - Aa^ - Bh^. Is the property true for any homogeneous production 
function, e.g. for x = Aa°bP 7 

32. If the production function is a; = 2Hab — Aa^ — Bb^, show that at any 
point (a, b) on a constant product cvuve 

db Hb-Aa ^ d% {,m-AB)x 
d^-~Ha-Bb da^ {Ha-BbY’ 

Deduce that the first derivative is negative and the second positive provided 
H A 

that — a>b>— a. Deduce that the constant product curves are of normal 
B H 

form in the area between the lines Hb — Aa = 0 and Ha — Bb = 0. 

33. Show that, for the production function x= >J2Hab - Aa^ - Bb\ 

- 1 . 


Hx^ 


(m-AB)ab 

34. Show that the production function x = Aa°bP gives <7=1 for all com- 
binations of factors. 

35. Show that the elasticity of productivity e (10.8 above) is the elasticity 
of the vertical section of the production surface through the axis Ox and the 
given point on the surface. Use the results of Example 19 above to show that, 
for any production function, 

dx , dx 
a^ + 6-57 = ea;. 
da db 

36. If u = \og(x + a)°(y + bY is one form of a utility function, find the 
marginal rate of substitution between the goods X and Y and deduce that the 
elasticity of substitution is 

bax + aBy 

TT — . 

{a + P)xy 

37. If a*® + 6?/* = constant is the transformation fimction for two goods 
X and Y, show that the marginal rate of substitution of Y production for 

QCC 

X production is and that the elasticity of substitution is always unity. 

38. Two goods X and Y are produced jointly with the aid of two factors 
A and B. Technical conditions define a relation f{x,y,a,b) = 0, so that 
(e.g.) the production of Y is determined if the amoimts of the factors used and 
the production of X are given. Show how a and 6 can be used as parameters 
to describe the shifting of a transformation curve between X and Y pro- 

a.. 

duction. 


What do the partial derivatives ^ ^ and represent 7 


39. If, in the problem of the previous example, technical conditions give 
two production functions x= (f, {a, b) and y=ip{a, b), show that 

■At 

vdx/v constant ^a’At ~ 'At'Ao 
and interpret the meaning of this derivative. 

40. Of the duopolists of Examples VIII, 46, the first acts (as before) on the 
assumption that the second does not change output while the second correctly 
estimates the first’s output changes consequent upon his own changes. Show 
that the total equilibrium output is now approximately 44 sets per week. How 
is this output divided? 



CHAPTER XIV 


PROBLEMS OP MAXIMUM AND MINIMUM VALUES 


14.1 Partial stationary values. 

In our discussion of the partial derivatives of a function of two 
variables (12.4 above), we postponed consideration of the cases 
where one or both of the derivatives assume zero values. Suppose 
d"* dz 

now that ^=0 *ind ^ function z=f{x, y) at a point (a, b). 

Then z has a stationary value for variation in x from the value a, y 

d“Z 

retaining the constant value b. The sign of ^ at la, b) determines 

OX'- 


whether z is a maximum or a minimum.* The vertical section of the 
surface z—f{x, y) which passes through P (where x=a and y=b)va 
the W.E. direction has a maximum or minimum point at P, 

dz 

In general, the condition ^ = 0 is an implicit relation between 

X and y represented by some curve in the plane Oxy. Points on the 
surface z=f(x, y) above this curve correspond to maximum or 
minimum values of z in the W.E. direction. Some of these points 


may correspond to maximum values (satisfjdng the condition 
9-z \ ' . 

— < 0 ) and make up what can be called a ridge line of the surface 
in the W.E. direction. Others of the points may correspond to 


minimum values 



and define a trough line of the surface in 


the W.E. direction. The curve in Oxy giving the ridge and trough 
hues of the surface is clearly located on the contour map of the 


♦ Throughout the present chapter, the possibility that stationary values 
can include points of inflexion, though not overlooked, will not be taken into 
account. 
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surface. The tangent gradient of the contour through the point 
{x, y) is 

dz 

dy dx 

dx dz’ 

dy 
Bz 

which is zero whenever ^ = 0- The ridge and trough lines of the 

surface thus he above the locus of points on the contour map where 
the tangents are parallel to the axis Ox. For example, in the case 
shown in Fig. 87 below, the line AB across the contour map corre- 
sponds to a ridge hne of the surface in the W.E. direction. 

dz dz 

A similar analysis holds if ~:^0 and ^ = 0 at any point. The 

function then has a partial maximum or minimum value ( according 

dh\ ' 

to the sign ^ j variation of y alone. The ridge and trough 

hnes of the corresponding surface are then obtained in the S.N. 
direction. They he above the points on the contour map where the 
tangents to the contours are parallel to Oy. The hne CD across the 
contour map of Fig. 87, for example, represents a ridge hne of the 
surface in the S.N. direction. 

The analysis extends without difficulty to functions of more than 
two variables. In general, ify=}[x^, x^, ... .t„), there are n different 
kinds of partial stationary values, each corresponding to the vanish- 
ing of one of the n partial derivatives of the fmiction. Further, 
though the analysis is expressed in terms of exphcit functions, it 
apphes equaUy weU to functions written in imphcit form. 


14.2 Maximum and minimum values of a function of two or more 
variables. 

If both the partial derivatives of the function z=f{x, y) are zero 
at the point (a, b), then z has a stationary value for variation in 
X alone and for variation in y alone from (a, b). Further, 


dz — — dx -f- — dy ~ 0 
dx dy ^ 


for any values of dx and dy, i.e. z has a stationary value for any 
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variation whatever from the point (a, b). Such a point is said to 
dejBne a stationary value of the function. Ignoring the possibility of 
inflexional points, there are three cases to distinguish : 

(1) The value of s is a maximum for any variation of x and y from 

(a, 6), the surface z=J{x, y) having a “peak” at the point 
where x=a and y=b. 

(2) The value of z is a minimum for any variation, the surface 

having a “ hollow ” vuth lowest point where x=a and y=b. 

(3) The value of z is a maximum for some variations and a mini- 

mum for other variations from [a, b), the surface having a 
“saddle point” where x—a and y — b, i.e. a point where 
there is a “ pass ” over a “ ridge ” of the smface. 

The three cases are illustrated in Pig. 86. 




Stationary values, occurring where the tangent plane to the 
surface is horizontal (parallel to Oxy), are located on the contom 
map of the surface at points where the locus of points with tangents 

parallel to Ox = cuts the locus of points with tangents parallel 

to Oy (— =o). There is a stationary value wherever the ridge or 
\dy J 
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trough line in the W.E. direction cuts the similar line in the S.N. 
direction. The lie of the contours around such a point determines 
the nature of the stationary value. If the contours tend to close 
down to a single point as their height increases or decreases, then the 
stationary value is a maximum value of type (1) or a minimum 
value of type (2). If a contour crosses itself at the point and there 
is no tendency to close down on the point, then the stationary value 
occurs at a saddle point of type (3). The cases are fully illustrated 
by the particular contour maps of Figs. 87 and 88. 

In more rigid analytical terms, the function z=f{x, y) has a 
maxirnum value at (a, b) if z is a maximum for any variation of x 
and y from the values a and b respectively. A minimum value of z 
is defined similarly. Maximum and minimum values together make 
up the extreme values of the function. It is assumed that the function 
and its partial derivatives are finite and continuous.'*' A maximum 
(minimum) value can occur only if the function is a maximum 
(minimum) in each of the two fundamental directions in which x 
and y vary alone, i.e. only if the two partial derivatives are separ- 
ately zero and the function has a stationary value. To distinguish 
maximum from minimum values, or either from other stationary 


values, is a matter of some difficulty. 


If v-s and r are both negative 
dx^ dy^ ° 


at a stationary point, then z must be a maximum in each of the 
fundamental directions and it is likely that z is a maximum in all 

9^z d^z 

directions. Similarly, if — and — are both positive at such a point, 

then z is likely to have a minimum value for all directions of varia- 
tion. But these results are by no means certain. We must exclude 
the possibihty that z behaves differently in some directions as com- 
pared with the fundamental directions. It is shown below (14.7, 
Ex. 3 and 19.1) that 


d'^z 

dx^ dy^ ^ dy! 
is a condition sufficient to exclude this possibility. 


djz / dh Y 

x^ dxfi ^ \3rc du] 


Hence ! 


* As in the one-variable case, a maximum or minimum value of z=f{x, y) 
can occur at a point where the partial derivatives are not continuous. Such 
a point is not shown by the criterion below. 
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CRITERION FOR MAXIMUM AND MINTISIUM VALUES 

(1) All maximum and minimum values of z=f{x, y) occur where 

dz=0 for all variations of x and y, i.e. where 
Bz _ 
dx By 

B^z B^-z ^ d<‘zB0z ( Bh V . 

(2) li — and — are negative and such that — -- > — — at 

ox- oy^ ° Bx^By^ \BxByl 


a point x=a, y=b, then /{a, 6) is a maximum value of the 
B^z B^z 

function. If — „ and — are positive subject to the same 

inequality at a point x=a, y=b, then f(a, b) is a minimum 
value of the function. 

The first is a necessary condition. The second condition when added 
to the first is a sufficient condition and defines situations in which 
only a maximum (or only a minimum) value can occur. But the 
condition is not complete ; it is not necessary and sufficient. It 

a-, 3^ a. 


)'■ 


is possible to show that, whenever x-i; ^ < ( ;r-w- 

Bx^By^ \BxBy. 

stationary point concerned is a saddle point. But the case where 
BH B-z f 3h 

— — = j is still open and the stationary value concerned 

may be a maximum or minimum value or it may not. 

The criterion holds, in exactly the same form, for functions given 
implicitly. If f{x, y, z) = 0 defines z as a function of x and y, we have 
only to write 

and 

Bx- /, dy f. ^ 

and the criterion applies. The necessary condition for a maximum 
or minimum value of z reduces to/i=/v = 0. 

The criterion of maximum and minimum values can be extended 
to functions of more than two variables, but only as regards the 
necessary condition at this stage. All the maximum and minimum 
values of y=fixi, x^, ... x„) occur at points where dy=0 for all 
variations in the independent variables, i.e. where 

0aq Bx^ 3x„ 

Similarly, if /(ah, ... x„, y)=0 defines y as a function of the other 
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variables, then the maximum and minimum values of y occur where 

=/x„ = 0. 

Sufficient conditions are given later (19.1). 

An important feature of the results here given is that, since the 
differential of a maximised or minimised variable is zero at the point 
concerned, we can treat such a variable as a constant in the process 
of differentiation. Suppose that, in the relation 

/(.ri, aij. — y, 2)=0, 

the variable ?/ is to be maximised for variation in rci, Xo, ... x„, the 
variable z remaining fixed. Differentiating and puttuig dy = Q (since 
y is ma ximis ed) and dz = 0 (since z is fixed), we have 

f Xi dXy fx, dx^ + . . . fxn ^ 

for any variations in the variables x^, x^, ... x„. So 

fxi=fxt — "- —fx„ — ^’ 

Exactly the same conditions obtain if z is maximised while y is 
held constant. There is no distinction, in differentiating, between 
variables which are maximised (or minimised) and variables which 
are held constant. 


14.3 Examples of maximum and minimnm values. 

Maximum and mhiimum values of a function z=f{x, y) are 

9 ^ dz 

located in practice as follows. The equations = 0 are solved 

dx oy 

for X and y and each solution examined in tiu’n. In the majority of 
cases, the sufficient conditions (involving the second-order partial 
derivatives) enable us to distinguish maxunum and minimum 
values. In some cases where the conditions fail, we can examine the 
contour map of the function in the neighbourhood of the point 
concerned. And, even if the sufficient conditions apply, the contour 
map provides a useful illustration of the situation. The following 
examples illustrate the method : 


Ex. 1. z=x^+y‘^. 

Here ^=2x and ~=2y. 
ox By 

There is one stationarj'^ value (z = 0) occurrms; where x==y — {) and this 
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value must be a minimum since all other values of z are positive, 
sufficient conditions are found to support this, since 


dx^ 



and 


dxdy 


= 0 . 


The 


The contour map of the function has trough lines along Ox and Oy and 
is shown in Fig. 76 above. 


Ex. 2. z-2x+y + xy -if’. 

Here -2a; + w + 2 and ::^=*-2w + l 

dx By 

and stationary values of z occur where 

2x-y-2=0 and a:-2y + l=0. 

There is a single stationary value ( 2 =f), where a:=| and y = s. 


Since 


3-2 


a=-2, 


3=2 


32;= ’ 32; By 

the sufficient conditions show that z 


= 1 and 


— - -2 
3,f 


is a maximum value. The contour 



map of the function is shown in Fig. 87, rising contours closing down 
on the point where a; = |, y = -f. The line AB {2x - y - 2 = 0) is a ridge line 
in the W.E. direction and the line CD {a:-2y-}-l =0) is a ridge line in 
the S.N. direction. 
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Ex. 3. z = 4iR^ -xy + y"^ -x^. 

r) dz 

Here ^ = Sx -y ] ^ =^-x + 2y. 


dh 


= 2(4 -3a;) ; 


dH 


= -1 and 


9% 

w 


dx^ ’ dx dy 

Stationary values of z are given by 

3a:2-8a: + y=0 and x = 2y 


= 2. 


On solving (e.g. by eliminating y), we find two stationary values, 2=0 
where x = y=0, and z=W ^’here a:='|, 2/='|. The first is & minimum 
value of 2 since, when z = y = 0, we have 


d^z 

dx^ 


= 8 > 0 ; 


d^z 

w 


= 2‘>0 and 


dHdH / 9^2 Y_ 


dH 


dx dyJ 


But when x = f and y = | the two direct partial derivatives of the second 



order are opposite in sign ( - 7 and 2) and the stationary value here oecurs 
at a saddle point. Fig. 88 shows certain ciirves of the contour map of the 
function. The curve ABC (the parabola y = 8x-3x^) represents the 
ridge and trough lines of the surface in the W.E. direction. The part 


l(. 
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5 ** 0“2 \ 

"^=0 and trough line and the part 




dx^- 

dh 


f 4 0 **”* \ 

BC(^x>^ , ^ = 0 and ^<0j is the ridge line. The line DB {x = 2y) is 

the trough hne in the S.N. direction (^=0 and |-?>o') . The lie of 

\d!/ di/ / 

the contours about the two points of intersection of the hne and the 
parabola show that there is a minimum value of z at the origin and a 
saddle point at a; = #, y = f. 


Ex. 4. a:-+y-+3z--2a;+2z=0. 

Taliing z as a function of x and y, we find 

dz 
dx 


X - 1 j ^2 y 

'sITi %"'~3 "zT 1 


Tile only stationar}' values of z, for variation of x and y, occur at a; = 1, 
y = 0. On substituting in the original equation, two values of z are found, 
z=-landz = ^. Further, we find 

S' 


when a: = 1, y = 0. 


Similarly, at the same point. 


g°z 

dxdy 


=0 


and 


9y* 3z + 1 ’ 


So, when z = — 1, the direct second-order partial derivatives are positive 
and the cross derivative is zero. By the sufficient conditions, z= - 1 is a 
minimum value of z. In the same Avay, z = ^ is found to be a maximum 
value of z. The solution can be iJIii.stratcd by a contour map of this 
double-valued function (see Examples XIV, 9). 


14.4 Monopoly and joint production. 

A monopolist produces amounts and of two goods and 
at a total cost of n=F{x^, .To). The two goods are related in con- 
sumption and the demands of the market are a;i = <^i(Pi, Pz) 

X 2 = 4>2{Pi, Pa), where pi and pa are the prices charged. The net 
revenue of the monopolist is 

y=x-^p^+XzP2-n. 

Making use of the demand relations, this is a function of the two 
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prices. It is taken that the monopolist fixes prices to maximise net 
revenue. The necessary condition for this is 

dpi dp 2 


i.e. 


and. 


f dn\ dxi ( dn\ dxs _ 

dxi) dpi 93 : 2 / 9 ^ 1 “ 

/ 977 \ dXi ( dn\ dXi_ 

^ dxj 9^2 \ “ 3X2/ dp2 


There are two relations to determine the prices. Subject to the 
prices obtained satisfying the conditions for a maximum (rather than 
a minimum) value of y, the problem is solved. 

To illustrate the solution, a simple case can be considered in 
which the cost and demand functions are linear : 

ll — "I" o^2^2 5 ~ ^^ 25^2 and X2 — (^2 ^b2^i ^22^2* 

The average costs of producing the goods can be taken as constants, 
and 0L2 respectively. Denote 

^10 ~®1 ~ ® 11®1 ~ ® 12*^2 &'nd 3520 ~®2 ~ ~ ® 22 °- 2 > 

i.e. the demands when the “ competitive ” prices (equal to average 
costs) are charged. Then 

^1 =^10 ~ {Pi ~ <^1) ~ ®i 2 [Pi ~ 0^2) 
and ^2 ~*^2o ~ ®i2(^^i ~ °^i) “■ ®22 (^^2 ~ '^2) 

and the monopolist’s net revenue is 

y=^iPi + ^2P2 - n =Xi {pi - CCi) + X 2 ip2 - « 2 )- 


So 


and 


dy , V 9-'Co 

=X 2 o - 2aji (pi — aj) — 20^2 (Ps — 0 = 2 ) 


^P 2 


— ^20 ^^ 12 iPl~ ~ ^^ 22 {P 2 ~ ‘^2)' 


Putting these expressions equal to zero for maximum net revenue and 
solving, we find the monopoly prices 


t? 223 ?io — 0 ^ 2^20 
2 {(lii(l 22 ~ ® 12 ^) 


and 


P 2 = <^ 2 - 


^ 1^20 ~ ® 12^10 


Further, |^ =:- 2 aii; 


= - 2 ( 3^2 and 


2 (Cqitt 22 — ^ 12 ^) 
d^y 


^P 2 ^ 


= - 2a, 


22 * 


If Oil and a22 are positive and such that ai2®<aiia22, then the prices 
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give a maximum value of net revenue. These limitations on the 
values of the constants are assumed below. 

Suppose, now, that two independent monopolists produce and 
Xo with costs ni = <XiXi and n 2 = a^ 2 > each assuming that the other 
will not change his price and maximising net revenue. The net 
revenue of the first monopolist is 




where the demand gives Xi as before. For a given value of p^, the 

maximum net revenue is obtained when ^ = 0, i.e. when 

dPi 


®io ~ {p^ — ttj) — Ojo (^>2 “ * 2 ) — 0. 

Similarly, for the second monopolist, 


®20 ~ *^12 i.Pl ~ ~ 2ct22 (j^2 “■ ^ 2 ) — 

Solving these two equations, the prices charged by the independent 
monopolists are found to be 


Pi=ai + 


^ 22^10 2 ^ 12^20 
2 (011022 “ i® 12 ") 


and Pz = (ti + 
dhjz 


^hi^2o ~ 2 ^ 12^10 
2 (011022 — 


Since -2ou<0 and similarly for the prices correspond 

dpx 

to positions of maximum net revenue. 

If Oij is negative, so that the goods are (in the broad sense) com- 
petitive in consumption, it is seen that the joint monopoly prices are 
greater than the separate monopoly prices ; the effect of joint mono- 
polistic production is to restrict output and raise price. If is 
positive and the goods are complementary, there are two cases : * 


(1) Oi2<®ii~ fh2<®22 — • 

^10 ^20 

Here, for the joint monopoly prices, (^Oi-ai) and {pz-a.^ are 
positive and both prices are above cost as represented by «! and 
It may or may not be that both prices are above those of separate 
monopoly. This case holds when, as in the majority of situations, 


♦ Notice that the case where a,3>o,, — and aia<a22— is exactly parallel 

^10 * ^20 

with and adds nothing to case ( 2 ) and that it is impossible, since <0^102,, 

for to be greater than both — and . 

®io ^20 
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The period of production t=^ is here determined solely by the rate 

of interest and not by the prices of the factors. The first Wo con- 
ditions are equivalent and imply that (1 -oc.)apa equals ocbpi,, 

a a Pj, 

i.e. r = ^ 

b 1-Ot.pa 

Only the ratio of the amounts of the factors used is determined ; the 
actual scale of production is immaterial (constant returns to scale). 
The ratio, further, is fixed by the prices of the factors and not by 
the rate of interest. Notice also that 

z= constant, 

bpi 1 - a 

i.e. the relative share of the two factors in the product is constant, 
unaffected by changes in their prices or in the interest rate. 

Under competition, with the particular production function now 
assumed, we have the added condition 

= e-*’* = e~^ = constant, 

X 

i.e. the combined share of the factors in the product is constant, 
independent of their prices or the interest rate. The share of capital 
(as represented by the entrepreneurs) is then constant also. In the 
competitive case, in fact, the relative shares of the factors and of 
capital in the total product are constant, no matter how the prices 
of the factors or the interest rate change.* 

14.6 Relative maximum and minimum values. 

A different problem, that of relative maximum and minimum 
values, arises when we seek the maximum or minimum values of a 
function z=f{x, y) where the variables are not independent but 
related by some given relation (f>{x,y) = 0. The given relation is 
often termed a side relation. The side relation determines one'v 
variable (say y) as a fimction of the other. Substituting, 

z=fix,y) = i{j{x) (say) 

and our problem is effectively one of maximising or minimising a 
function of one variable. In simple cases, the side relation gives y 

* Compare the results here obtained with those given by Edelberg, An 
econometric model of production and distribution, Econometrica, 1936. 
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as a single- valued function of x, in which case ip (x) also appears in 
single-valued form and our problem is solved without difficulty. 

In general, the side relation is multi-valued and a more subtle 
method of attack is needed. But the essential idea is still the re- 
duction of z to dependence on one variable only. Taking x as the 
independent variable and assuming that all partial derivatives are 
finite and continuous, the function and side relation give 

55 


So 


dx 


Equating this expression to zero, we obtain : 


The function z=f{x, y) has maximum or minimum values 
relative to the side relation ^{x, y)=0 only at points where 

<Px i>v 


This is a necessary condition for maximum or minimum values. 
Adding the side relation, there are two equations to be solved for x 
and y. Each solution is a possible maximum or minimum situation 
and must be examined further. We find 


A if 

dx^~dxV^' 





<pJV dx 





on reduction. The sign of tliis expression at a point given as a 
solution of the necessary condition determines whether the point 
corresponds to a maximum or minimum value of z. 

In diagrammatic terms, instead of locating the peaks and hoUows 
of the surface z=f{x, y), we consider only a definite path on the sur- 
face, defined by the side relation tp {x, y) = 0, and determine where 
the path attains its highest or lowest height above the zero horizontal 
plane Oxy. Using the contour map of the surface, our path is a 
given curve crossing the contours of the map and we seek those 
points on it where the highest or lowest contours are cut. It is clear 
that, at these points, the given curve touches a contour (see Fig. 89 
below). The tangent gradient of the given curve <p{x, y} = 0 is then 
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equal to that of the contour /(a;, y) = constant, i.e. ( - ^ ) equals 

, f\ \ 

I --Lf 1 which is the necessary condition above. 

' Jv' 

For functions of several variables, we seek the maximum or 
minimum values oiy=f{x^, x^, ... Xn) subject to a given side relation 
X 2 , ... a:„)=0. The side relation gives Xj as a function of the 
other (?z- - 1) variables for which 

3X2 dx3 ' 

Then ?/ is a function of (w - 1) independent variables and 

^+f -f 


dx. 




8x0 


U2 ^xt 

and similar expressions for the other partial derivatives. At a 
maximum or minimum position, all these partial derivatives must be 
zero. It follows that 

fxi fx. fxn 

^x, 9x„ 

is the necessary condition for a maximum or minimum value of y. 
There are (u. - 1) equations here and these, vdth the side relation, 
determine certain sets of values of x^, Xg, ... x„ amongst which are all 
those giving maximum or minimum values of y. Sufficient con- 
ditions for distinguishing maximum and minimum values are given 
later (19.2). 

In a more general problem, the maximum or Tninimum values of y 
are required subject to r given side relations between the variables 
(where r<n). An alternative method of approach can now be used 
to advantage.* In the case of two side relations 

^(.Xi, X 2 , ... x„) = 0 and 0(xi, Xg, ... a:„) = 0, 
write zxxf[Xi, X 2 , ... x„) — A^(Xj, X 2 , ... x„) — [x^^, X 2 , ... x„). 

Then z must have a maximum or minimum value for any values of 
A and y. whatever (since the coefficients of A and y are zero). But 
82 , . dz 

/®i ^vxi~y'Tx\i fxi~^4*x,~y^xt} ••• • 


8x1 


* Ths method, which also applies in the simple case (r= 1) already analysed 
is known as Lagranse s method of solution by “ undetermined ” multipliers 
See, for example, Osgood, Advanced Calculus\l^25], pp. 180 et seq. and de la 
ValI4e Poussin, Oours d' analyse infinitesimal, Vol. I (oth Ed. 1925), pp. 147-9. 
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Take the two side relations as giving and as functions of the 
other (n - 2) variables which are independent. Then we can choose 

dz 3z 

A and u so that the expressions for zr- and are zero. For a 

maximum or minimum value of z as a function of the (n - 2) inde- 

dz dz 

pendent variables, all the partial derivatives — , - — , must be 

zero. In this way, we have altogether n equations : 

(r = l, 2, ... n). 

These, together vdth the two side relations, determine certain values 
of A and and of the n variables x^, ... x„. Amongst these values 
are those which give the relative maximum or minimum values of y 
required. Sufficient conditions camiot be written here. 

14.7 Examples of relative maximum and minimum values. 

The followmg examples illustrate the practical solution of relative 
_ maximum or minimum problems. It is important to note, in each 
case, whicli variables are taken as independent. 

Ex. 1. To find extreme values of z =a:^ + y- relative to 
X- + y~ -4x -2y + 4-0. 

From f{x,y)=x- + i/^, we have fx-^x and /y=2y. Again, from 
j>{x, y) =x^+y^ -4x -2y+4, we have <fjx — 2{z - 2} and j>^ = 2{y -1). At 
a relative maximum or minimum value of z, we must have 

X ___ __ y 

x-2 y-l‘ 

Hence, x — 2y. Substituting in the side relation, 

5y®-10y + 4=0. 

So 

The corresponding values of z are 

2 = x2+y2 = 6(^l±^)* = 2(3±76). 

By examining the sign of the second derivative of z as a function of x, 
it can be shown that the plus sign above corresponds to a relative maxi- 
mum and the minus sign to a relative minimum value of z. Or, Fig. 89 
shows certain contours of the surface z — x^+y"^ (i.e. circles centred at 0) 
and the curve representing the side relation (a circle centred at a: = 2, 
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y = l). It is seen that this latter circle touches two of the contours. For 
one point of contact the value of z is a relative minimum 

z = 6 - 275 = 1*53 approximately, 

which is the square of the radius of the smaller contour touched. For 
the other point of contact 

z = 6 + 275 = 10-47 approximately, 

the square of the radius of the larger circle touched. 



Ex. 2. To find the dimensions of the rectangular block of maximum 
volume which can be cut from a spliere of radius a inches. 

Let the sides of the block be 2x, 2y and 2z inches. Simple geometrical 
considerations show that, for maximum volume, the corners of the block 
must lie on the sphere’s surface with diagonals as diameters of the sphere. 
Hence, +z^ We require the maximum volume V = %xyz 

subject to this relation. 

From f{x, y, z) = 8xyz, we have = 87/z ; = 8a:z ; /, = 8x?y. 

From y, z) =a;2 4-?/^ +2^ we have ^3, =2a; ; ^„=2y; (j)^=2z. 

Hence, for the relative maximum of F, 

4y2 _ 4a;z 4a:y 
x y z ' 

It follows that x^ =y^ =2®. 

Since x"^ + +z^ =a^ and x, y and z are positive, we find 

a 


x=y=z= 


s/3' 
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These values clearly correspond to a (relative) maximum volume 

^ 373 ' 


The block of maximum volume is a cube of side -j- inches. 

V3 

Ex. 3. The function z =/(a:, y) has a stationary value at {a, b), so that 
/j.=/y=0 at this point. The relation 

y -b=m{x-a), 

where m is a fixed value, indicates a particular direction of variation of 
X and y from (a, b). To find the nature of the stationary value of z in this 
definite direction : 

The side relation gives y as a function of the independent variable x 
and we find 

dt/ 

^ =m, (from the side relation) 


and 


dz dt/ 

^ =/» +/v ^ =/«: + w»/v = 0. at (a, b) 


=/v. (m 

\ /tftf/ Jvv 

(from the original function). 

The sign of this last expression, for the given value of m, determines 
whether z is a maximum or minimum. 

If/„ and/yy are both negative and such that 


fxxfvv^ f a:: 


the expression shows that ^ is negative whatever the value of m, i.e. z 

has a maximum value in all directions from (a, b). These are sufficient 
conditions that/(o, b) is an (unrestricted) maximum value of the function. 
If and are both positive subject to the same condition, it follows 
similarly that /(a, b) is a mini mum value of the function. 


14.8 The demand for factors of production. 

The output of a good X when amounts a and b of two factors A 
and B are used is given by the production function x=f{a, b). It is 
assumed that the prices of the factors are fixed at pa and pt, and that 

M.A. 
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a given output x is required at minimum cost. We choose a and b 
to minimise n=apa + bp^ subject to f(a, b)=x. Taking a as the 
independent variable, the side relation gives 

da /b' 

o db fa - 

So _=p„+p._=j,.-_j,,=0 

is the necessary condition for minimum cost, 


i.e. 


fa h ‘ 

The factors are employed in amounts such that their marginal 
products are proportional to their given prices. Further, 


d^n_ d (dm _ ^ 

da^ da\da) da’^ 
d% 

So, if ^ > 0, then the position concerned corresponds to a minimum 

cost. The condition implies that the constant product curve at the 
point concerned is convex to the origin. The equilibrium position 
is thus stable at all points where the constant product curves are 
convex to the origin. 

The necessary condition with the side relation determines the 
demands a and b for the factors in terms of the given values of 
Pa, Pi and X. The (minimised) cost is then determined in the same 
way. As the given output x is changed, the prices of the factors 
remaining constant, the demands for the factors vary and the cost 
of production varies to give the ordinary total cost function. 

In diagrammatic terms, the contour map of the function 


n=apa+bpi 

consists of a set of parallel straight lines in the plane Oab. 
contour for fixed cost is a line with gradient equal to ( 

TT n ' 


Vb 


The 

and 


cutting the axes at distances — - and — - from 0. As 11, is increased 

Va Pb ^ 

the line moves away from 0 parallel to itself. If a given product x 
is to be obtained, then all possible combinations {a, b) of factors lie 
on the corresponding constant product curve. We seek that com- 
bination with minimum cost, i.e. lying on the “ cost line ” ,of the 
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parallel set which is nearest 0. The combination is given by the 
co-ordinates of the point P wliere the constant product curve 
touches one of the cost lines. If the constant product curve is of 
normal form (doumward sloping and convex to 0), there is only one 
such point P and it corresponds to minimum cost. At P, the 

gradient of the constant product curve ( ) and that of the cost 

I v\ ^ 

line equal. This is the necessar^’^ condition above. 

As the value of a: is changed, 
we obtain a series of different 
constant product curves and a 
series of points Pj, Pj, ... where 
they touch cost lines 

AjPj, AoPji ••• • 

This is shown in Fig. 90 where the 
values of z(Xi, z^, ... ) increase. 

As z changes continuously, the 
points describe a curve in the 
plane Oab. The varying co- 
ordinates of a point on the 
curve show the variation of 

demand for the factors as the output z varies. Further, the varying 
cost corresponding to the cost lines touched defines the total cost 
function for varying output z. 

If the production function is linear and homogeneous (constant 
returns to scale), then Euler’s Theorem gives 

af„+bfi=z. 

So 

z z z ' 

where A denotes the common value of Po : fa and pj, : /t. Now 

m 

dz'' 



da db 
:+Pb 


^^^dz‘^^dx 




since 


da . db 
^°di'''’’^dz'' 


:1 from /(a, b)=z. 


We consider here a variable equihbrium position with output z 
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changing and and fixed. Hence, average and margmal cost are 
equal at aU outputs. Average cost must thus be constant ^respective 
of output (see Examples XVI, 22, below), a natural result in this 
case of constant returns to scale. In Fig. 90, the constant product 
curves are now of the same shape (radial projections of each other) 
and the locus of P is a straight line. The factors are used hi the same 
proportion and their amounts and total cost increase in proportion 
as output increases. 

If the good X, produced under eonstant returns to scale, is sold on 
a competitive market at a price p equal to the constant average 
cost, then 

P<^. 


So 


pb n 

— ~^=—=p- 

fa fb ^ 

Pa=Pfa and Pb=PU 


This is the law of “ marginal productivity ” ; the price of a factor 
equals the margmal product of the factor valued at the selling price 
of the product. Suppose, further, that the demand law for X is 

x = ^{p) with elasticity 1 ]=—-^. To determine the amounts 

{a and b) of the factors and the selling price {p) in terms of given 
factor prices {pa and Pb), we have now three conditions : 

(1) f{a, b) = (f){p) ; (2) Pa=pfa (3) Pb=pU 


The output x=f{a, b) = ^{p) and total cost 11 =px=apa + bpb are 
also determined. Full competitive equilibrium, with constant 
returns to scale, is thus determinate. 

We can trace the variation of the demands for the factors of pro- 
duction, given above in terms of Pa and p^, as one of the prices 
(say Pa) changes while the other (pb) remains constant. For the 
linear homogeneous function x=f{a, 6), we have 

faa=-^fab and fbb=~^fab (12.8, (4), above). 

ft ^ 

The elasticity of substitution between the factors is a=-~ . 

^Jab 




and fab = 


fafb 


xa 



PROBLEMS OF MAXIMUM AM) MINIMUM VALUES 373 

The equations (1), (2) and (3) hold for any values of Pa a°.d jpj and 
can be differentiated partially -with respect to po ; 

, .dp (. da . db' 

^ “/» sT" \ fo« aT" +/•» ; 


f ^ + f ^ 


X dp 
'^pSpa’ 


'dp. 




(/ 


dpa ■'•’’dp,, 

da f db\ 

°’>dp,'^^^^dpj * 

Making use of (2), (3) and (4), we have : 

dp da db ^ 

dpa ^ dp, ^ dp, 
dp b da db xp 

tea ^ - p, r- +pe. ST- = — 


dpa 

dp 


a 


'dp. 


da a 

aJffr^+Pflr— 
dpa dp. 


dPa Pa 
db 


b^°'dp. 


: 0 , 


, dp da 
'Wa'Wa 


There are thus three linear equations in the “ unknowns ' 
db 

and ^ . By simple algebraic methods,* the values of these partial 
Spa 

derivatives can be found and written : 


o Pa\^P ^P I 


and 


da 
dp, 

— = 
dPa~ 

Eb 


ab 
xp 

Pa db 


^ Ea p, da , 

Wnte == — 5 — and - 

Ep, a dp, Ep, b dp, 

the factors with respect to p, and k, 


ip-a). 

for the elasticities of demand for 


aPa 


}Pii 


- and K6=“(ACo + 'f6=l) 
xp °xp 

for the proportions of total receipts going to the factors. Then 

Ea 
Ep, 

Eb 


and 


Epa 


= -(/CtCT + Kolj) 

■ K,{a-p). 


The interpretation of these results is clear. If the price of the 


0& 


dp ^ j 

• For example, by eliminating , we obtam two equations m ana ^ 

which are easily solved. Or, the method of solution by “ dete rminant s ” can 
be utilised {see 18.6, Ex. 2, below). 
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factor A rises, the demands for both factors are affected, and in two 
ways. In the first place, the cost of production is increased, the 
product is dearer and (for a decreasing demand law ■ndth rj positive) 
less of the product is bought. There is then a proportional decrease 
in the demand for both factors. This is shown by the negative term 
( - Ka-q) in the expressions for both elasticities of demand. Secondly, 
the factor B is now cheaper relatively to the factor A and it pays to 
substitute £ for A in production as far as possible. The demand for 
B thus increases at the expense of that for A, as is shown by the 
positive term (koCt) in the expression for one elasticity and the 
negative term ( - Kta) in the other. The total effect on demand is 
found by addition. The demand for A falls in any case, but that for 
B may rise or fall according as the substitution effect is stronger or 
weaker than the effect through the demand for the product. 


14.9 The demand for consumers’ goods and for loans, 

A similar analysis appUes to the demand of a consumer for two 
goods X and Y obtainable at given market prices p,. and The 
consumer has a fixed income p and makes his purchases to attain the 
highest position on his preference scale, as represented by an index- 
function of utility 

We have to find x and y, the individual’s purchases, so that w is a 
maximum subject to the relation expressing the balance of the indi- 
vidual’s budget : xp, + yp,^yL. 

This expression of the problem is independent of which particular 
form of the index-function of utility is selected ; all forms of the 
index-function increase and decrease together and so attain their 
maximum values together, at the same values of x and y. 

The side relation gives y as a function of x for which 

dy p^ , d-y 
dx 


y- 


Vv 


Pv 


dx" 


= 0 . 


So 




Pv 




= ^4>vvPx - HxvPxPv + ^xxPv^)^ 


and 
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The necessary condition for a relative maximum value of w is thus 

Px Pv’ 

i.e. the marginal rate of substitution between the goods in consump- 
tion (i2 = ^x : (^y) is equal to the ratio of the given market prices. 
This condition, together with the side relation, is sufficient to deter- 
mine the purchases of the individual in terms of the given values of 
Pxi Pv ^0 determine the demand functions of the individual 

(see 11.7 above). A sufficient condition for a relative maximum 
value of tt is 

^vvPx" - HxvPxPv + 4>xxPv^ < 0. 

Using the necessary condition, this implies that 

^vv xv4’x’f^v "t 4’xx 

In diagrammatic terms, the purchases of the individual are given 
by the co-ordinates of the point P in the Oxy plane where the fixed 
line with equation xp,. + ypy—fi, expressing the budget balance, 
touches one of the indifference cur\'es of the system 

y)= constant. 

The point P corresponds to a maximum value of « if the indifference 
curve at P is convex to the origin. The condition of tangency is 
equivalent to the necessary condition and the condition of convexity 
to the sufficient condition VTitten above. So, in the “ normal ” case 
where the indifference curves are downward sloping and convex to 
the origin, a unique and maximal pair of individual purchases are 
defined for any given market prices or given income. The " normal ” 
case, in fact, corresponds to the case of stable demand functions. 
The variation of the individual’s demands for the two goods as one 
of the market prices or the income varies is sho^vn by the changing 
position of the point P as the line xpic + ypy=p moves in conformity 
with price or income variation.* 

. We can consider, as a second problem, the conditions under which 
an individual regulates the flow of his income, and hence of his con- 
sumption, over time. This is a problem of importance in the theory 

• For more complete accounts of the problem of demand for consumers’ 
goods, see Hicks and Allen, A Reconsideration of the Theory of Value, Eco- 
nomica, 1934, and Allen and Bowley, Family Expenditure (1936). Expressions 
are here found for the elasticities of demand with respect to price or income. 
The methods used are extensions of those first introduced by Pareto. 
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of interest.* It is assumed that the individual has given resources 
wliich can produce various incomes Zx tins year and various incomes 
Zy next year subject always to a given transformation relation 

F{x, y) = 0. 

Interest is reckoned at the fixed rate of lOOr per cent, compounded 
yearly. We determine, first, those incomes which maximise the 
present value y 


subject to the transformation relation. We have 

dz ^ I dy , d^z 1 d^y 
dx l+rdx dx^ l+rdx^ 

where the derivatives of y with respect to x are given by F {x, y)=0. 
Hence, for maximum present value, we must have 



i.e. the incomes in the two years are such that the marginal rate of 
return over cost equals the given rate of interest. The suflScient 


condition for a maximum present value 



is satisfied in the 


“ normal ” case where the transformation curve in the plane Oxy is 
concave to the origin (see 9.7 above). 

The necessary condition above and the transformation relation 
determine the incomes Xq and yg with maximum present value, both 
incomes depending on the interest rate r. It is now assumed that 
the individual can modify his incomes by borrowing or lending 
money this year to be repaid next year with interest at the fixed 
market rate. This process leaves the present value of income un- 
changed, i.e. 


X- 


y 

1+r 


— ^0 


Vo 


1 +r 


where x and y are any incomes as modified from Xq and y^ by loans. 
For example, if the individual borrows {x-Xq) this year, then 


yo-y = {'Z+r) {x-Xo) 

is the amount he must repay next year, and this is equivalent to the 

* The analysis here given is baaed on that given by Fisher, The Theory of 
Interest (1930). 
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relation written above. It is assumed, further, that the loans made 
by the individual are such that the utility function 

u = ^{x, y) 

of the individual for incomes in two years is maximised subject to 
the relation above. The particular form of the utility fxmction 
taken is quite immaterial. The relation gives 



- (1 +r). 


^ = 'Px + <Pv% = 'Pcc-{l+r)4>, 


The necessary condition for relative maximum utility is thus 



i.e. loans must be made so that the marginal rate of time-preference 
of the individual becomes equal to the market rate of interest. This 
condition, together with the constant present value relation, deter- 
mines the incomes x and y in terms of the given interest rate. In 
particular, is deter- 

mined as a function of r, the 
demand function of the in- 
dividual for loans. The value 
of {x - aJo) may be positive or 
negative according to the 
interest rate, i.e. the individ- 
ual may borrow or lend this 
year to reach his “ optimum” 
income stream. As in the 
case of the consumption goods 
problem, if the indifference 
curves, ip (x, y) = constant, are 
convex to the origin at all 
points, then the positions obtained are stable and correspond always 
to maximum, rather than to minimum, values of utility. 

The problem can be put in a slightly different way capable of 
simple diagrammatic representation. Suppose that the individual, 
before borrowing or lending, has incomes iCj' and y^' in the two years. 
Represent these incomes by a point P^' in the plane Oxy (Fig. 91). 
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By borrowing or lending, the individual can modify his incomes to 
X and y where the point (x, y) must lie on the line A'B' with equation 


1+r l+r 


i.e. the line through Pg with fixed gradient (to Ox) which is negative 
and numerically equal to (l+r). The incomes selected by the 
individual are given by the co-ordinates of the point P’ where A'B' 
touches an indifference curve of the system 


t/r {x, y) = constant. 


If the indifference curves are everywhere convex to the origin, then 
P' is uniquel}'’ determined and corresponds to a maximum of utih■t3^ 
The initial incomes x^' and y^' can be varied according to the given 
transformation relation F{x, y) = 0 and the point P^' can take any 
position on the corresponding transformation cur\m QE. As Pq' 
varies, so does the point P' and we require that position of P' giving 
the largest possible utility level. The position required is given by 
P where an indifference curve is touched by the fine AB (parallel to 
A'B') which touches the transformation curve at some point Pq. 
In other words, we seek a Line with fixed gradient - (l+r) which 
touches the transformation curve at Pp and an indifference curve 
at P. The incomes first derived bj’’ the individual are given by the 
co-ordinates of Pq and the final incomes, as modified by loans, are 
given by the co-ordinates of P. In this position, the numerical 
gradient of AB (l+r) is equal to that of the transformation curve 
(Pj. : Pj,) and to that of the indifference curve i-e- i" equals 

the marginal rate of return over cost and the marginal rate of time- 
preference. Notice that, for a line with fixed negative gradient 
- (1 +r), the present value of the incomes represented is constant. 
The maximum value of this present value attainable is given by the 
particular line AB. Hence, as in the previous analysis, we can first 
locate Pq for maximum present value of incomes on the transfor- 
mation curve, and then locate P for maximum utility of incomes 
obtainable by borrowng or lending from those at Pq. 


EXAIVIPLES XrV 

General maximum and minimum problems 

1. Indicate the contour, ridge and trougli lines of each of the functions 
2 = a:' + 2 /*-l; z=l-x^-y*; z = x- ~ y'^ +1. Show that x = y = 0 gives a 
stationary value of z in each case. Determine the nature of the stationary 
value in the various cases. 
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2. Show that 2 =aa:’ + 6i/* + c always has a single stationary value which 
is a minimum, a maximum or a saddle point according as a and 6 are positive, 
negative or of opposite signs. 

3. Show that z — x^ + xy + y* has a minimum value and z=x* + xy~y* a 
saddle point at x=j/ = 0. 

4. Show that z = ax* + 2hxy + by* + 2gx + 2fy + c has two straight ridge or 
trough lines and deduce that the function has only one stationary value. 

5. If 3 = (x - show that there are ridge and trough lines which are 

straight and parallel and that z has no stationary value. 

6. Show that z=(x* + y*)e**~»* has a minimum value at x=j/=0 and 
saddle points where x—Q,y= ±1. 

7. Indicate the form of the contour map of z = x* + y’ - 3xy and show that 
the ridge and trough lines are arcs of parabolas. Deduce that z has a TniniTrmm 
value at X = y = 1 and a saddle point at x = y = 0. 

8. Locate the stationary values of z = 2(x - y)* - x‘ - y*. 

9. If z is a function of x and y defined by x* + y * + Sz* - 2x + 2z = 0, show 
that the contours are circles centred at x= 1, y = 0 which expand as z increases 
{ - l<z< -f) and then contract as z increases further ( -i<z<i-). Deduce 
that z= - 1 is the minimum and 2 =:J- the maximum value of z. (See 14.3, 
Ex. 4 above.) 


10. Show that the only stationary points on the surface z = x’e’' form a line 
of minima lying along the axis Oy. Verify by examining the nature of the 
sections of the sxirfaoe by planes perpendicular to Oy. 

11. If ^=(ctx + 6y + c)^(x, y) and ■^=(ax + 6y + c)i/t(x, y), show that zhas 

a line of stationary values correspondmg to ax + 6y + c = 0 on the contour map 
in the plane Oxy. Illustrate with z—xH'". 


12. If M=/{z) where z~ <j>{x, y), show that the stationary values of u and z 
occur at the same values of x and y. If/'{z)>0 always, deduce that corre- 
sponding stationary values of u and z are also of the same type. 

13. The variable p is defined as a function of four variables o, b, t and t by 
the relation ale’‘^ + bre<"=J{a, b, t, t), where I and r are constants and / is a 
given function. Find four equations to determine o, b, t and t for maximum p. 
(See Wicksell, Lectures on Political Economy, Vol. I (English Ed. 1934), p. 181.) 

14. By eliminating y, show that z = e*’+v- has a minimum value e* relative 
to X - y + 2 = 0. Check by means of the results of 14.6. 


15. If X and y are positive, show that the maximum value of xy subject to 


K* + y* = a* occurs where x = y: 


of z = xy and the circle x* -(- y* = 4. 


V2' 


Illustrate by drawing the contour map 


16. The variables x and y are related ^here a>b. 


Show that 


(x*-fy*) has then a maximum value a and a minimum value b. Illustrate 
diagrammatically when a — 5 and 6 = 3. 

17. Establish the necessary condition for an extreme value of z=^f{x, y) 
relative to ^^{x, y) = 0 by Lagrange’s method, using an “undetermined” 
multiplier A. 
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18. Find the stationary values of z = x^ + y^ -2xy subject to y = mx where 
m is a constant. For what values of m is 2 (o) a maximum and (b) a mini- 
mum at x = y = 01 Deduce that x=y = Q is a saddle point of the surface 
z = x^ + y^ ~ 3xy (see Example 7 above). 

19. A rectangular brick has a given volume ; show that its surface area is 
least when it is a cube. Show that the same result holds if the brick has a 
given surface area and maximum volume. 


20. An open box of given volume 4 cubic feet has a rectangular base and 
vertical sides. It is made of wood costing 1 shilling per sq. foot. Show that, 
for least cost of construction, the base of the box is a square of side double 
the depth. What is the least cost? 


21. An “ ellipsoidal ” block of wood has a surface with equation 


y^ z’ 


62 


8a6c 


referred to axes Oxyz in space. Show that - — - is the volume of the largest 

d sjd 

rectangular brick that can be cut from the wood. 


22. If axes Oxyz are fixed in space, what is the distance of the point (a;, y, z) 
from 0 ? Express the distance from 0 to any point on the plane 3 x-f 4 i/-f 62=10 
in terms of the x and y co-ordinates of the point. Deduce that ^2 is the 
shortest and perpendictilar distance from 0 to the plane. 

23. Given z^mf{x) + n(f>{y) where 7na;-t-ny = o and m + n = b, find 2 as a 
function of x and y for given values of a and 6. Deduce that z has extreme 
values for variation of x and y where 

X y 

(See Wicksell, op. cit., p. 140.) 


Economic maximum and minimum problems 

24. A monopolist firm produces two chocolate lines and X, at constant 
average costs of 2s. 6d. and 3s. per Ib. respectively. Ifpj andp, are the prices 
charged (in sh i l lin gs per lb.), the market demands are 

a:i = 6(p,-pj) and = 32 -l- - lOp, 

thousand His. per week of the two fines. For maximum joint monopoly 
revenue, show that the prices are fixed at nearly 4s. 6d. and 4s. 9d. per lb. 
respectively. 

« problem of the previous example, find the prices of the two fines 

faxed by mdependent monopolists and show that they are less than the joint 
monopoly prices. 

A monopolist produces cheap razors and blades at a constant average 
cost of 2s. per razor and Is. per dozen blades. The demand of the market 

per week is = „ thousand razors and x^ = — ^ thousand dozen blades 
PiPs PjP2 

when the prices are p^ (shillings per razor) and p, (shillings per dozen blades), 
bhow that the monopoly prices, fixed jointly, are 4s. per razor and 2s, per 
dozen blades. ^ 
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show that the amounts of the factors used and the total cost are determined 
as functions of x and deduce that 

Pc 

fa fb 

The selling price p is fixed and output chosen for maximum profits. Show that 

In what sense can the factor prices be said to be equal to the “ marginal 
revenues” of the factors? (See Georgescu, Fixed coefficients of production 
and marginal productivity theory. Review of Economic Studies, 1935.) 


35. If u = x’^y^ is an individuars utility function for two goods, show that 

« P ^ P 


his demands for the goods are x = - 


and y = - 


where p^ and p^ 


^+^Px o. + ^Pv 

are the fixed prices and fi the individual’s fixed income. Deduce that the 
elasticity of demand for either good with respect to income or to its price is 
equal to unity. 


36. An individual’s utility function is n = 2gx + 2fy - ax* — 2hxy - by*. Show 
that his demands for the goods are linear in the income y,, the coefficients 
depending on the prices of the goods. 


37. Differentiate the equilibrium conditions giving the demands for two 
goods X and Y for an individual with utility function u= y) in the case 
where ^^ = 0. Show that 


3a; _ 1 

^Px~ 




where T = ^ + ^ 

TXX TVV 


and deduce that the demand for a good decreases as its price increases provided 
that (f>^ and are negative. Why is this statement of the problem not 
independent of the particular utility function selected? (See Pareto, Manuel 
d'economie politique, 2nd Ed. 1927, pp. 679-84.) 


38. The incomes of an individual in two years are x^ and y^ and his utility 
function for incomes is u = a;“yP. Show that the demand [x — Xg) for loans this 
year decreases as the given market rate of interest lOOr per cent, increases. 
Deduce that the individual will not borrow this year at any (positive) rate of 


interest if yo<-x 


39. In a self-contained community, an individual can produce, with his 
given resources, amoimts of goods X, Y , Z, ... according to the transformation 
function F(x, y, z, . . . ) = 0 and he can then buy or sell on a market at fixed 
prices p^., p^, p^, ... . His utility fimction is u= <f,{x, y, z, ...). How are the 
amounts he demands or offers determined? Illustrate diagrammatically in 
the case of two goods and show that the solution is exactly analogous to that 
of the problem of the demand for loans (14.9 above). 

40. Values {Xf) of a variable quantity X are given for a series of (2a -fl) 
years 

t= -n, - (n- 1), ... - 1, 0, 1, ... (n-l), n 
taking i=0 at the centre of the period. Write X{ = at + b + Vf where a and b 
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are to be determined so that the sum of all observed values of Vf* is a TninimTiTT^ 
Show that 

2jtXi , , Sx^ 

and 5-=^-' 




2/1 + 1 


=x 


where E implies summation over the {2n + 1) observed values. In what sense 
does x—at + b represent the “ trend ” of the series of X ? 


41. The Board of Trade Wholesale Price Index-number aij {1924= 100) at 
certain dates is given by tlie following table : 


Date 

t 


July 1929 - 

-3 

82-7 

Jan. 1930 ... 

-2 

78-8 

July 1930 ... 

- 1 

71-7 

Jan. 1931 - 

0 

64-3 

July 1931 - 

1 

61-6 

Jan. 1932 ... 

2 

63-4 

July 1932 - 

3 

68-8 


Find the trend a:=a< + 6 by the method of the previous example. Compute 
the trend values for each date and compare with the actual value of the index. 
Represent the original values and the trend values graphically. 






CHAPTER XV 

INTEGRALS OF FUNCTIONS OF ONE VARIABLE 


15.1 The definition of a definite integral. 

The concept of an “ integral ” has two very different characteristics 
and two correspondingly distinct applications. From one point of 
view, an integral is the limiting value of a certain summation ex- 
pression which is of frequent appearance in mathematical analysis 
and which corresponds, in diagrammatic terms, to an area enclosed 
by a plane cmwe or curves. The integral, viewed in this way, is 
called a “ definite ” integral. From another point of view, an 
integral is the result of reversing the process of differentiation. The 
derivative of a function of one variable is itself a function of the 
same variable. The inverse problem is to obtain, from a given 
function, a second function which has the first as its derivative. The 
second function, if it can be found, is called the “ indefinite ” integral 
of the first. 

It is essential, in the following development, to distinguish care- 
fully between the two aspects of an integral, the “ definite ” and 
the “ indefinite ” aspects. The actual definition of an integral can 
be framed in one of two ways and, once one aspect is adopted as the 
basis of the definition, it is then our business to establish the property 
implicit in the second aspect. It is found that the sum-area concept 
of an integral provides the better starting-point. The definition 
given below, therefore, makes use of this concept and it is only at a 
later stage that the integral is connected with the inverse differentia- 
tion process. This is merely a matter of formal presentation ; the 
smn-area and inverse-differentiation properties of integrals are 
equally important in application. 

It is assumed that y=f{x) is a single-valued function which is 
continuous for aU values of a: in the given interval from a;=a to 
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x—b* The interval of x, of length (6 - a), is divided ia any way we 
please into n sections by means of the dividing points : 

®2i *31 ••• 1 *n-H *ni *n+l— 

We form the sum : 

/ (*i) (*2 - *i) +/(*2) (*3 - * 2 ) + — +/(*n-i) (*„ - *«-i) +/(*„) (a:„+i - »„), 
where each term is obtained from a different section and consists of 
the length of the section times the value of the function at the lower 
(or left-hand) point of the section. For convenience, a special 
notation is adopted in which we write the sum as 

n 

2 /(*r) (*r+l ~ *r)i 
f-1 

where the term written is the typical (rth) term of the sum and the 

n 

symbol 2 indicates that all such tenns, from the first {r = l) to the 

f-1 

nth (r=n), are to be added together.f The number n of the sections 
into W'hich the given interval is divided is now increased in any way 
such that each section becomes smaller. It can be shown that the 
sum above then increases and approaches a definite limiting value. 
No formal proof of this basic result is offered here but a diagram- 
matic indication of its correctness is given below. The limiting 
value, approached as n tends to infinity, is called the definite integral 
of the function between the lower limit a and the upper limit b and 

written in the symbolic form f f{x)dx. So : 

a 

rft n 

Definition: f{x)dx=Lim 2 /{*f)(*r+i -*r)- 

Jq n-»to r— 1 

The process of finding the integral of a frmction is called integration. 
From the definition, it is clear that the value of a definite integral 
is simply a number which can be positive or negative and which 
depends only on the form of the function and on the values of the 

* The rigid definition of a definite integral does not assume that the function 
is continuous. The full development, following Riemann (after whom the 
integral is sometimes named), is somewhat involved — see Goursat, Gours 
d'analyae, maiUmatique, Vol. I (4th Ed. 1924), pp. 169 et seq. The essentials 
of the definition, however, are clearly indicated here. 

t This 2 notation is found to bo of great convenience in dealing with sums 
of all kinds. The Greek capital 2i au alternative to the English S, is an 
obvious letter to indicate a sum. 
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limits {a and b) taken. The variable z is not involved ; it has been 
“ integrated out 

It can be shown, furtlier, that sums other than that written above 
have exactly the same limiting value, the definite mtegral, as n tends 
to infinity. Such sums are formed by taldng, for each section, the 
length of the section times the value of the function at the upper 
(or right-hand) point of the section, or indeed at any point within 
.jthe section. Tliis fact, again not formally proved, is supported by 
the diagrammatic illustrations below. Hence ; 
rt n 

f{x) dx = Lim 2 / (x/) ( 3:^+1 - ^r), 

J a n“>co r==l 

tvhere Xr can take any value from x^ to 3:^+1 inclusive. 

Put more broadly, the definition is as follows. The interval from 
x—a to 3: = 6 is di-\nded into a number of sections of which Ax is a 
typical one with x as one pomt contained in it. Then 



=LimZ/(3;)J3;, 


where each section length Ax is multiplied by the value of the 
function / {x) at a point of the section, the whole set of products is 
summed and the fimit found as the number of sections into which 
the given range (a, b) is divided is increased indefinitely.* 

The followdng properties of definite integrals are derived at once 
from the definition. If /(.r) and ^( 3 ;) are single-valued functions 
continuous over the relevant intervals, then : 

i 

(1) \ f(x)dx= f(x)dx. 

‘'a b 

(2) \\~f{x)}dx=-\’’f{x)dx. 

•'a J a 

(3) f kf{x)dx = k f f{x)dx {k being a constant). 

J a j a 

(4) { f{x)dx={ f{x)dx+{ f{x)dx. 

^ a J a J c 


* The way in which the integral notation has arisen is clear from this rough 
statement of the de^tion. In the limit, the sum 'Z J{x)Ax is written Sf{x)dx, 
S bemg an alternative symbol for 2* The jS then becomes elongated into the 

conventional sign [. 
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(5) I {f{x) + (f,{x)}dx=^ f(x)dx+j <f,{x)dx. 

The last of these properties can be considered as an illustration of 
the formal method of proof. We have 

+ 4> i^r)) {®r+l “ = 2 {/(^r) (ai^+l “ »r) + '^ (a^r) {^r+l “ «r)} 

n n 

— 2 / i^r) {^f+l ~ ^r) + 2 ^ (a^r) (a-r+j ~ ^r)y“ 

r**! r**l 

rh rh rb 

i.e. {f(x) + ^{x)}dx—\ f{x)dx+\ if>{x)dx 

J a ^ a ^ a 

on taking the limit as n tends to infinity and using the property 
(4.6) that the limit of a stun is the sum of the separate limits. It 
can be noticed that this result extends to the integral of a difference 
and, in an obvious way, to the integral of sums or differences of any 
number of separate functions. 

15.2 Definite integrals as areas. 

The diagrammatic representation of a definite integral which 
follows makes the concept much more clear and, at the same time, 
leads to important applications. Suppose, first, that b>a and that 



the continuous function f{x) assumes only positive values between 
x=a and x=b. Further, for simplicity of exposition, take ttie 
function as monotonic increasing. The function is then represented 
(Fig. 92) as a continuous curve lying above the horizontal axis Ox and 
rising ffom left to right between the ordinates AP (at a;=a) and 
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BQ (at x=b). Let CD be a typical member {Xr, of tbe n 
sections into which we divide tlie range AB (n = 2, in the figure). The 

n 

contribution of this section to the sum 21 / (■'^r) i^r+i ~ ^r) tunes 

r=l 

CR, the ordinate of the curve at C, i.e. it is the area of the rectangle 
with CO as base and OR as height. The whole sum is thus the sum 
of the rectangular areas shaded in Fig. 92, an irregular area lying 
entirely under the curve between P and Q. As the number of 
sections is increased, each section becoming smaller, the sliaded 
area, comprising an increasing number of rectangles becoming steadily 
thinner, must increase and approach a limiting value which we can 
identify as the area under the curve, above Ox and between the 
ordinates AP and BQ. Hence, the sum written above has this 
area as limit and 

[ f{x)dz = axea ABQP under the curve y=f{x). 

J a 

It is also clear that the same result follows if we start from one of 
the other sums used in the definition of the integral. The sum 

n 

2 f{^r+i){^r+T.-^r) is represented by a sum of rectangle areas, a 

r=l 

typical rectangle having CD as base and DS as height. We have 
now an irregular area enclosing the curve and, as the number of 
sections is increased, the area decreases and approaches a limiting 
value which is the area ABQP imder the curve. Further, the sum 

n 

2) /(^r')(®r+i”^r)> where Xj.' is any value between x^ and x^+i, is 

r=.l 

shown as the sum of rectangle areas, a typical rectangle having base 
CD and height equal to some ordinate of the curve above CD. This 
area again approaches the area ABQP under the curve as the number 
of sections increases. It does not matter which of the sums is taken ; 
the limit is always the definite integral shown by the area ABQP 
under the curve.* 

* It can be noticed that we have actually given here a definition of the area 
under a curve. The only areas known to elementary geometry are those of 
rectangles. But, if we fit to a given curvilinear area a set of rectangles in one 
of the ways indicated, and if the sum of the rectangle areas tends to a limit as 
the nrunber of the rectangles increases, then the limit can be defined as the 
curvilinear area. Compare this definition with the graphical method of esti- 
mating a curvilinear area in practice, by coimting the number of small squares 
of the graph paper covered by the area. 
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A similar argument applies when the function, though positive, 
is not monotonic increasing between x—a and x—b. The integral 

f f{x)dx can always be represented as the area under the curve 
J a 

y=f{x), above the axis Ox and between the ordinates at a:=a and 
x—b. This is illustrated in Fig. 93. 




When the function f{x) assumes negative values between x=a 
and x=b{b>a), complications arise which can only be overcome by 
making conventional distinctions between positive and negative areas. 
Iff(Xr) is negative, then the contribution of the section (x„ x^+i) to 

n 

the sum 2 fi^r) i^r+i-^r) is negative and shown by a rectangle below 

r«>l 

the axis Ox. It follows, when the limit is taken, that the integral 
f f{x)dx is still represented by an area between the curve y=f{x), 

C 

the axis Ox and the ordinates at a:=a and x=b, provided that any 
parts of the area above the axis Ox are taken as positive and any 
parts below the axis Ox as negative (see Fig. 94). The integral and 
area as a whole may, of course, be positive or negative.* 

So, if the function y—f{x) is positive in the interval (a, b) and the 

curve above Ox, then the integral f f{x)dx is positive and measured 

^ a 

* It must be emphasised that the integral [ f{x)dx is here not the sum, but 

* Q 

the difference, of the numerical areas PAG and QBG of Fig. 94. If the 
numerical siun is required, the areas PAG and QBG must be obtained separ- 
ately as I f{x)dx and - ( f{x)dx, where OG—c. 

■'a Je 
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by an area under the curve. If the function is negative in the 
interval and the cxu-ve below Ox, then the integral is negative and 
numerically equal to the area below Ox and above the curve. If the 
function changes sign in the interval and the curve crosses the axis 
Ox, then the integral may be positive or negative and is represented 
by the algebraic sum of a positive area (above Ox) and a negative 
area (below Ox). 

A further convention regarding the sign of an area is needed to 
interpret the integral [ f{x)dx as an area in the cases where a>b. 

a 

Each of the terms - x^) appearing in any of the sums defining 
the integral is now negative instead of positive and the corresponding 
rectangle areas are described from right to left instead of from left 
to right. We simply need the convention, therefore, that an area 
described from right to left is numericall}’- equal, hut opposite in 
sign, to the similar area described from left to right. 

In all cases, the integral j* f(x)dx is measmed by the area be- 

•f a 

tween the curve y=f{x), the axis Ox and the ordinates of the curve 
at x—a and x = b. Various parts of the area must be considered as 
taking signs according to the conventions here indicated. The area 
as a whole is the algebraic (and not the numerical) sum of the 
separate parts and it may be positive or it may be negative. 


15.3 Indefinite integrals and inverse differentiation. 

In introducing the second aspect of integrals (as inverse to 
derivatives), we can quote a simple e.xample of the land of problem 
involved. The variable y is known to be a single-valued function 
of X such that, for all values of x, we have 


^ = l+.r2. 
dx 


This is a “ differential equation ” involving the derivative — of a 

dx 

function so far unknown. Is it possible to deduce the actual form 
of this unknown function from the equation? We know that 

d 


d 
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So ^ = !+«*. 


One possible form of the function, we seek is thus 

y=x + \a^. 

This is obviously not unique since the addition of any constant to y 
leaves the derivative unaltered. So, if c is any constant whatever, 

i/=a; + |-a;®+c 

is a form of the function required. It is also fairly clear that we can 
expect no other form of y to have the derivative (1+a:®) at all 
points. In a particular case such as this, it is possible to reverse the 
differentiation process, to solve a “ differential equation ” of the 
above type. Notice that the additive constant, which disappears on 
differentiation, reappears in the reverse process. We have now to 
generalise this step and connect it with integration. 

The definite integral f f(x)dx depends for its value on the form 

^ a 

of the function f(x) and on the values of the limits a and b. If the 
form of the function and the lower limit a are given, take a variable 

number x as the upper limit and write the integral | f{x)dx. The 

value of the integral now depends on the value allotted to x, i.e. the 
integral is itself a function of x. It is called the indefinite integral of 


the function /(a;) and written simply jf{x)dx. So : 
Definition ; J/(a;)d.r=j' f{x)dx=a, function of ; 


By indefinite integration, we obtain, from a given function of x, a 
second function of the same variable. In diagrammatic terms, the 
indefinite integral is a variable area, i.e. the area between the curve 
y=f{x), the axis Ox, the fixed ordinate at x=a and a variable 
ordinate at x. 

The fundamental result connecting differentiation and integration 
can now be stated : 


If /(a:) is a continuous function, then the derivative of the indefimte 
integral off{x) is the function f{x) itself: 


d (f. -i 
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Without giving a completely rigorous proof, the correctness of this 
result can be seen in diagrammatic terms. Let F(x) denote the 
indefinite integral of the continuous function /(a;). Then 

rx+h fx ri+A 

F{x + h)-F{x) = \ f{x)dx-\ f{x)dx=\ f{x)dx 

by property (4) of 15.1. The last integral written is shown by the 
area between the curve y=f{x), the axis Ox and ordinates at x and 
{x+h). If h is small, the area differs by a small amoxmt from that 
of the rectangle with base h and height f{x), the ordinate of the 
curve at x. So, if ^ is small. 


i.o. 


F{x->r'h)~F{x)= Ilf (x) approximately, 




approximately. 


It follows that, as h^O, the ratio on the left-hand side tends tof{x), 
i.e. the derivative of F{x) is /(a:). q.e.d. 

The fundamental result can be put in a more practical form. If 
a function (x) can be found with f{x) as its derivative, then 

and ^f{x)dx and ^{x) must be identical except for an additive and 
arbitrary constant ; 

{f{x)dx=<l) {x) -1- constant. 


The integral here is between limits a and x. Putting x=a, 
j f{x)dx = <f) (a) + constant. 

The integral now is zero, representing an area on a base of zero 
length. It follows that 

constant = - ^ (a), 

i.e. the arbitrary constant of the indefinite integral can be written in 
terms of the arbitrary and constant lower limit of integration. Put 
a; =6 in the indefinite integral and substitute for the constant. So 

f f{x)dx = <f) {b) + constant = ^ (6) - ^ (a,). 
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The practical rule for integration is thus : 
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and 


is a continuous function and if ■^{<f>{x)}=f(x), then 
j"/ (*) dx = ^ (*) + constant 

f f{x)dx=<f,{b)-cf>{a). 

J a 


To integrate a given function f{x), it is only necessary to find, by 
some means or other, a function (f>{x) with f{x) as its derivative. 
The fundamental result can be put in yet a third way. If it is 

dy 

given that the variable 1 / is a function of x such that ^ =/(*)> 
where /(re) is a given continuous function, then 

and y and 1/(0:) da; can differ only by a constant. Hence : 

The solution of the differential equation ^ =/ (.t) is 

ax 


y 


=jf{x)dx + 


constant. 


We have thus established the fact that integration is inverse 
differentiation. If the function /(a;) is obtained from (f>{x) by deriva- 
tion, then the function ^(x) is obtained from f{x) by (indefinite) 
integration. The only difficulty is that an arbitrary constant re- 
appears in the integration process. The same fact is expressed by 
sajdng that the integral of/(x) provides the solution of the differential 

equation ^ “/(*)• The concept of a differential equation will be 

greatly extended in the following chapter and the idea of integration 
as inverse differentiation wiU be generalised to the idea of the 
integration of differential equations of aU kinds. 


15.4 The technique of integration. 

The practical method of evaluating a definite or indefinite integral 
depends, as we have just seen, on finding a function with the function 
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d 

to be integrated as its derivative. If =f{x), then we can 

write at once 

J'/(a;) da: = ^ (x) + constant ; J* f{x)dx = (f){b)-^{a). 

In attempting to systematise the practical method on lines similar 
to those that proved successful in the case of derivation, we first 
obtain and table some standard forms. From the derivative results, 
we have 

Reversing these results, we have the three main standard forms for 
integrals : 

r 

(1) \x‘^dx = - + constant (w^-l). 

(2) 1 ^ da: = log X + constant. 


(3) I 


e* dx = e® + constant. 


Further, if / (x) is any continuous function of x, then 

The standard forms for integrals can thus be generalised : 

(!') = ^constant (w^-1). 

( 2 -) 


f{:d) 


dx = log f{x) + constant. 


(3') dx = e-t^^^ + constant. 


The second step is to frame, if possible, a set of rules for the 
integration of combinations of functions, functions of functions and 
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so on. Two such rules can be written down at once from properties 
(3) and (5) of 15.1. For indefinite integrals, we have 

J" hf{x)dx=k^f{x)dx 

and I {/i (a:) +U (^)} dx=^f^ {x)dx+^f^ {x)dx. 


By an obvious extension and combination of these results, we have 


j {Oi/i (a:) + Oj/b (a:) + . . .} da: = Oi j (a:) da: + Og J (a:) dx 


+ . 


There is no difficulty in integrating an expression consisting of sums 
or differences of simple functions. But we can proceed no further ; 
any attempt to frame other rules of general apphcability, for the 
integration of products, quotients or functions of functions, is 
doomed to failure. The practical process of integration can be made 
neither as systematic nor as complete as in the case of derivation. 
In integrating, we are driven back to tentative “ trial and error ” 
methods, aided by a few more general devices (such as that of 
“ integration by parts ”). In each case, the most important point 
to remember is that any suggested form ^ (x) of the integral of f{x) 

d 

can always be checked by derivation: ■^{i>{x)}=f{x). In the 

following illustrative examples, the additive constant that appears 
in all indefinite integrals is omitted for convenience of writing. 


f 2 3 2 

^a;dx=J x^dx=gx^=g -s/J®, by (1) above. 

Ex. 2. + Zx+2)dx=^3? +^x‘‘ +2x 

f 11 

and J [ax^ + 6a: + c) da: = - ax^ + ^ 6x® + ca: (in general). 

r 1 r 1 icix + 

and (aa: + 6)" da; = - a (aa: + 6)" dx=- ^ — (in general). 

J oj a n + l 

4:. j =log(l +x), by (2'), 

and f -fr - = - r_£-^ = - log (ax + 6) (in general) . 

Jaa: + 6 aJoa; + 6 a 


Ex. 1. 


I 
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dx 1 ^2xdx 1 


by (2'). 

f {2ax + b)dx ^ |Qg (03.2 + (in general). 

J ax^ + ox + c 

£ix=| ^x + 3 -|^rfx=^x2+3x-21ogx. 


and 
Ex. 6. 


I 


+ 3x - 2 


Ex. 7. |e2*dx=^|2e2='dx = ^e2» by (3'), 
id [eax+b dx = - ('ae“®+'’ dx = - e“®+'’ (in general). 

J aJ “ 

Ex. 8. ^xer ^' cZx = - ^ j( -2a;) e-^’ dx= e-^’, by (3'). 


Ex. 9. 
Since 


dx. 


so 


i.e. 


^(xe-^’) =e-®’+x( -2x6-®*) = (1 -2.r2)e-='’, 
dx 

e-®’ “ ^ dx = Je“*’ dx - 2jx“e“*’ dx, 

Jx^e-®’ dx=^ 


The integral Je-*’ dx, though it is knoMTi to exist, cannot be evaluated 

in terms of ordinary functions. We bave, therefore, reduced the given 
integral to as simple a form as possible. 

15.5 Definite integrals and approximate integration. 

The integral of a function f{x) between given limits is evaluated 
once the indefinite integral ^ (x) is found as a function of x. The 

formula /(x)dx = ^ (6) - ^ (a) suffices. For example : 

f = +•'«'')] -riog(l+x)] =log2. 

J 0 i -t- X L- L 

Areas under plane curves can then be evaluated at once. The para- 
bola with equation ?/=x® + 3.x-f-2 lies above Ox for positive values of 
X. The area under the curve between ordinates at x=0 and x=3 is 


I (x2 + 3x + 2)dx = j^^x3 + ?.x2 + 2.rj 

[: 


- xaJ®-b^X“ + 2x = 


57 


:28-5. 


«=0 
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We have noted, however, that the indefinite integrals of some 
fiinctions, even of quite simple form, are often extremely difficult, 
if not impossible, to evaluate.* If the definite integral of such 
a function is required, for example, to give the area mider the cor- 
'■* responding curve, it is necessary to adopt methods other than that 
described. A number of formulae giving the approximate values of 
definite integrals have been devised and are of service in the present 
problem. All these formulae depend on replacing the area mider the 
actual curve considered by that under a simpler curve which approxi- 
mates to the actual curve. 


Suppose that the function / {x) is continuous and positive in the 


interval (a, 6) and that we require the value of 



The 


interval (a, b) is divided into some even number (2n) of parts of equal 
length This is shown, in Fig. 95, by the points Aj_, A^, 



Fio. 96. 


. . ..,-4, The ordinates y,=A,P,. ... can be 

off the onrre The integral |V(.)& is the total area 

ThrC!iT”i “T' 

be a of., gat the function is 

be defined as tflr- . ’ ^ *™®^dental ” function which can 

« a frequent device in 

of other factions functions as the 
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under the curve and on the base AiAzn+i, i.e. the sum of the areas 
under the curve and on the bases A 1 A 2 , A^A^, ... . 

As a first approximation, the area under the curve on the base 
A 1 A 2 can be taken as the area of the trapezium AiP^P^A ^ : 

Similarly, the approximate areas under the curve on the other bases 
2^ (2/2 2/3)* 2^^ (2/3 2/4)* ••• • 

The approximate value of the total area, i.e. of the integral required, 
is found by addition. Hence, 

f S{z) dx = lh{{yi + yan+i) + 2 (yj + 2/3 + . . . + y^^)} 

^ a 

approximately, the trapezoidal rule for approximate integration. 

A closer approximation to the area imder the curve on the base 
AyA^A^ is given by the area under the arc of the parabola (with axis 
vertical) passing through the points P^, P^ and P 3 . To calculate 
this latter area, let the equation of the parabola be 

y = ccx‘^-\-^x + y 


when the origin for x is taken, for convenience, at A^. (This step 
does not affect the value of the area required.) The curve passes 
through Pi{-h, yj, Pg ( 0 , y^) and P 3 [h, y^). Hence, 

yi = och^-ph + y, y2=y, ys = cJi^+ph+y. 

Solving for a, /3 and y, we find 


2/i-2y2+y3 

2/i2 




2h 


and y=y 2 . 


The area under the parabola on the base Aj^AzAs is 
f {(xx^ + ^x + y)dx = l-ax^ + ^Px^ + yz] - r^aa;3 + ^/3x2 + ya :1 

2 , , , h 

= 3 “" + 2 yli=-(y, + 4y2 + y3). 

The approximate areas under the curve y=f{x) on the bases AzA^A^, 
A^A^Ay, ... are obtained similarly as 

Ji, h 

3(2/3 + 4y4 + y 6 ), g(y 6 + 4y6 + y7), 

By addition, we have the approximate area under the curve on the 
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total base, i.e. the approximate value of the integral required. 
Hence, 

P h 

J /(jc) da: = - {(2/1 + + 2 (2/3 + ^6 + . . . + + 4 (2/2 + 2/4 + . . . + 2/2n)} 

approximately, Simpson’s rule for approximate integration. 

Two examples illustrate the rules obtained : 

Ex. 1. To find an approximate value of log 2 = 1 j — , we divide the 
range ( 0 , 1 ) into four equal parts by the points ® 

= 2. = f and a:s = l. 

at the points of division are 


ajj— 0, 


The ordinates of 2 / = 


1 


1 +x 

— 2/2 ~t> 


Vs- 


. 2 

■3'> 


Vi- 


and 2/6 = 2 - 


The trapezoidal rule {h — gives the approximate value 

log 2 = j ^ =i{(l + h) +2(f + 1 +4)} =0-6970. 

Jo 

Simpson’s rule gives the approximate value 

log 2 = +i) - 1 - 2 ( 1 ) +4{f+f)} =0-6933. 

Jot ■+■» 

Five-figure tables give the correct value of log 2 as 0-69315. The 
nature of the approximation of the two rules is thus seen. The rules give 
closer approximations, of course, if the range ( 0 , 1 ) is divided into more 
than four parts. 

Ex. 2. The area under the curve y=e~^, above Ox and between the 
ordinates a : =0 and x =2 is given by the integral 

j e-^dx. 

Jo 

Dividing the range (0, 2) into ten equal parts (k-\), the ordinates at 
the eleven points of division are found, from tables, as 

= 1-0000, 2/2=0-9608, yg =0-8521, ^ 4 =0-6977, 
yj =0-5272, y^ =0-3679, y, =0-2369, yg =0-1409, 
yg =0-0773, yio =0-0392 and y^ =0-0183. 

* The trapezoidal rule gives the approximate value 

dx = Jff{l-0183 -f2{3-9000)} =0-88183, 
and Simpson’s rule gives the approximate value 

JV»*dx=^{l-0183 -t-2{l-6935) -f4(2-2065)} =0-88209. 

The required area, to three decimal places, is thus 0-882. 
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15.6 The relation between average and marginal concepts. 

The demand of a market for a good X can be represented by three 
functions and curves showing total, average and marginal revenue 
respectively for various outputs of X. The relations between these 
functions and curves can now be examined in more detail. In Fig. 
96, P and Q are points on the average and marginal revenue curves 



corresponding to a given output x = OM. Denote average revenue 
(price) by p = MP and margmal revenue by p„=MQ. Then the 
total revenue from the output x is 

R=px = OM .MP, 

i.e. the area of the rectangle OMPN. Further, 

dR 


i.e. 


-i: 


R— p„dx + constant. 


The arbitrary lower limit of the integral is here fixed at zero output. 
Put x = Q tlien the constant must be zero since R is zero at zero 
output. Hence, 


jB= p^dx, 

Jo 

i.e. the area under the marginal revenue curve, above Ox and between 
the ordinates at 0 and M. As long as the marginal revenue curve is 
above Ox, this area is positive and increases as x increases. When 
the curve falls below Ox, part of the area must be taken as negative 
and the total area decreases as x increases. 
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The total revenue from any output can be read off as an area 
either from the average or from the marginal revenue curve. We 
have a relation between the two curves at any output. No matter 
how the position of M varies, the area of the rectangle OMPN is 
• always equal to the area under the marginal revenue curve on the 
base OM. 

A similar result holds for any pair of average and marginal curves. 
For example, if u and 7r„ denote the average and marginal cost of an 
output a: of a good, v and being functions of x, and if the cost of 
zero output is zero,* then total cost is 

II—X7e=^ \ 7r„dx. 

Jo 

Total cost is read off the average cost curve as a rectangular area 
and off the marginal cost curve as an area under the curve. 

15.7 Capital values. 

It has been shown that the present or capital value of an income 
—stream (e.g. from land or a machine) consisting of £oo year and 
£ai, £a- 2 , ... in m following years is 

where interest is reckoned yearly at lOOr per cent, (see 9.7 above). 
This calculation can be generalised to allow for a continuous income 
stream and for interest computed continuously. 

It is assumed that income is obtained continuously over time, 
the rate at any time t years from the present being £f(f) per year. 
This implies that, in the small interval of time between t and {t+M) 
years from the present, the income obtained is approximately 
£f{t)At. Interest is computed continuously at the rate of lOOr per 
cent, per year, where r can vary over time as a function of t. The 
present value of the income in the small time-interval (i, is 

£/(i) e~’’‘ At approximately. If the income stream " dries up ” x years 
from the present, the approximate present value of the stream is 

S/(#)e-^Mf, 

where the summation extends over aU small intervals At from t—O 

* If the cost of zero output is J7o, it is found that the constant in the integral 

expression for J7 is ilo. So i7 - iTo = | dx, i.e. the area under the marginal 

■'0 

cost curve, is the total variable cost of the output x. 

o 


M.A. 
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to t=x. As the number of time-intervals is increased, each interval 
becoming shorter, this approximation becomes closer. The exact 
present value is defined as the limit of the sum as the number of 
intervals increases indefinitely, i.e. as 

«/=f 

Jo 

This is the capital value of the stream estimated at the present time 
(i = 0). Thus, in passing from a discontinuous to a continuous 
income stream, the capital value changes from the sum of a finite 
number of terms to the limiting case of a sum as represented by an 
integral. We have an immediate apphcation of the sum-area aspect 
of an integral. 

The result obtained holds for an income stream and a rate of 
interest varying m any way over time. In the particular case where 
income is derived at a constant rate of £a per year and where the 
rate of interest is fixed at lOOr per cent, per year over time, we have 


i.e. 



The capital value thus depends, in a simple way, on the size of the 
income stream, the nmnber of years it fiows and the rate of interest. 

Problems of capital accumulation can be treated in a similar way. 
K £ag, £ 0 ^, fttg, ... £afn are invested in the present and in succeeding 
years at lOOr per cent, compounded yearly, the total sum accumu- 
lated at the end of the period is £y where 

m 

y='2 

i=0 

For a continuous investment which, i years from now, is made at the 
rate of £J{t) per year, the total sum accumulated at a time x j^ears 
fi:om now is found, by an argument similar to that above, to be 

Jo 

where interest is added continuously at lOOr per cent, per j^ear. In 
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the particular case where the investment £a and the interest rate 
lOOr per cent, are both fixed over time, we find 


r® r 1 1 r 1 ■ 

y-a\ e’■(®-Od^=o -a — 

Jo L. r -^t^x ^ ^ 




i.e. 


O’, 

^=_(er*_i). 


This expression is simply e*"® times the previous expression giving 
the present value (at ^ = 0) of the same constant income stream, 
i.e. the accumulated value of the constant income stream after 
X years is the present value itself accumulated at the fixed rate of 
interest. This result does not hold when the investment or the 
interest rate varies over time. 

As an application of the results above, suppose that the production 
process of 14.5 above is carried on continuously over time. A 
constant expenditure at the rate of (opo + fcpi) per unit of time is 
made continuously and the product x of each investment is realised 
after the production period of t years. The total accumulated value 
of all investments in a period of t years is 

T 


where interest is reckoned at the fixed continuous rate of lOOr per 
cent, per year. The sum k can be interpreted either as the accumu- 
lated amount of loans needed to start the production process (be- 
tween the original investment and the appearance of the first product) 
or as the total value of all “ intermediate ” product existing at any 
time. In any case, k represents the amount of “ working ” capital 
needed to keep the production process running continuously. In 
the competitive case, where the market rate of interest is such that 

x-{apa+bpi)e^\ 


we have 


k 


X-{oPa + bpb) 
r 


If x~Aa'^b^-°^ is the production function, then (from 14,5) 


i(;=-(l-e-P) 

r 

and the capital needed varies inversely with the competitive level of 
the market rate of interest. 



404 


mathematical analysis eor economists 


15.8 A problem of durable capital goods. 

The general problem of durable capital goods is complex but can 
be simplified, at a first approach, by making the foUo^ving assump- 
tions,* A capital good (e.g. a machine) is produced at a cost of £/ (t) 
dependent, in a known way, on the length t years of its active and 
continuous life. An entrepreneur, buying the good at its competitive 
(cost) price, obtains from its use a constant and continuous income 
stream of £a per year. At the time of purchase, the discounted 
(capital) value of aU future product obtained from the good during 
its life of t years is 

J n ^ 


where lOOr per cent, per year is the constant and continuous market 
rate of interest. It is assumed that the entrepreneur chooses the 
length of life of the good to maximise the capital value as a propor- 
tion of the cost ! 


y= 


a(l -e"*"') 




>•{/(<))* 


rmi 


The necessary condition for the optimmn length of life is thus 


e’'‘ = H-r 


m 

fit) 


y 


a relation giving t in terms of the given rate of interest. 

In the normal case, the cost f{t) increases, but less than proportion- 
ately, with the durability {t years) of the good. As an actual example 
of a cost function of this type, take f{t) =b^t, where 6 is a constant. 


Here and the equation giving the optimum t in terms 

ofris 


e*"* = 1 -f 2rt. 


* The analysis is based on the work of Wicksell following Gustaf Akerman. 
See Wicksell, Lectures on Political Economy, Vol. I (English Ed. 1934), pp. 274 
et seq. 
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Write x=rt, and we have 

e®=l +2x. 


Solving by graphical methods (2.8 above), it is found that x has one 
value (other than zero) which is approximately * = L27. So 


t 


1-27 

r 


approximately. 


The length of life of the capital good, as selected by the entre- 
preneur, varies inversely with the rate of interest. If the market 
rate of interest is 3 per cent., the optimum length of life is over 
42 years, but at 4 per cent, the length of life is not quite 32 years. 

Suppose now that production is carried on continuously, the 
capital goods being brought into use continuously and uniformly at 
the rate of n goods per 5 'ear, After an initial period, it follows that 
the goods are scrapped at the same rate, each having served its 
optimum life of t years. At any moment, there are nt goods in use 
with ages varying uniformly from 0 to t years. The number of 
goods in use with between a; and a: + /da; years of life to run is approxi- 
mately n Ax. The value of the future product of one such good, 
discoimted to the moment considered, is 


-(1-e-"). 

r 

The total present value of all goods in use is approximately 

2^(l-c-")n/da;, 


the sum extending over all intervals Ax from 0 to t, Taldng the 
limit for the continuous range of ages of the goods, the exact present 
value of all capital goods in use at the given moment is 

J (1 -c-”)da;=7i^|j^a;+ie“’'®J | 

This capital value, like the optimum life of each good, is dependent 
on the given market rate of interest. 
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15.9 Average and dispersion of a frequency distribution. 

We are given N items showing values of a certain attribute 
according to the frequency distribution : 


Value of attribute 

X^ . . . Xj^ 

Total 

Number of items - 

Vl Vi Vs — 2/n 

N= iy. 



r=l 


For example, the families in a certain town may be distributed 
according to the number of rooms occupied. The attribute, nmnber 
of rooms occupied, takes the values a:i = l, .^2 = 2, .^3 = 3, ... . Then 
yj represents the number of families occup\dng one room and so on. 
The average value of the attribute is defined as 

1 ” 

and the standard deviation of the attribute as where 

These are familiar statistical figures, the average indicating a 
central value and the standard deviation indicating the “ spread ” 
or “ dispersion ” of the attribute in the group concerned. 

Most of the variable characteristics considered statistically are 
not of this discontinuous nature. They are so finely divisible as to 
be measured by values which can be taken as continuous variables. 
The ages of a set of school children, the rents paid by a group of 
fa mili es and the death-rates in a number of districts are diverse 
examples of continuously variable characters. In practice, a 
number of items distributed according to such a characteristic is 
shown in definite groups or grades of the variables. Families, for 
example, may be arranged in grades of rent between 2 and 3 shillings, 
between 3 and 4 shi llin gs, and so on. This is, however, a rough 
method and the results obtained are affected by the nature of the 
grading. Something more precise is requii-ed for a theoretical treat- 
ment. It is assumed, therefore, that the frequency distribution of a 
number of items is represented by a continuous function y=f{x), 
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implying that the number of items with value of the characteristic 
between x and {x + Ax) is approximately /(rc)ida:, the approximation 
being closer as the value of Ax is made smaller. The total number 
of items is N=:^'Zf{x)Ax 

approximately. Taking the hmit, we have exactly 


N 


= [ S{x)dx, 

V a 


where a and 6 are the lowest and highest values of x found. 

The approximate values of the average and standard deviation 
of the variable in the distribution are x and where 

x=^'Lxf{x)Ax and crJ^—^T,{x-x)^f{x)Ax. 

Taking the limit for an exact representation, we have 

f xf(x)dx 

a 


_ 1 


f xf{x)dx. 

^ a 


1 r* 

and Gj? = j {x- xYf{x) dx 


(•6 • 

f(x)dx 

^ a 

f {x-xYf{x)dx 


'd a 


We have here another direct application of the sum definition of an 
integral. 

For example, Pareto’s income law asserts that 

(A and a positive constants) 

represents the number of persons with an income of £x, a continuous 
frequency distribution of persons according to income. The number 
of persons with income between £a and Sb is 

The average income of these persons is 


X-. 


I A ^ I A ( I I \ 

wj a-1 W-i 6'-V 
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Take a=x and let b tend to infinity. The number of persons with 
income over &x is thus 

N=- - 

a. 

and the average income over Sx is 


_ 1 


a 


X. 


N ct — 1 x^~^ a — 1 

The law has the property that the average income over £x is a 

constant multiple of £x. In practice it is found that a = 1-5 

approximately. Hence, the average income over £x is approxi- 
mately £3a:, a result which agrees weU with observed data of income 
distribution, at least for large incomes. 


EXAMPLES XV 
Integration 

[b 

1. From the sum definition of an integral, show that 1 dx = 6 - o. What 
is the indefinite integral of 1 ? Hence check the result. ° 

2. If/(x) is continuous, the s\rm 2 | f{x)dx as 

its limiting value as n increases indefinitely. Deduce that xdx=^{&*-o*) 
and check from the indefinite integral of x. 

3. If /(x) = x", check that [ /(x)dx=[ f{x)dx+ f f{x)dx for any values 
of a, b and c. 

4. Show that ^ 1 1 f{x)dx^= -/(x). (Use property (1) of 16.1.) 

5. Evaluate the indefinite integrals of 

, 1 , , , . c cx + 6 

—T) l-ic’ + a;*, OX + 6 + -, — ^ — . 

sJX X sjx 


6. Use the results (l')-(3') of 16.4 to evaluate the integrals of 


>/l +x. 


2x+ 1 


pV* 


1-x’ (3x + 2)>’ x== + x-l’ ’ ’ 

1 6® f 6® + e~® 

Y-j-^dx=log(l-te®) and J — ^c^a;=log(e® - e-®). 

8. From the integral of the general expression (ax + b)", show that 
|(l+x)*dx = |(l + x)®. Expand (l + x)» in powers of x and show that 

|(l + x)’dx = x + x* + ^x3. Why are the two results apparently different ? 
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9. If ~=loga:, check that y—x(\ogx- 1) + constant. 

10. Show that j (a;- 6 ) e ^ o> dx—~a^6 2 . 

11, Verify that ^ ^ and deduce that 

[ dx 1 , a; - 1 

{ a® 

a’^dx — z . 

logo 

f2 

13. Find 1^2® da;. Check by drawing an accurate graph of i/=2® and esti- 
mating (by counting squares of the graph paper) the area imder the curve, 
above Ox and between the ordinates at a;=0 and a;= 2. 

14. Find, by integration, the area under the straight line y=a;+l, above 
Ox and between the ordinates x—d and a:=l. Represent graphically and 
check by calculating the area of a trapezium. 

15, Show that f a:“da:=|, [ -Jxdx^^, [^^-^ = 1, 

JO 4 ji o JO i + a; 

16, Find the area under the parabola y^x*, above Ox and between the 
ordinates at a;= - 3 and x=3. Verify that it is twice the area between the 
ordinates at a;=0 and a; =3, 


17. Show that the area between the rectangular hyperbola xy=a^ and the 
axis Ox and between ordinates at x—amd a: = 6 is a® log - , if o and 6 have the 

Qj 

same sign. Why does the result not hold when a and b have opposite signs? 
f2 

18. Evaluate j^(a;’-4a:+3)da: and check that it equals the difference 

between the area between the parabola y—x^~4x+3 and Ox from a;=0 to 
a:= 1 and the area between Ox and the parabola from 3 ;= 1 to a; = 2. Illustrate 
graphically. 

19. By taking the difference between two integrals, show that the area 
enclosed between the parabolas y=x^ and V* is i. 


fo fa 1 fa 

20. Show that I xe-^dx^O and 1 a;’e“®’da; = 5 da; for any value 

of a (see 16.4, Ex. 9, above), 

fl (fa; 

81. Calculate approximate values of Jq trapezoidal and 

Simpson’s rules, dividing the range ( 0 , 1) into ten equal parts in each case. 
The value of this integral is known to be \tt. Hence estimate the closeness of 
the two approximations. 


22. If the velocity of a body at time t is v—f(t), show that x—]^^f{t)dt 
is the distance travelled from zero time to time t. Find the distance when 
v—a~bt and show that the body comes to rest after travelling a distance ^ . 
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23. The acceleration of a moving body is a constant a over time. Show 
that, after time t, the velocity isv = u + at and the distance travelled x = 'ut + 
where u is the velocity at zero time. 

Integrals in economic problems 

24. If the marginal revenue of output a; is = a - bx, find the total revenue 
function by integration and deduce the demand function. 

25. If the marginal revenue function is = show that 

r) = — ^ - c is the demand law. 

^ x + b 

26. Find the total cost fimction if it is loaown that the cost of zero output 
is c and that marginal cost of output x is = ax + b. 

27. If Tr.„^ — — - — • is the marginal cost function and if the cost of zero 

"Jax + b 

output is zero, find total cost as a function of x. 

28. If interest is reckoned continuously at 4 per cent, per year, show that 
the capital value of uniform income stream of £100 per j’-ear for 10 years is 
approximately £824 and for 100 years approximately £2,454. (e = 2-71828.) 

29. Write down the capital value of a uniform income stream of £a per year 
for X years, reckoning interest continuously at lOOr per cent, per year. By 
letting x-^ca , deduce that the capital value of such an income stream going 

on for ever is £ - • 
r 

30. An income stream decreases continuously over time for x years, the rate 
being £a e~^^ per year at t years from now. Find the capital value at lOOr per 
cent, continuous compound interest. Show that this equals the capital value 
of a uniform income stream of £a per year for x years if the rate of interest is 
raised to 100 (r + 6) per cent, per year. 

31. An income stream decreases continuously for x 3’-ears. At time t years 
from now, the income obtained is at the rate of £a ( 1 - 2xt) per year and the 
continuous rate of interest is 100r(l - at) per cent, per j’^ear. Show that the 
capital value of the income stream equals that of a steady and continuous 
income of £o per year for x years at the constant rate of interest, computed 
continuously, of 100r(l - ax) per cent, per j’^ear. 

32. In the problem of Examples XX\^, 31, show that the value of all inter- 
mediate products at any time is 

where “ = 16 log A. In the competitive case (r being such that ap^ -f bpf, = .-ce"’’') 
show that 

k= 16a: 

33. In the problem of 15.8, p is defined so that /(<) = -(!- i.e. the 

p 

product of the capital good represents a net rate of return of lOOp per cent, 
(computed continuously) on its cost/(«). Find an equation for the length of 
life of the capital good so that p is a maximum. 
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S4. In the competitive case of the problem of 15,8, the market rate of 
interest is such that the present value of the product of the capital good 
equals its cost. Show that the optimum length of life of the good as deter- 
mined in 16.8 equals that determined in the problem of the previous example, 

35. If f{t) — Sa^Jt and the competitive case of the previous example holds, 

• show that the market rate of interest is approximately 4| per cent, per year 

and that the capital good has a life of approximately 28 years. 

36. In the problem of 16.8, if/{^) = 6^/^ and the market rate of interest is 
lOOr per cent, per year, show that the present value of all capital goods in use 

at any moment is approximately fc=:0-66 ^ . If the rate of interest is 6 per 

cent, per year, show that the present value is approximately 220 times the 
value of the yearly product of the capital goods. 

37. In the problem of 15.8, the cost of a capital good of life t years is £f(t) 

where f{t)—b(j.- • Show that the optimum value of t is given by 

IVlien the interest rate is 4 per cent, per year, find by graphical methods the 
approximate value of t. 

38. In a sample of 898 working-class families in Bolton, 1924, the families 
were classified according to the number of rooms occupied : 


No. of rooms 

2 

3 

4 

6 

6 

7 

8 

Total 

No. of families 





B 

2 

1 

898 


Show that 3-65 is the average number of rooms occupied per family. Find 
the standard deviation of the number of rooms occupied per family in this 
group of families. 

39. By differentiating both sides of the equation, show that 
I cfo: = r J dx - 

fco tb 

for any value of r. If denotes jpa;’’e~®dx=:Lim ^^x‘^e~^dx, deduce that 

and that Jo= 1. Hence show that the average and standard devia- 
tion of the frequency distribution y~xe~^ for the range from a; = 0 to i nfinit y 
are ®=2 and 











CHAPTER XVI 
DIFFERENTIAL EQUATIONS 


16.1 The nature of the problem. 

Data provided by scientific observation usually relate to small 
movements or changes in the quantities concerned. Information in 
“ bulk ”, covering a wide range of events, is scarcely to be looked 
for in practice. Translating the data into forms suitable for mathe- 
matical expression, we obtain relations between increments in 
variable quantities and, in the limit, the relations involve the 
derivatives or differentials of the variables. Mathematical theories 
in the sciences, if they are to be “ realistic ”, must thus be built on 
the basis of differential equations, relations between the derivatives 
or differentials of varying quantities. It is then the business of the 
theories to deduce the functional equations between the variables 
which lie behind the differential equations, i.e. to express the 
“ general laws ” whose variations correspond to the given data. In 
physics, for example, much of the data is expressed in terms of 
variations in “ energy ”, of one form or another, and leads to 
certain fundamental differential equations from which the laws of 
“ conservation of energy ” are to be derived. Differential equations 
thus occupy a fundamental position in most highly developed mathe- 
matical sciences. 

The nature of a differential equation can be examined first in the 
case where only first-order variations in two variables x and y are 
involved. The simplest case can be written 



where /(a;) is some given function. We have seen (15.3 above) that 
this case is easily dealt with by means of the concept of an integral. 



DIIEERENTIAL EQUATIONS 
A more general form of the case is 
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■where the given function f{x, y) involves both x and y. Given the 
values of a; and y, then the value of the derivative of the relation 
that must exist bet-ween x and y is also kno-wn. From this in- 
formation, we attempt to deduce the actual form of the functional 
relation, to JBnd that particular function which gives a derivative 
satisfying the above relation. This is the problem of the solution, 
or “integration”, of a differential equation, a problem which is 
clearly an extension of that already solved by simple integration. 
A still more general form of the type of differential equation here 
considered is a relation involving the derivative in a non-linear way, 


a relation including, for example, such terms as 



The development of the following sections is concerned almost 
-entirely ■with the simpler linear differential equation, but it must be 
remembered that more complicated forms can be considered and 
solved. 


uAi 

The meaning of a differential equation of the form V) is 

most clearly seen in diagrammatic terms. At each point {x, y) of 
the plane Oxy, the equation provides a definite value of the derivative 

u/U 

This is the gradient of the direction in which the variables are 

allowed to vary from (x, y), i.e. the gradient of the tangent to the 
(at present unkno'wn) curve through {x, y) expressing the relation 
between x and y implied by the differential equation. Our problem 
is thus that of constructing complete curves from knowledge only of 
their tangent gradients. An example illustrates. The equation 


dy _ x'^-y'^'-l 
dx~ 2xy 

gives a tangent gradient at each point of the plane Oxy. At the 

point (1, 1), for example, the tangent gradient is — =|, a line sloping 

upwards "with gradient | through the point (1, 1). A convenient set 
of points, covering the plane Oxy fairly imiformly, is selected and 
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the tangent gradient evaluated at each point. When lines with the 
appropriate gradients are drawm through the points, a graph of the 
kind shown in Fig. 97 is obtained. It now appears that a system 
of curves, one through each point of the plane, can be dra'wn to 
touch the lines of the graph. This curve system, some members of 



Fig. 97. 


which are showm in Pig. 97, corresponds to the solution of the given 
differential equation. In this particular case, the curve system 
consists of circles vdth equation .r- + y“ - 2 o.t + 1 =0 w’here o is a 
parameter. This equation is the “ integral ” of the differential 
equation.* 

From a shghtly different point of view, we can start from any 
point of the plane Oxy and describe a curve through it by moving 
always in the direction indicated by the differential equation. 
Having obtained this curve, we can select a point not on it and 
describe a second curve passing through this point. The process 
can be continued until a whole system of curves is obtained to 
represent the solution of the given differential equation. 

* The use of the term “ integral ” to describe the solution of a differential 
equation is clear. The solution corresponds to a curve S3’’stem which is built 
up, or “ integrated ”, step by step, from the tangent gradients given by the 
differential equation. 
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An important point now arises. The integral of a differential 
equation of the type considered is shown by a curve system and 
so it must involve a single parameter or arbitrary constant. This 
is illustrated by the integral, x^+y^-2ax + l=Q, of the equation 
above. The point is worth emphasising by putting the converse 
problem. The following examples show that a single arbitrary 
constant can be. eliminated from a functional relation by differ- 
entiation : 

Ex. 1. From the relation x” -a, 
we obtain 2x dx -e'^dy- 0, 

dy 

i.e. the differential equation ^=2xe~’'. 


Ex. 2. From x^+y^- 2ax + 1=0, 

we obtain 2x dx +2ydy- 2a dx = 0, 

(xdx+ydy) 

i.e. o = i y -' - • 

dx 

Substituting in the original equation, we find 

i.e. (a:^ - - 1 )da; + 2ocy dy = 0, 

i.e. dy 

dx 2xy ’ 

a differential equation in which the parameter a does not appear. 

Ex. 3. Differentiating -2ax+a^=0, 
we have 2y dy -2a dx=0. 

Substituting a=y~ in the original equation we find a differential 

dlf 

equation which is not linear m the derivative ^ : 

The integration of a differential equation reverses the procedure 
of these examples, taking us from a relation in the derivative to the 

dy . 

complete relation between x and y. So the integral of ^ “ 2xe~^ is 

a;^-e''=a, and similarly for the others. In each case the integral 
involves one arbitrary constant : 

The integral of a differential equation in the derivative of y with 
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respect to a; is a relation between x and y which includes a single 
arbitrary constant. 


The result stated, though not formally proved, has been illustrated 
sufficiently for our purpose.* 

To extend to cases of more than two variables, suppose that we 
have a relation between the first-order variations in three variables 
X, y and z. In its simple form the relation can be written 
f{x, y, z)dx+g{x, y, z)dy-dz = 0, 
giving the values of the partial derivatives 

2/, 2) and ^=g(x,y,z). 


In diagrammatic terms, we are given the tangent plane (by its 
gradients in the two fundamental directions) at each point of Oxyz 
space and require to “ integrate ” the planes into a system of sm’- 
faces. The integral of the dijBferential equation thus appears as a 
relation between x, y and 2 , including one arbitrary constant, and is 
shown by a system of surfaces. An example makes this clear i 


Ex. The relation x^-^y'^=az (c being a parameter) 
gives 2x dx + 2y dy= a dz. 

Substituting a = 2 j[jj original relation, we find 


ajS +2/2 — 22 


xdx+y dy 
dz 


> 


i.e. 2xz dx -(- 2yz dy - {x^ + dz = 0, 

dz 2xz , dz 2i/z 
or a- = -T 7 -o and = - g - 

ox x^+y^ dy x^ +y^ 

We have a differential equation in which the parameter a does not 
appear. Conversely, the integral of the differential equation shown is the 
relation +y^-=az including the arbitrary constant a. 


More involved differential equations in three or more variables 
can be written and some examples will appear later. The simple 
type here considered suffices for the moment. 


* It is to be noticed that the indefinite integral which is the solution of 
dy 

^=/(a:) contains an additive constant, a particular case of the present 
general result. 
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16.2 Linear differential equations and their integration. 

Of the first-order differential equations in two variables z and y, 
the most useful is the linear differential equation in which the deriva- 
tive or differentials are related linearly, squares, cubes and other 
expressions in the derivative or differentials being excluded. We 
can write the equation either as 

P dz-\-Qdy=0, 

where P and Q are given functions of z and y, or as 


where /(», y) is some function of x and y. To pass from one form to 
the other, it is only necessary to associate f{x, y) with the ratio 



It is to be noticed that, though the derivative appears 


linearly, there is no such restriction on the variables x and y. 

As in the case of simple integration discussed in the previous 
chapter, there is no comprehensive practical scheme for integrating 
differential equations, even of the linear type. Some particular 
methods for certain cases are given below but there remain many 
instances in which the integral can be obtained only after much 
trial and error or which cannot be integrated by any practical 
method. 

The following are the four main cases for which definite practical 


methods of integration can be given j 
(1) The form ^ =/(«)• 

By simple integration, the solution of this form is 


y 



a, 


where a is an arbitrary constant. 

|2) The form i !=/(»;). 

This form can also be solved by simple integration. 


L 

dx 


(logy) 


z=l ^ 

y dx' 


^ (logy) ==/(»)• 


Since 


the equation is 
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Hence, 


log y=^^f{x)dx + a, 


where a is an arbitrary constant. The variable y is found explicitly 
in terms of x by taldng the exponential of the right-hand side. 

Ex. 1. y{l~x)dx-xdy = Q, 


Here 

and 


1 dy _ \ -x j 
y dx X X ’ 


log 2 / = JQ - da; + constant = log x-x^-b. 
log0--(a;-6), 

i.e. ^ _ 2 -g-(i- 6 ) 

Writing a = e*’, where a is thus an arbitrary constant, we have 

y^axe~^. 

Ex. 2 . To find y as a function of x when it is given that the elasticity 
of y with respect to a: is a constant a. We have 


So 


z dy . 1 dti a 

- j^=a, i.e. - 

y dx y dx X 

C dx 

log 2 / = a — + constant = a log a: + constant, 
= constant, 

= constant = a. 


Ex. 3. As X increases, the variable y increases at a rate always equal 


i.e. 



\x^/ 

i.e. 

y. 


x° 

i.e. 

y 


to a multiple p of its current value ; —py. To find u as a function of x, 
we write : dx ^ > 

1 

y dx 

So \ogy=px + b, 

and y = gP^+6 = gt gpa: _ agpa^ 

where a is an arbitrary constant. Compound interest growth at the con- 
tinuous rate of lOOp per cent, per year is a particular case of this result. 
(3) The form (^{x)dx + t/t{y)dy = 0. 

This case, in which the variables are said to be “ separate ”, 
holds whenever the differential equation can be so arranged that the 
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coefficient of dx depends on x only and the coefficient of dy on y 
only. The integration is then effected at once ; 

J 9 & («) da: + {y) dy ~ constant. 

It is only necessary, therefore, to evaluate two simple integrals. 

Ex. 1. e«'^=2a:. 
dx 

Here 2xdx~e'> dy=0, i.e. 2 Ja; da:- Je>'d 2 / = constant. 

So a:*-c’'=a, i.e, e‘'~a:2-o, 

or 2 /=log(a: 2 -o), 

where a is an arbitrary constant. 

Ex. 2. {y + i) da: + (a : + %) dy - 0, where h and h are fixed constants. 
dx 


Here 


x+h 


dy - . r da: f dv 

H — ^ = 0 , I.e, I 1 + 1 — — = constant. 

y+k ]x+n ]y + K 


So log{x+h)+log{y+h)=‘b, i.e. log{x+}i){y + k)-b. 

Hence, writing a =e'’, we have 

{x + 'h){y + k)-a, 

where a is an arbitrary constant. The integral is represented by a system 
of rectangular hyperbolas (see 3.7 above). 

Ex. 3. The variable y increases as x increases at a rate given by 

where L and p are given constants.* To find y as a function of x ; 


Here 


Ldy 

y{L-y) 


=/j dx, i.e. J 


Ldy 

y{L-y) 


=px + b. 


So log^^ — —px—b, i.e. — — 

y ^ y 

where a =e~*’ is an arbitrary constant. After rearrangement, 

L 


L-y 


y= 


1 +ae” 


* This is a modified version of growd;h at compound interest,^ The curve 
representing y as a function of a: is called a logistic curve and it is sometimes 
used to express the growth of a population over time. 
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(4) The “ exact ” form. 

It may happen that the differential equation can be arranged, 
after multiplying through by a suitable factor, in the form 

P dx + Qdy=0, 

where the left-hand side is the differential of some function <f){x, y), 
i.e. P dx + Qdy=d<fi {x, y). The equation is then said to be “ exact ” 
and its integral is clearly 

^{x, y)= constant. 

The following examples illustrate how equations can be arranged 
so that they appear m the “ exact ” form. 


Ex. 1. ydx+xdy = 0. 

The equation is exact as it stands and can be written d (xy) = 0. 
The integral is xy=a, where a is an arbitrary constant. 

Ex. 2. (a:® - 1/2 _ l)dx+2xy dy =0, 

Now j( ^‘^+y^ + ^ \_ ^i.xdx + ydy)x-{x‘^+y^ + l)dx 
\ 2x J 2x^ 

_(x^-y^-l)dx + 2xy dy 
2a;2 

Hence, on multiplying through by ~ , the given equation becomes 

and the integral is =a, where a is an arbitrary constant. 

So x^ + y^ -2ax + l=0, 

as represented by the system of circles of Fig. 97. 

g o /.. . 1. h — "Jy +1c , , ,, 


— ~ 2 V y + k — — — > where h and h are fixed constants. 
x + h 


We can write the equation in the form 


The integral is thus 
h~Jy + k 

where a is an arbitrary constant. 

This integral is shown by a system of curves, each being the arc of a 
parabola (see 3.7 above). ' 
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The differential equation of the linear type in three variables 
z, y and z appears in the form 

P dx + Q dy+E dz—0, 

where P, Q and B are three given functions of x, y and z. This is 
often termed the total differential equation. The integral is a relation 
between the variables including a single arbitrary constant and 
reproducing, on differentiation, the given differential equation. 
Since we can take 2 as a function of x and y, we have 

& and ^=(f) =-|. 

OX was/j, constant B W wy/ir constant B 

An alternative expression of the differential equation is thus 


2/, 2 :) and ^=g(a:, y, «), 

where the functions / and g are to be associated with f - ^ ) and 

! Q\ ^ 

f respectively. The cases where there are more than three 

variables are exactly similar. Practical methods of the kinds indi- 
cated above serve to integrate particular forms of the total differ- 
ential equation.* The following examples illustrate the procedure : 


Ex. 1 . The partial elasticities of z as a function of x and y are constants 
a and ^ respectively. To find z in terms of x and y : 


xdz_ 
zdx ^ 


and 



i.e. 


So 

and 


« 



dy dz 

y z 


(ban arbitrary constant) 
aloga;+^logy-logz=h, i.e. \og(^^=b. 


Writing a =e~‘’, the integral of the differential equation is 

Ex. 2, xdx+ydy+zdz=0. 

^xdx + Jy dy + Jzdz = constant, 

^x^ + iy® + gZ* = constant. 


So 

i.e. 


* For a method which serves in most ordinary cases, see Piaggio, Differential 
Equations (1920), p, 139. 
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The integral required is thus represented by the system of spheres 

+z‘‘‘ 

where a is an arbitrary constant. 


Ez. 3, 2xzdx + 2yzdy - (a:^ + y^) dz — 0. 

Multiplying through by \ , the equation is thrown into “ exact ” form 



and the integral of the equation is x^+y^=az, whore a is an arbitrary 
constant. This integral is represented by a system of surfaces known as 
paraboloids ” (see 11.2-3 above). 


16.3 The general integral of a linear differential equation. 

Two points arise in considering linear differential equations from 
a general and theoretical, as opposed to a practical, angle. One 
concerns the question whether an integral of a given equation exists 
at aU, and the other whether the integral, if it exists, is uniquely 
determined or not. 

The fundamental “existence” results, which answer the first 
question, can be stated, but not formally proved, here.* The linear 
differential equation in two variables, 

Pdx + Qdy=0 or 


can be shown to possess an integral in aU cases where certain con- 
ditions are satisfied by the functions P and Q, or by the function/. 
These conditions are satisfied in all ordinary cases, e.g. when / is a 
function with continuous partial derivatives. In the two-variable 

case, therefore, we can assume that aU the usual linear differential 
equations are integrable. 

A complication arises when we pass to cases of three or more 
varia les. It can be shown that the linear differential equation 
Pdx + Qdy+Rdz = 0 fails to possess an integral even in quite 


19Ltpp"l33^f± Vol. II (5th Ed. 

pp. 139 seq, ^ differential Equations (1920), 
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ordinary cases. The integral exists only if the functions P, Q and P, 
having continuous partial derivatives, satisfy a certain relation 



which is called the integrability condition. We cannot assume that 
the equation has an integral at all without first imposing or verifying 
the integrability condition. For example, the equation 

2xz dx + 2yz dy - (x^ + y^) dz~0 

is found to satisfy the integrability condition ; its integral has, in 
fact, been found above. On the other hand, the equation 

dx+zdy-i-2ydz~0. 


though quite simple in form, fails to satisfy the integrability con- 
dition and possesses no integral. 

In diagrammatic terms, these important results imply that a set 

of tangent lines in the plane Oxy with gradients given by ^ —/{», y), 

where / is a given function with continuous partial derivatives, can 
always be built up, or “ integrated ”, into a system of curves. But 
this is not true of the corresponding case of a set of tangent planes 
in space Oxyz. It may not be possible, even in quite simple cases, 
to build up the planes into a system of surfaces, i.e. to find a 
set of surfaces to fit the given tangent planes. It is not easy to 
see why the extra dimension spoils the simplicity of the previous 
result. 

Turning to the question of the uniqueness of integration, the 
integral of a linear differential equation in two variables is an 
equation in the variables including one arbitrary constant. This 
constant must be involved linearly. If, for example, squares or 
cubes of the constant appear, then the process of eliminating it must 

dy 

lead to an equation involving squares or cubes of the derivative 


i.e. to a non-hnear differential equation. Example 3 of 16.1 illus- 
trates this point. It follows that the constant can be separated off 
Unearly from the variables of the integral,* i.e. 


* hi fact, the curve system representing the integral of the differential 
equation must be such that one, and only one, curve of the system passes 
through each point of the relevant part of the plane Oxy (see 3.7 above). 
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The integral of the linear differential equation P dx + Qdy=:Q 
be written ^ [x, y) = constant, 

where ^ is a function with partial derivatives proportional to P and Q. 


Ex. The equation {x^-y^-l)dx+ 2xy dy=0 has an integral 

* 2 + 7/2 _ 20 ® + 1 = 0 , 
which can be arranged in the form 

*2+7/2 + ! 


2 /) = 


• = constant. 
x^ + y^ + \ 


, dcf) x^—y^ — 1 dcf)_2xy 

Tx^ ^2 » Ty'l^' 

which are proportional to the coefficients of dx and dy in the original 
differential equation. 

It is easily seen that the form of the function <f) [x, y) is by no means 
unique. In fact, if ^(*, y) = constant is one form of the integral of 
the given equation and if .F is any function, then 

F{^{x, y)} = constant 

is also a form of the integral. For, if ^ (*, y) has a constant value 
for certain values of x and y, then F{^(a;, y)} also has a constant 
value for these * and y. Hence : 


If <ji{x, 7/) = constant is one integral of P dx + Q dy=Q, then the 
general integral is F{^(*, y)} = constant, where F is an arbitrary 
fimction. 


This lack of uniqueness only affects the form of the analytical 
expression of the integral ; it does not correspond to any lack of 
umqueness in the integral itself. The curve system which represents 
the integral is quite unique, being obtained equally weU from 
y)}= constant as from <j)(x, y) = constant. The contour map 
of the function z—F{^{x, y)} does not depend on which form of F 
is selected and always gives the integral of our differential equation. 
For example, the integral of {x^ — y'^ — \)dx + 2xydy = 0 is shown by 
the perfectly defimte system of circles (Fig. 97). The analytical form 
of the integral can, however, appear in various disguises, e.g. 


a;2 +2/2 + 1 


= const. ; 


(*2 + 7/2 + 1 J 2 


= const. ; 


aj2 + y2 + 1 


: const. 


X 
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Exactly similar results hold for the total diflFerential equation in 
three variables P dx + Qdy+Bdz=Q, provided that the integrability 
condition is satisfied. The form of the integral appears 
F{4(x, y, 2 )}= constant, 

where y, z)= constant is one integral and F is an arbitrary 
function. The partial derivatives of ^ are proportional to P, Q and R. 
But the integral itself, as represented by a system of surfaces in 
space, is quite definite. The result extends, of course, to cases of 
more than three variables. 

16.4 Simultaneous linear differential equations. 

Tv'o linear differential equations in three variables must give rise 
to two functional relations between the variables, each including 
one arbitrary constant, and represented by two systems of surfaces 
in space. An actual example will illustrate the position. 

Ex. By differentiating and eliminating the constants in 
x+y+z—a and x^+y^~bz, 

we have dx+dy+dz-Q and 23zdx+2yzdy ~{x^+y^)dz’=‘0. 

The two fimctional relations provide the solution of this pair of linear 
differential equations. The latter can always be arranged to give the 
ratios of dx, dy and dz in terms of x, y and 2 . Here, on solving the differ- 
ential equations for the differentials, we find 

dy _ x'^ + y^ + 2xz , _ 9 ® " 2/ 

dx x^ + 1 ^ -h2yz dx ^ x^ +y'^ + 2yz 

dx -dy dz 

or i = . 

x^+y'^+2yz x^+y'^+2xz 2z[x-y) 

Further, the relations giving the differential equations can be arranged 
to give any two of the variables (say, y and z) as functions of the third {x). 
In the present case, we find 

y — ±lJ{b'^+4Lab) -ibx-ix^ -^b 
and z = T^‘J{b^+4ab)-4bx-4x^-x+a + lb. 

These functions involve the two arbitrary constants a and 6. We can 
now say that the derivatives of these two functions must correspond to 

the values of ^ and given from the differential equations. In dia- 
grammatic terms, the solutions of our differential equations is shown by 
a pair of systems of surfaces in space. But the intersection of each pair 
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Ex.l. 

X y z 

dll ?/ 1 dtt 1 

One of these equations can be written -7-=- or 

ax X ydx X 

On integrating this by ordinary methods (16.2 above), we have 
y=ax (a being an arbitrary constant). 
dz z 

Similarly, from the other equation ■y- = - , we find 

z = bx (b being an arbitrary constant). 

The integral of the pair of differential equations is thus 

y—ax and z — bx, 

shown by a system of straight lines in space, all passing through 0. 

Ex. 2. = ^ = 

2xz 2i/z + y- 

It can be verified that these differential equations can be arranged in 

the form (amongst manj’’ others) 

dx dy . , , , ^ , 

=0 and xdx +y dy +2zdz—0, 

X y 

We can now integrate at once : 

= constant and |.rd.x+j7/dy + 2|zdz = constant, 

i.e. log .r - log y = constant and +z2 = constant. 

The integral of the equations can then be witten 
y = ox and x^+y^+2z- = b, 

where a and b are arbitrary constants. The two surface systems are now 
a system of planes (y =ax) and a system of surfaces Icnown as “ elhpsoids ” 
{x^ +y^ + 2z^ ~b). The integral is shown by a set of plane sections of a 
system of “ elhpsoids ”. 

Ex. 3. — _ dz 

x2 + y2 + 2yz x-+if+2xz 2 z(x-y)' 

It can be verified, in this case, that the two relations 

dx + dy + dz=0 and 2xz dx + 2yz dy - {x~ +y~)dz=0 

hold. The integral of the first relation is foimd at once as 

x+y+z=a 

and that of the second (16.2 above) as 

a;2+y2=52^ 

\^ere a and b are arbitrary constants. The complete integral is thus 
obtained in the form already considered above. 
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16.5 Orthogonal curve and sinface systems. 

The linear differential equations in two variables 

Pdx + Qdy—Q and 

give two tangent lines at each point {x, y) of the plane Oxy, one with 
gradient (to Ox) equal to ( - C) and the other with gradient equal 

Q \ V/ 

to p • Since the product of these gradients is - 1, the tangent lines 

are always perpendicular. Hence, the two curve systems repre- 
senting the integrals of the equations must be such that, wherever 



a curve of one system cuts a curve of the other system, the two 
curves are at right angles. Such curve systems are described as 
orthogonal systems. An example of differential equations of the 
orthogonal type is given by ydx-\-xdy==Q and dy = 0. It is 

easily seen that the integrals are respectively xy=:a and 
where a and b are arbitrary constants. The curve system, in each 
case, is a system of rectangular hyperbolas, one system being 
obtamed from the other by rotation through 45°. Kg. 99 shows 
certain curves of the systems in the positive quadrant of Oxy and 
clearly indicates the orthogonal property of the systems. 

The total differential equation in three variables 
Pdx + Qdy-\-Rdz~Q 

gives a tangent plane at each point {x, y, z) of space, and its gradients 
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are determined by the ratios of the functions P , Q and B. The pair 
of linear differential equations 

dx dy _dz 
P^~Q~B 

gives a tangent line at each point of space and its direction is deter- 
mined by the functions P, Q and B. It is a well-known result that 
this tangent line is perpendicular to the previous tangent plane at 
the same point. This can be verified by takmg projections on the 
co-ordinate planes. The tangent plane contains a horizontal line 

d^i P 

(parallel to Oxy) with gradient referred to Ox equal to ^ ~ “ g * 

This projects directly on to the plane Oxy. The tangent line, as we 
have seen, has a projection or “ shadow ” on the Oxy plane with 

gradient to Ox equal to ^ • These two lines in Oxy are perpen- 
dicular. A similar result holds for the projections on to one of the 
other co-ordinate planes, and it is then clear that the tangent line in 
space must be perpendicular to the corresponding tangent plane. 
The total differential equation (if it is integrable) is shown by a 
system of surfaces in space and the pair of linear differential equa- 
tions by a system of curves in space. These systems must here 
possess the property that, wherever one of the surfaces is cut by one 
of the curves, the intersection is at right angles. The surfaces and 
curves are said to form orthogonal systems. For example, the total 
differential equation xdx+ydy +zdz = 0 has an integral which is 
the system of concentric spheres (centre at 0) x^ + y^ + z^=c. The 

d%! d^ 

pair of linear equations — = — = — has been foxmd to integrate to 

X y z 

y=ax and z—hx, a system of straight lines all passing through 0. 
The lines are the diameters of the spheres and the two systems are 
clearly orthogonal. 


16,6 Other differential equations. 

There are many types of differential equations more complicated 
than the simple linear equations so far considered. For example, 
{ ^y\ ^ n 

^ ^ ^ non-hnear equation involving only a 

first-order derivative and its integral (see 16.1) is y^ — 2ax + a^ = 0, 
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where a is an arbitrary constant. Again, by differentiating the 

relation y=ax+- twee and eliminating the parameters a and b, 

^ d^y dy 

we obtain the differential equation which 

involves derivatives of the first and second orders. The integral of 
the equation is the relation above and includes two arbitrary 
constants.* The practical methods of integrating such differential 
equations are not easy. The following general problem can be taken 
as an illustration.! 

Ex. The “ dog and his master ” problem. 

A man stands at a point 0 and his dog at a point A in an open field. 
The man begins to walk at a uniform 
pace along a path at right angles 
to OA, while the dog runs at a 
unif orm pace (greater than that of 
the man) always in the direction 
pointing to the position of the man. 

When does the dog catch up with 
the man 1 

Take co-ordinate axes as shown 
in Fig. 100, Oy being the direction of 
the path taken by the man. Choose 
the unit of distance as OA, so that A 
is (1, 0). Let the ratio of the man’s 
speed to that of the dog be u, where 

w<l. After a certain time, suppose that the dog is at the point P{x, y) 
and the man at Q on Oy. If the path taken by the dog is as shown with 
equation y ’=f{x), then PQ is the tangent to the path at P vrith gradient 



dx MP' 


OQ~y 


So 


OQ: 


dy 

■y-^dx 


* This suggests an extension of the result of IC.l above. It can, in foot, be 
shown that, if the nth derivative is that of the highest order in a differential 
equation in two variablc-s, then tiio integral of tho equation is a relation 
between tho variables which includes n arbitrary constants. 

t For an account of tliis and similar problems, see Osgood, Advanced 
Calculus (1926), p. 332 ct scq. 
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s =arc AP of the dog’s path 

1 „ ^ OQ 1 / dy\ 

= - (distance travelled by man) = — 


Now 5 is a decreasing function of x with negative derivative 

ds_l/dy d^y dy\ xd^y 

dx u\dx dx^ dxJ udx^ 


The increment ds, being compounded of perpendicular increments dx 
and dy along the dog’s path, is given by ds^ = dx^ + dy^. 


So 



taking the negative root since the derivative is negative. Hence, 


- h 

^ '^Kdx) ~ ndx^‘ 


The equation, y =f{x), of the dog’s path is thus the integral of 


d^ 

' dx^ 




\dxJ 


= 0 , 


a differential equation of the second order. To integrate, write p = 
dx dz^ 

-ujl +p2=o, 


dx 


Then 


i.e. 


I 


Vl 


dp rdx , , 

=r —u\ 1- constant. 

+p2 J a; 


So log(p + n/ 1 =^loga; + const., i.e. ^ +n/i =ax“. 

Since p = ^ = (gradient of path of dog at .d)=0 when x = l, we find, 
on substitution, that the constant a = 1. Hence, 

x" =Vl +p^ -hp. 


So 

and 

Hence, 


1 


^ t /i . .-o\o _o dr ir 


"Jl+p^+p {'J \ + p^)^ — p^ 
a;” -a:““ = 2p. 
dy I , 


and » - 1 (p di - J*-» dx) + constant - 1 + b. 
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*\x> 

At A, y-0 when a;-l, and so we find 6=^^ g. The equation of the 

dog’s path is thus 

^‘"2(1 4-«)“2(i -«)’*' 

The dog catches up with the man when « =0, in which case 


0Q=y = 


u 

1 -u^‘ 


The man walks a certain multiple (^ Y ~'u ^ distance OA before the dog 

catches up with him. For example, if the dog’s speed is twice that of the 
man {u - 1), the equation of the dog’s path is J (s/x^ - 3s/a: + 2) and the 
man walks only two-thirds of the distance OA before the dog reaches him. 


Similar complications arise in equations which involve the differ- 
entials of three or more variables. Further, when the number of 
variables exceeds two, we can define equations of a rather different 
type involving partial derivatives instead of differentials. The 
simplest form of this type of equation occurs when the partial 
derivatives are related linearly as in the following example : 


Ex. 


3z dz 


The equation is integrated when we have expressed z explicitly in 
terms of x and y. The following trick is needed in the particular case 

considered. Write « ==- so that 


From the original differential equation, we have z - x — = ?/ — . 

dx dy 

So 

oy x^ dy \xJ 

Hence the variation of as a function of x and y depends only on the 
vanation of and not on the separate variations of x and y. It follows 
that u is some function of - only, and so 

where ^ is any function whatever. This is the integral of the given 

r M.A. 
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differential equation. It is to be noticed that the arbitrary element in 
the integral consists, not of an arbitrary constant, bub of an arbitrary 
function. This is a special feature of equations in partial derivatives. 

The form of the integral shovs that z is a linear homogeneous function 
of z and y (see 12.8 above). The integral, in fact, provides the converse 
of Euler’s Theorem : 

X^+V^=z at all points (x, y), then z is some linear and 
dx oij 

homogeneous function of x and y. 

As an application of the result, suppose that a good X is produced by 
using tvro factors A and B according to the production function x =f{o, 6) 
and that the product is always divided (without excess or deficit) accordin g 
to the marginal productivity law. Hence, each unit of the factor A 

Bx 

receives a return equal to the marginal product ^ and similarly for the 
factor B. It follows that 

dx , dx 
ca do 

for all combinations of the factors. This is only possible, as our present 
result shows, if the production function is linear and homogeneous. 

16.7 Dynamic forms of demand and supply functions. 

A market for a good X is made up of a competitive group of buyers 
and a competitive group of sellers. Under static conditions, assum- 
ing that the prices of other goods are fixed, the demand of the 
buyers can be represented by a function z = 6{p) and the supply of 
the seller by a function x =f{p), "where p denotes the uniform price 
of the good. A position of static equilibrium is said to be determined 
at a price "which equates demand and supply : f>ip)=f{p)- This 
is an equation in one variable "with a definite number of solutions, 
each corresponding to a possible equilibrium price. 

The static problem implicitly assumes that there is no ” specu- 
lative ” demand or supply and that there is no “ time-lag ” in 
production on the supply side. Our problem can be extended by 
dropping these assumptions in turn. The market price of X is no"w 
taken as varying over time, the current price being a function of t, 
the time (in years or some other unit) since a fixed base period. We 
have to find, under various assumed conditions, the form of the 
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price function p{t). The static problem gives a definite price and 
equilibrimn position ; the extended “ dynamic ” problem must give 
the course of prices over time and the path of a moving equilibrium. 

The demand of the market (as a rate per unit of time) at the 
current time t is taken as depending on the price p {t) and on.certaiu 
speculative elements, including the buyers’ view of the future 
course of prices. We consider here only the simple case in which 
the bu 3 '-ers’ “ foresight ” is confined to an allowance for the rate at 
which the price is changing at the time concerned, demand depending 
on whether prices are rising or falling and at what rate they are 
changing. We now have demand as dependent on p{t) and its 
derivative p'{t ) ; 

X = (i), p'{t)}, the dynamic demand function. 

In the same way, assuming the same kind of speculation (but no 
time-lag) on the supply side, we can write 

* ==f{P ii)> dynamic supply function. 

For equilibrium over tune, the price function p (Q must be such that 
demand and supply are equal at all times t : 

i>{pit)>pW=f{p{t)> p'it)}- 

This is a differential equation including the first derivative of p 
with respect to t, and its integral gives p as a function of t involving 
one arbitrary constant. The latter can be determined in terms of 
the price p^ ruling in the base period {t=0). Hence, given the 
initial price, the course of prices over time is determined. 

The problem can be illustrated by taking the particular case 
where the demand and supply functions are linear. Under static 
conditions, we write demand as x=ap-i-b and supply as x=ap+^. 
In the “ normal ” case, the constants a and jS are negative and b and 
a are positive. For equilibrium, demand equals supply, i.e. 

ap+b—ap+P, 

giving one equilibrium price p ^ • 

In the simple speculative case considered, we write : 

Demand x~ap{t)+b+cp‘{t). 

Supply x=ap{t)+P+YP'{i)> 

where a, b, a. and j8 are constants with the signs indicated above and 
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where c and y are new constants which can be taken as positive. 
This imphes that a rising price, other things being equal, stunulates 
both demand and production. It is possible, however, to take y as 
negative if a rising price causes sellers to hold back their supplies. 
For a moving equilibrium, the price function p (t) must be such that 

ap {t) + b + cp'{t) =ap{t)+^ + 

b — B 

i.e. P'{t)=^{pii)-P} where ^ = • 

C — y (X — U/ 

Write q{i)=P{i)-P A=^^- 

Then i-®- 

This famihar differential equation has integral q=Ae^^. 

So p{t)=:-p+Ae^^. 

Putting t=Q and p—p^ (the initial price), we find A=pQ-p. The 
course of prices over time is thus uniquely given by 

p{t)=p + (po-p)e^\ 


where p 


a-a’ 


a-a 


and ^>0 is the initial price. 


The important term in the expression for p [t) is e^*. This term 
increases and tends to infinity, or decreases and tends to zero, 
according as A is positive or negative. Since we have taken (a - a) 
as positive, the sign of A is governed by that of (c -y). Hence, 

(1) If y<c, A is positive and the price steadily diverges from 
the static equihbrium value p as time goes on. 

(2) If y>c, A is negative and the price steadily approaches 
the static equilibrium value p as time goes on. 

A stable course of prices is thus only possible if y>c, i.e. if the 
speculative element in supply is stronger than that in demand. 

If, in addition to the speculative element, there is a time-lag of 
constant length 9 years in production, then the supply of X is 
dependent on the price and the price changes at the earlier time 
if — 6) rather than at the current time t. The current supply was 
arranged for 6 years ago at the beginning of the production process 
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and was subject to the price then ruhng. The general condition for 
moving equilibrium is now 

ii)> P'ii)} =f{P (i -S),p'{i- 0)} 
and with hnear demand and supply functions 

ap (Q + 6 + cp'{t) —a.p{t-6)+§+ yp'{t - 0). 

Such difFerential equations can be integrated only with the aid of 
“ complex numbers ”, entities designed for the description of 
variables which oscillate in value. But the general solution is found 
to be very similar to that of one special case which we can easily 
solve.* 

When there is a production time-lag but no speculation, the 
equation for p (i) ceases to be difFerential and takes the form 

ap{t)-{-b=a,p{t-d)+^, 

i.e. p{t)-p='^{p{i-e)-^. 

Here, linear demand and supply functions are assumed and p has 
the same value as before. If the course of prices over the initial 
period from t— 0 io i=6 is given, then the equation above gives the 
price p (t) at any subsequent time t. In fact, measiiring all prices 
from the level p, the current price is just a constant multiple of the 

price 8 years ago. The multiple is the negative number - . There 

Qr 

are three cases to consider. Suppose, for simplicity, that the prices 
in the period (0, 6) oscillate about p, being as much below p at 
as above p at i=0. Then: 

(1) If a and a are numerically equal, then the price variation in 
the period {9, 20) completes the oscillation of the period (0, 0), the 
price at t =20 being the same as that at t=0. In successive periods 
of 26 years, the same cycle of prices is repeated. The course of price 
over time is illustrated in diagram A of Eig. 101. 

(2) If a> a nxunerically, then the ratio - is negative and numeri- 

ct 

cally less than unity. The price again oscillates, describing a cycle 

* On the problems considered here, see Tinbergen, Utilisation des ^nations 
fonciionelles, Econometrica, 1933, and Theis, A quantitative theory of industrial 
fluctuations. Journal of Political Economy, 1933. The first work in this field 
is due to Rods and Evans. 
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in every period of W years, but now the extent of the oscillation 
diminishes as time goes on. The oscillations are “ damped ” as 
shown in diagram B of Fig. 101. 

(3) If (i<a numerically, the case is similar to the previous one 



except that the oscillations increase in amphtude as time goes on. 
This case of “ explosive ” oscillations in price is illustrated by 
diagram G of Fig. 101. 

16.8 The general theory of consumers’ choice. 

The analysis of the demand of an individual for consumers’ goods 
has proceeded, so far, on the assmnption that the individual’s scale 
of preferences can be represented by an indifference map, i.e. by a 
utihty function (measurable or not). This assumption can now be 
scrutinised. 

Suppose that x and y are the individual’s current purchases of 
two goods X and T. It is now assumed simply that the individual 
has a definite scale of preferences for small changes in these pur- 
ehases. Ho can distinguish that small increase Ay va. his purchase of 



DIFFERENTIAL EQUATIONS 439 

7 which just compensates (i.e. leaves him indifferent) for a given 
small decrease { -Ax) in his purchase of X. Larger increases than 
Ay are preferred by the individual whereas smaller increases leave 
him in a position worse than before. Hence, for an indifferent 
change, Ay is & definite multiple of {-Ax). Taking the limit for 
smaller and smaller changes, the assumption defines the differential 
dy as a definite multiple of ( - dx). The multiple (which is positive) 
is defined for each initial set of purchases (x, y) we care to select and 
varies as these purchases vary. The multiple is, in fact, a function 
of the variables x and y and we can write it as i? {x, y). Our assump- 
tion thus gives the differential equation for indifferent changes : 

-“=jR(a:, w) or R{x, y)dx + dy — 0. 
dx 


The function R takes only positive values. It is further assumed 
that the scale of preferences is continuous in the sense that R has 
continuous partial derivatives. 

The differential equation above can be integrated in all cases 
(16,3 above) to give the general integral 


F{<f){x, y)}= constant. 


Here F is any function and (x, y) is a function such that 

&=-!=«(*, j,). 

CLX 

In diagrammatic terms, our assumption corresponds to the defini- 

d/i/ 

tion of a definite “ indifference direction ” given by -■^=R{x, y 

at each point {x, y) of the plane Oxy. The indifference directions can 
then be integrated to give a whole system of indifference curves 
defined by y)} = constant. The situation is exactly as 

before but based on a different assumption. We do not assume a 
complete scale of preferences but a scale for small changes from any 
given set of purchases. FinaDy. the utility function index 


u-F{<f>{x, y}}, 

with a constant value along any one indifference curve, follows from 
our new assumption. 

From 13.8 above, the function R{x, y) here defined is to be inter- 
preted as the marginal rate of substitution of 7 for X. Previously, 
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we deduced this concept from an assumed utility function. The 
position is now reversed ; the marginal rate of substitution is the 
fundamental concept and the indifference map and utility function 
are deduced from it. This is an important change of approach. 

The general case where any number of goods appear in the con- 
sumer’s budget is sufficiently represented by the case of three goods 
X, Y and Z. The assumption to be adopted asserts that the indi- 
vidual has a scale of preferences for small changes from a given set 
of purchases (x, y, z) so that he can distinguish that small increase 
Ax in the purchase of X which compensates for given small decreases 
{-Ay) and {-Az) in Y and Z. The individual prefers a larger 
increase than Ax, but rejects a smaller increase. Taking smaller and 
smaller changes and writing differentials for the increments, we have 
dx as a multiple of {~dy) plus a multiple of {-dz). The multiples 
are positive and functions of the purchases (x, y, z). So 

dx=Bj_{x, y, z){-dy)+Rz{x, y, z){-dz) 
or dx + Ri{x, y, z)dy+Rz{x, y, z)dz=0 

is the differential equation for indifferent changes in purchases. The 
functions R^ and iJg take positive values and are assumed to have 
continuous partial derivatives. 

The interpretation of i2i and R^ is not difficult. The ratio of 
compensating increments in the purchases of X and Y when the 
purchase of Z remains unaltered can be written 



=Ri{x, y, z). 


The function R^ thus represents, at the purchases (x, y, z), the 
marginal rate of substitution of X for F. In the same way R^ repre- 
sents the marginal rate of substitution of X for Z. Our assumption 
is equivalent to the definition of two marginal rates of substitution 
as describing the individual’s scale of preferences. In diagrammatic 
terms, we have, at each point of Oxyz space, an indifference plane 
given by dx+R-^dy -^-R^dz^t^ and with gradients {-Rf) and (--^ 2 ) 
in the Oy and Oz directions. The plane includes all the indifferent 
directions of change from the purchases {x, y, z). 

The differential equation dx+ R^dy + R^dz=0 need not possess an 
integral (16.3 above). In general, therefore, we cannot integrate 
the set of indifference planes into a complete set of indifference 
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surfaces, and we cannot assume that any utility function exists. 
The assumption of a scale of preferences for small changes of pur- 
chases does not imply that a complete scale of preferences exists. 
The consiuner can discriminate between small changes from his 
established purchases but need not be able to discriminate between 
widely different sets of purchases. The assumption of the marginal 
rates of substitution as fundamental has shown up a new possibility. 

The differential equation is integrable only in the special case 
where Bi and Ji, satisfy the integrability condition (16.3 above) i 



In this case we can write an integral in the form 

(x.y . z)} = constant, 

where F is any function and ^ («, y, z) a function such that 

^=R^{x, y, z) and ^=Rz{x, y, z). 

9x 9x 

The integral is shown by a system of indifference siufaces touching 
the given indifference planes and the function u=F{<f){x, y, z)} can 
be taken as a function index of utility. The given marginal rates 
of substitution are equal to the ratios of the partial derivatives of 
u in any one of its forms. It must be remembered now that the 
indifference map and utility function are deduced from the marginal 
rates of substitution and not conversely. 

In developing the theory of individual demand for three or more 
goods, therefore, we proceed from the assumption of marginal rates 
of substitution. As a special case, we can then add the integrability 
assumption, take an indifference map and a function index of 
utility and deduce certain results which hold only in this case. We 
have a general theory and a special (integrability case) theory of 
demand, a distmction which will be made clear later (19.7-8 below). 
The results of 16.6 above are of direct application to the present 

d'iX/ 

problem. The differential equations define a tangent 

direction at the point {x, y, z) iu space, a direction perpendicular to 
the indifference plane given by dx+Ridy+Rs,dz—Q. K the indi- 
vidual increases his purchases from the given set {x, y, z) in the way 
indicated by this direction, these are the increases he prefers above 
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all others. The direction can thus be termed the individual’s 
p 7 'eJeT&nce difcction at [x, y, 2 ).* The values of and R 2 at any 
point thus indicate, not only the marginal rates of substitution for 
indifferent changes, but also the ratios of the increases in purchases 
which are most preferred by the individual. 

Since and l^^-ve continuous partial derivatives, the differ- 
ential equations for the preference direction can be integrated to 
give a system of curves in space, the lines of preference of the indi- 
vidual (16.5 above). One such curve passes through each point of 
space and indicates the most preferred direction of change from the 
point. The complete lines of preference exist even when there is no 
indifference map. But, in the integrability case where indifference 
surfaces exist, it follows that the hues of preference and the in- 
difference surfaces form orthogonal systems. A line of preference 
cuts an indifference surface at right angles and indicates the 
“ quickest ” way from one indifference surface to the next, i.e. the 
direction in which the individual’s utility level is increased most 
rapidly. 


EXAMPLES XVI 
Differential equations 

1, Draw a graph showing a sufficient number of the tangent directions 
dy X 

^ = - to iudicate the curve system which is the integral of the equation. 
^ dy y 

Draw a similar graph of Check by integrating the equations by 

the “ variables separate ” method (see 16.6 above). 

2. Illustrate graphically the differential equation ^ and its 

integral. From the equation, prove that each curve of the integral system 
has a maximum point at the same value of x. 


3. If y = 1 -i , show that (y -\)dx+[x-\)dy = ii. Conversely, show 

that the differential equation has the integral shown (using the “ variables 
separate ” method). What are the curves represented? 

* Preference directions were introduced by Edgeworth, Mathematical 
Psychics (1881, reprinted 1932) and by Irving Fisher, Mathematical investi- 
gations in the theory of value and prices (1892, reprinted 1925). In the case of 

two goods, indiSerence curves are defined by the relation -R(x, y) and 
. dy 1 dx 

preference lines by the relation • Y’’e have, in all cases, orthogonal 

systems of indifference curves and lines of preference. Either system defines 
the individual’s scale of preferences. 
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4. Show that 2 / = o (a: + o) is a certain system of straight lines and eliminate 
a to obtain the diSerential equation of the system. 

5. Obtain a differential equation of the second order, representing the 
curve system with equation aa:® + 6!/“=l (a and h parameters). 

6. The equation y = ax--^h represents all parabolas with axis along Oy. 
Find a differential equation to represent the curve system. Of what order 
is the equation? Consider, in the same way, the equation y=ax‘‘‘ + hx + c, 
representing all parabolas with axis parallel to Oy. 

7. Derive Unear differential equations by eliminating a from the relation 

X 

a- 

x + y=ae^ and from the relation z = e 

8. Find an integral of each of the differential equations : 

a;* (Zx + j/- dy = 0 ; 2ydx + xdy = Q-, ydx-(x^-l)dy=Q-, 2^+3.5/y = 0. 

ax 

9. If a is a given constant, obtain an integral of 

dy a-x 


Show that the curve system obtained can be represented in either of the forms 
y^xr'^ = constant and x- a log x + log y = constant. 


10. Show that y- 


:ae®" is an integral of ^=nyx"~ 


11. Show that the integral of (y*- l)dx-2dy = 0 is y= 


1 +ae® 


12. Integrate (2x + y)cfa!+ (x+ 2y)dy = 0 by showing that the left-hand side 
of the equation is an exact differential. 

13. Show that ydx+{2x + y)dy — 0 becomes exact on multiplying through 
by 3y. Hence integrate the equation. 

14. Find the partial derivatives of ^ and hence solve the differential 
equation 

y(2x’-y’)da:-x(x’- 2y’)dy = 0. 

_ _ dx dy dz „ 

15. Integrate 1 1 - — = 0. 

X y z 

16. Show that a differential equation of the form 

<f){x)dx+ ifi{y)dy + x{^)dz=:0 
is always integrable. How is the integral obtained? 

17. Which of the differential equations 

yzdx + xzdy + xydz = 0; dx-zdy-2ydz = 0 ; 
zdx+{x + y)dy + dz = 0 and y(y-\-z)dx + x(x-z)dy + x{x + y)dz — Q 
are integrable and which not? 

18. Integrate 2xdx + zdy -^-y dz = 0 by showing that the left-hand side is 
an exact differential. 


19. Find the partial derivatives of 


x(y + a) 


x + y + z 

Hence integrate [y + z^dx + x^dy + x^dz^ 0. 


with respect to x, y and ?. 
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20. Find the integral of the simultaneous diSerential equations 

xdx=ydy = zdz. 

Examine this integral and that of example 16 above in diagrammatic terms 
and show that the curve and surface systems concerned are orthogonal. 


Economic applications of differential equations 

21. It is known that the elasticity of a demand law a:= <^(p) is of the form 
{a -bp) where a and b are given constants. By integrating a diSerential 
equation, show that the law is x=p‘‘e-b(P+<>'>, c being an arbitrary constant. 


22. If il is the total cost of an output x, it is known that marginal cost 
always' equals average cost • Integrate and show that II is a 
fixed multiple of x, i.e. that average cost is constant. 


23. If y is the number of incomes of £x, it is foimd that y decreases as 

dv V 

X increases according to the law - m- where m is a given constant. 

dx X ^ 

Integrate and show that the dependence of y on a: is y = — . 

cc 


24. The price of tea, initially 3s. per lb., is p (t) pence per lb. after t weeks. 

The demand is a: = 120 - 2p + 6 ^ and the supply a:=3p-30 + 60^ thousand 

lbs. per week. Show that, for demand always to equal supply, the price of tea 
must vary over time according to the law p = 30 + Ge-i*. "V^at are the prices 
after 10 and after 60 weeks ? Draw a graph to show the approach of the price 
to the equilibrium value of 2s. 6d. per lb. 


25. The demand (per unit of time) for a good is a;=ap + 6 and the supply 
f=ap + jS where p is the price. If there is (e.g.) an excess of demand over 
supply in any period, it is asstnned that the price changes to decrease the 
excess at a rate proportional to the excess. 

l£p(t) is the price at time t, show that the assumption implies that 




dp 


where k is some positive constant. Deduce that p (i) is given hy-J- + k(p-p) = 0 

’ “ Ctv 


b-p 


/M ^ 


where p= If^Jo is the initial price (i=0), show thatp(^) = p+ (po “ 

and that the price tends to the equilibrium value p. See Evans, Mathematical 
Introduction to Economics (1930), p. 48. 


26. An individual’s preference scale for two goods X and Y is defined 

by the marginal rate of substitution of Y for X, = Show that 

M = (cc - a)2 + (y - 6)2 is one form of the utility function. 2/ ~ « 


27. If J? = ^ is the marginal rate of substitution of Y for X, show that 

p Of CC 

one form of the individual’s utility function is (» + o)“ (y + 6)^ where a, b, 
« and are given constants. 
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QCV ut/ “t' C 

28, Tlie martnnal rate of substitution of F for X is iJ= ^ where 

<xZ + fy + y 

the coefficients are given constants. If a = d, show that one form of the 
utility fimction of the individual is quadratic in x and y. If a ^ b, show that 
the utility function need not be of this form. Illustrate by considering the 
particular cases of the two previous examples. 

29. Three goods X, Y and Z are said to be “ independent ” in consumption 
if the ratios of the individual’s marginal rates of substitution 1 : JJ, ; B, are 
of the form ^(x) : t{i{y) •. where <j), ifi and y are functions of the single 
variables named. Show that the integrability condition is always satisfied 
and indicate the form of the utility function. Illustrate when 

1 -.Ri ; JRj = (a:-o) : {y-b ) : (z-c). 


30. Tlie marginal rates of substitution of X for F and Z are known to be 
ratios of linear expressions in y and z, so that 

{a^x + bjy + CjZ + dj da: + {a.x + b,y + c.z + dj)dy + {a^x + h^y + c^z 4- d,) dz = 0 

is the differential equation of the indifference plane. TOiat is the condition for 
the existence of indifference surfaces? Show that the condition is satisfied 
if 5j=Oj, c, =63 and 03 = 01 . In this cose, show that the utility function can 
be written as a quadratic in x, y and z. 



CHAPTER XVII 


EXPANSION’S, TAYLOR’S SERIES AND HIGHER ORDER 

DIEEERENTIALS 


17.1 Limits and infinite series. 

Wb have seen (4.1 above) that there are two broad classes of number 
sequences. A sequence either tends or does not tend to a finite 
limit, the second case including sequences tending to infinity and 
sequences which oscillate. Eor example, 

1 3 7. lA vl 

25 45 85 165 ••• ^-^5 

Ij 4:j lOj ••• —^00 , 


The nth. members of these sequences are ^1 - — j and respectively 
and the results can be written in the alternative forms 


— >1 as w->oo and w2->oo as w->oo. 

2 " 

Here n represents any positive integer. 

A number sequence can be treated in a slightly different way by 
forming from it a second sequence, a sequence of differences. The 
wth member of the new sequence is the difference between the nth. 
and the {n - l)th members of the old sequence. The new sequence is 
written down with plus signs between successive members (to indi- 
cate our intention to add them together), continued indefinitely and 
called an infinite series. Eor example, the two sequences above give 
rise to the infinite series 

111 1 

1 + 3 -f 5 (271 — 1) -}- ... j 

where the expression in n represents the ?ith term of the series in 
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each case {n being a positive integer). 3?rom the definition, the sum 
of n terms of the infinite series equals the nth member of the original 
sequence. So, for any positive integral value of n, 

1 1 1 1 _ 1 
1 + 3 + 5 + ... + (2n - 1) =n^. 

In general, if/(») is the nth member of a given sequence, then the 
infinite series of differences has sum of n terms equal to/(n). 

If the original sequence has a finite limit, then the sum of n terms 
of the derived series has the same limit. The series is said to be 
convergent and the limit of the sum is the sum to infinity. If the 
original sequence has no limit, neither has the sum of n terms of the 
series. The series is said to be divergent and there is no sum to 
infinity. For example, the series first written above is convergent 
with unity as the sum to infinity ; the second series is divergent, 
the sum of n terms tending to infinity with n. 

The limit of any sequence (if it exists) can thus be written as the 
sum to infinity of a convergent infinite series. Any member of the 
sequence and the sum of any number of terms of the series can then 
serve as an approximate value of the limit, a fact which provides one 
of the main uses of a convergent series. If A is the sum to infinity of 
a certain series, then A is given by the limit of the sum of n terms and 
found approximately by adding together a sufficient number of 
terms of the series. This may be the simplest way of getting an 
approximate value of A if the latter is a complicated expression. 
Again, the sum to infinity provides an approximate value of the sum 
of a large number of terms of the series. The sum of (say) 100 terms 
of the series (i + J + 8 + ”*) is not easily calculated. But we know 
that the sum to infinity is 1 and this can be taken as the approximate 
value of the sum of the 100 terms. 

Conversely, if we are given a certain infinite series, we can form 
a sequence of sums, the Tith member of the sequence being the sum 
of n terms of the series. By definition, the given series is convergent 
if the derived sequence tends to a finite limit. 

Two important cases of series can be considered in detail. A 
geometric series consists of terms which increase (or decrease) 
from one term to the next by a given factor, called the common 
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ratio. In general, if the first term is a and the common ratio r, 
the series is 

a + ar + ar^+ar^ + ...+ar'^~^ + ... . 

It is shown, in elementary algebra, that the sum of n terms is 

1 -r" 


S„=a , 

l~r 


{n = l, 2, 3,...). 


The derived sequence is thus 


1 


Q/y OS'"! 5 ® T y ••• ^ t > 

' 1 -r 1 -r 1 -r 

If r is numerically less than unity, the expression r" becomes smaller 
and tends to zero as n increases indefinitely. Hence, 

a 


l_y3 


a 


1—7'" 




1 -r 1 -r 


a a 

■ 7*" > 


1 -r 


as 77 00 . 


a 


The geometric series is convergent with sum to infinity ^ — -, pro- 
vided that r is numerically less than one. In other cases, the expression 
T-" does not tend to zero as n increases and the geometric series is 
not convergent. The sum of n terms either tends to infinity or 
oscillates. 

n , 1 1 1 1 


Here 


= i ^ = h and = l -^-^1 as 77-^oo.- 


The series is convergent with sum to infinity 1 (as obtained above). 

Ex. 2. The recurring decimal Od is a short way of writing the sum 
to infinity of the series jl j— i_ ■ -i . 

This is a convergent geometric series with a=r =-^. The sum to infinity 
0/ 1 

is Hence, the decimal form of the fi-action ^ is 0*1. 

Ex. 3. An income stream of £a starts next year and continues for 
n years. Reckoning interest yearly at lOOr per cent, per year, the present 
value of the stream (see 9.7 above) is 


a 


a 


l+r ' (l+r)»'’'(l+r)s 
\1 +r/ a 


a 


+ ... + 


a 


(1 +r)” 


a \l+r/ a{ / 1 
1+r 1 ~ r\ \l+r/ J 

1+7- 
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If the income stream goes on for ever, the present value is obtained by 
letting 7i->co , i.e. it is the sum to infinity of the convergent geometric 
series above. Hence, the present value of £a per year for ever, at interest 

at lOOr per cent, reckoned yearly, is £^* For example, the present value 

of £3 per year for ever is £100 if interest is reckoned yearly at 3 per cent, 
per year. 

An arithmetic series consists of terms which increase (or decrease) 
from one term to the next by a given amount, called the common 
difference. If the first term is a and the common difference d, the 
series appears 

a + {a+d) + (ffl + 2d) + ... + (a +7i — 1 d) + ... . 

It is easily shown that the sum of n terms is 

Sn = \n{2a + (» - l)d}. 

Since co as n-^co , the arithmetic series is not convergent and 

never possesses a sum to infinity. 

Ex. 1. 1 +2+3 + ... +W + ... . 

Here + 1) the sum of the first n positive integers. 

Ex, 2. 1 + 3 +6 + ... + (271 — 1) + ... . 

Here jS„=^7i{2 + (7i-l)2}=7i® the sum of the first n odd positive 
integers. 

17.2 The expansion of a function of one variable (Taylor’s series). 

By a process of long division, we find 

1 , „ a:"+^ 

= = l+a:+a;2 + ... +»;"+■:; 

l~z 1 ~x 

If X has a value numerically less than one, the term containing 
decreases and tends to zero as n increases indefinitely. Hence, 

= l+»+a;2 + ..,+a;" + ... , 

1-x 

if a; is numerically less than one. We have thus expressed as 

the sum to infinity of a convergent infini te series. The result can 
he checked in this case. The series written is a geometric series 
with common ratio x (<1) ; the series is convergent with sum to 

infinity equal to (by the formula of 17.1). 

1 —a; 
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The advantage of the series expression for is clear. K a; is 

given a small value, then, instead of evaluating by long division, 

we find its approximate value (to any required degree of accmacy) 
by adding a sufficient number of terms of the series. For example, 
if x=io, 

= _i- = 1 +a; + a;2 + ... = 1+0*03333 + 0-00111 + 0-00004 + ... 

29 l-x 

= 1*03448. 

Hence to four decimal places, |t = 1*0345, as can be verified by long 
division. The fifth term of the series is too small to affect the 
approximation and is not included. Again, if a: is a small number, 
then to a degree of accuracy represented by 

-^ = l+a: + a;2, 

1 -a; 

i.e. for approximate purposes the expression can be replaced 

by the simpler quadratic expression (l+aj + a;^). 

The problem can be generahsed. Given a single-valued function 
f{x), it is desired to find a convergent infinite series, the successive 
terms of which involve increasing powers of x, with f{x) as its sum 
to infinity. In symbols, we wish to write 

f{x)=aQ + OjX + a^x^ + a^x^ + . . . (to infinity), 

where the a’s are certain constants. The problem is a httle complex 
since we have first to see whether the process indicated can be 
carried out at all, then to determine for what values of x it is 
vahd and finally to allot the appropriate values to the constant 
coefficients. 

If the process is possible, the series obtained is called the expansion 
^ power series, i.e. as a series in ascending powers of x. 
The particular case above indicates the uses of the expansion when 
obtained. For a defimte value of x, the accurate value of /(a;) is 
obtainable only by substituting directly in f{x) or by finding the 
limit of the sum of n terms of the series. But, if approximate results 
suffice, we need only add a hmited number of terms of the expansion. 
It is possible, for example, to replace f{x) approximately by a quad- 
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ratio or cubic in x when x is small, a great simplification iff(x) is at 
aU complicated.* 

It is assumed, in the following, that f(x) has continuous deriva- 
tives up to any desired order at the points concerned. We start 
with a simple case where the problem is really solved m advance hut 
which will indicate the more general method. Suppose that 

f(x ) = do + Oi* + + “3^3® + . . • -F a„x", 

a given polynomial of the nth degree in which the coefficients have 
known values. By successive derivation, 

f'(x) =ai + 2a^ + Za^‘^ + ... +nd„a:"-i, 
f"{x)= 2 a 2 + 6asX + ... -l-n(n - l)a„a;"-2, 

/'"(a:) = Gcta + . . . + n (n - 1) (n - 


/(n)(a:)=n(n- l)(n-2) ...3.2. lo„. 

Putting a:=0, 

/(0)=ao. r(0)=(h, r(0)=2a„ r'iO) = ea„ ... , 

and /<''l(0)=n(n- l)(n-2) ...3.2. la„. 


A convenient algebraic notation can be introduced here. The 
product of the positive integers from 1 to n inclusive is called n 
factorial and written In. Hence, from the results above, 


®o— /(0)> ®i— — 1^/ (0)» ®3— 1 ^/ (0)> ®n — 


The original polynomial can thus be written in the form 


m =/(0) +/'(0) a; +/"(0) ^ +/'"(0) ^ + ... +/(") (0) g . 

A function which is not a polynomial cannot be expressed exactly 
in this way. But Ave can always find the difference between a given 
function f{x) and the series written above and determine whether 
the difference is large or small. To be quite general, let n be a fixed 
positive integer and x=a a, fixed value of the variable x. Then, for 
the given function /(a:), write 

f{a+x) =f{a) +f'{a)x+f''{a) ... +/^"n«) 


* This is an extension of the method of approximations to the value of 
a function by a linear expression (see 6.4 above). 
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where R„{x) is the difference, or “remainder”, between f{a + x) 
and the series written. The fundamental result is that 


B„ix)=f”+'^Ha + ex) 



where 0 is a positive fraction. In other words, (x) is the term we 
expect to follow 'p except that the value of the (?i + l)th 

derivative is taken, not at a, but at some point (not otherwise speci- 
fied) between a and {a+x). 
Without giving a complete 
proof of the result,* we can 
illustrate (in diagrammatic 
terms) the sunple but im- 
portant case where n is 
zero. The eurve y=f{x) is 
continuous with a tangent 
at all points (Fig. 102). Let 
A and P be points on the 
curve with abscissae a and 
{a + x) and ordinates /(a) 
and/(a + .T). The chord HP 

has gradient 

referred to Ox. Since the curve passes continuously from A to P, it 
is clear that there must be a pomt Q on the curve between A and P 
where the tangent is parallel to HP. Let ^ be the abscissa of Q so 
that f is between a and {a -F x), i.e. ^=a + 6x for some fractional value 
of 6. The tangent gradient at Q is f'{^) =f'{a -f 9x). So 

/ j£ ± . ^>7/W =/-(n + fa), 

i.e. f{a + x)=f{a)+RQ{x) where Ro{x)=f'{a + 6x)x 

and our result for w=0 is obtained.f 

* The rigid proof of this result is complex. See Hardy, Pure Mathematics 
(3rd Ed. 1921), pp. 262 et seq. 

t The result when n = 0 is known as the Mean Value Theorem and its 
meaning can be expressed as follows. The mean increment in the function 

f(x) for the increment in x from o to (o + a;) is ~/(°) . As x-y a, this 

X 

ratio tends to Om result shows that the ratio equals the derivative of 

f{x) at some point between a and {a+x) even when x has not a small value. 
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Consider, now, the result of letting n take larger and larger 
integral values. The number of terms in the series for f{x) then 
increases, i.e. we are deriving an mfinite series. All now turns on 
the limiting tendency of the “ remainder ” Rn{x). If, for a certain 
value of X, B„{x) tends to zero as n tends to infinity, then the 
infinite series we obtain is convergent and we have 

f{a+x)=f{a)+f'{a)x+f''(a)^+f"(a)^ + ,.. (to oo ). 

On the other hand, if (x) does not tend to zero, then the infinite 
we obtain is not convergent and caimot have f(a+x) as a sum to 
infinity. The broad outUne of the solution of the problem of ex- 
panding /(o+ a) as a power series is now clear. The possibility of 
the expansion turns on the behaviour of as n^ca . i2„(a:) 

may tend to zero for some values of x and not for others. The 
former values of x are those for which expansion is possible. Once 
this has been determined, the actual expansion is the series written 
above. 

Collecting our results i 


The function f{x) has finite and continuous derivatives of all 
orders at a;=c, For a given positive integral value of n, 

f{a+x) =f{a) +f'(a) x +/"(«) + — +f”Ka) ' 

where 6 is some positive fraction. Further, 

f{a+x) =f{a) +f'{a) x +/"(») g + • • • » 


71 + 1’ 


for any value of x such that p"+^'>{a + 6x) 


y.n+1 


77 + 1 


0 as 77 H >-00 . 


The expansion of /(« + «) shown is known as Taylofs series. 

To summarise the position, the values off{x) and its derivatives 
are known at the point x=a. It is then possible, subject to conditions 
named, to express the value of the function at any point (o+a;) in 
the neighbourhood of x=: a as a series in ascending powers of x, the 
coefScients involving only values at x= a. In short, the values of 
f{x) and its derivatives at a;=a provide also the value of f{x) at any 
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neighbouring point. The particular point a;=a, in the neighbour- 
hood of which the expansion holds, can be chosen at will. By 
selecting different points we get different expansions, e.g. 




f{x)=m+f'{Q)x+r{o)j^+, 


(a=:0), 




f{i+x)==f{i)+r{i)x+rii)j^+. 


(a = I). 


Finally, it is to be stressed that each expansion holds only for certain 
values of x. As extreme cases, it may be that /(a -fa:) can be ex- 
panded for no values of x other than x = 0 (the most unfavourable 
case) or that /(a -fa:) can be expanded for all finite values of x (the 
most favourable case). 


17,3 Examples of the expansion of functions. 

The most useful and frequently quoted cases of expansions are 
considered in some detail in the following examples : 


Ex. 1, Iff(x) =x’‘ (r any real number), then 

f'(x) =rx^-\ f"[x) =r(r - l).a:’'-2 

In general, /(")(x) =r(r - l)(r -2) ... {r-n + l}x^-\ 

Taylor’s series (a = l, n — 1) gives 

(1 -f x)’‘ = l +rx + \x'^, 

where A = ^r(r - 1)(1 -f 6.r)’^2 jg q^ite even when x = 0. This gives a 
convenient approximate expression for (1 -f x)*" when x is small. More 
generally. 

If t 

provided that 


B„{x) (I +ex)--«-ix"+i 


=r(r-l)(iT-l)...(r-l^ 




(w -f 1) (1 -f 0x)”+i 


(l+0xy 


tends to zero as n tends to infinity. If x is positive and less than unity, 
then x^^->0 and (n -f 1) (1 + 0x)”+i^co as n-^oo . Hence, M„ (x) as written 
above must tend to zero. The same result holds, but is more difficult to 
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prove, if a; is negative and numerically less than unity. We thus have the 
binomial expansion, 


r(r — 1) 

(l+a:)" = l+rx+-ij^^ 


x^ + ... + 


r(r-l)(r-2) ... (r-?i + l) 
n 




for any value of x which is numerically less than one. E.g. 

J\ +a: = l + 2 X—^^+x^^ + ... . 

To obtain an approximate value of such a binomial expression, we have 
only to add a sufficient number of terms of the series. So, 

vn=vrT*=i+A*-i(jffr-+i(i)3+... 

= 1 + 0-05 - 0-00125 + 0-0000625 + . . . 

= 1-0488 to four decimal places. 

The fifth term of the series is not needed here. 


Ex. 2. All the derivatives of e® are equal to e®. Hence, by Taylor 
series with a=0. 


provided that 


^fl+1 

re®*->0 as n-¥-co . 

m + 1 


The latter is seen to hold for any finite value of x whatever since 


|7t-fl =m(w-l)(7t-2)... 3.2.1 

increases more rapidly than any power as n tends to infinity. The 
series written above thus holds for any finite value of x and it is called the 
exponential series. 

If a: is small, the exponential e® can be replaced approximately by the 
quadratic (1 +a; + or by the cubic (1 +a; \x^ The latter gives 

e® to a degree of approximation represented by x^. E.g., if a; =0-1, the 
cubic expression certainly gives e® correct to three places of decimals. 
We must include more terms when the value of x is larger or when greater 
accuracy is required. 

Taking a: = 1, it is found that the series 


C = l+l+^-4i+. 


gives e correct to five decimal places when ten terms are added. Noting 
that each term can be obtained, as a decimal, by dividing the previous 
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term by 2, 3, 4, , the ten terms are easily evaluated each to six decimal 
places as follows : 

e = 2’5 
+ 0-166667 
+ 0-041667 
+ 0-008333 
+ 0-001389 
+ 0-000198 
+ 0-000026 
+ 0-000003 
= 2-718282 

i.e. e =2-71828 correct to five decimal places. 


Ex. 3. If/(a:) =log x, then 




x^ 


X'^ 


In general, 


|n-l 

/(")(a;) = (-l)"-il— . 


Taylor’s series with a = l gives 


a;2 a;* 


iog(i+x)=x-j+j-j+,..+(-ir-^^+..., 


1 7Z 

provided that ^ - ( - 1)« 

tends to zero as n->co . This condition (exactly as in Ex. 1) is satisfied 
if a; is numerically less than one. The series written above, the logarithmic 
series, is valid for such values of x. 

Here again we can replace log(l +x) by an approximate quadratic 
or cubic expression if a; is small. The series gives a method of finding 
approximate values of particular (natural) logarithms. E.g. 

l0gM=l0g(l+i)=J5-l(^)2 + ^(^)3-^(3L)4 + ... 

=0-1 -0-006 +0-00033 -0-000026 +... 

=0-0963 to four decimal places. 


17.4 The expansion of a function of two or more variables. 

The function z=f{x, y) is assumed to have continuous and finite 
partial derivatives up to any desired order at (a, h). 

Write <j> {t) =f{a +xt,b+ yt) =f{u, v) {u=a + xt, v=b + yt). 


{I3.4 above) 



and 
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1 + 4 ) it) + 4 < ( 1 ) 

/ d^f du d^dv\ 
^ \3zt* dt du dv dt) ^ \9tt dv dt dv^ dt ) 
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du^ 


dudv 

and so on. In general, we find 


. 9 “/ 

'dv^‘ 


a-/ 

1 _ o-n .. 


3"/ 72.(71-1) 


4,Mn)=x'' ^ +nx''-'^y- — 

^ ^ 3a" ^ 3a"“^ dv ^ 

, 3"/ 3"/ 

+ nxy'^-^— ~ -- — - 

dx 3a" ^ 3w" 


;n-2 1^2 


3"/ 


du''~^ dv^ 


+ . 


where the numerical coefficients follow the “ binomial ” form 
indicated above (17.3, Ex. 1). By Taylor’s series for 

#2 4n /n+1 

m) = <j> (0) + (0) i f ' (0) ^ + . .. + ^<") (0) r- + ,^("+1) m 

\1 I.!!; 


71 + 1 


Putting < = 1 and substituting the values of <j> {t) and its derivatives 
(all evaluated at < = 0, so that u=a and v = b), we have 


Sifl+x. b+y)=na, 6)+ 


+ 




8'/ 


dxdy ^ dy 


dj\ 

^y^K,b 


+ ••• 


I { dH , d^f d^f\ 

+ T— ( a;":^ +72a:"-^y.;r — ^-=- + ...+7/":;-^) +R„{x,y), 

[n\ 3a;" ^ dx'^-^dy dy'^/a.b 


where 

a^n+i+^ + l«^2'a^n9y + -+2/ 

9 being some positive fraction. The notation adopted here needs a 
little explanation. The values a and b appearing as suffixes of 
successive terms are to be inserted for x and y in the partial deriva- 
tives of f{x, y) but not in the powers of z and y included in the 
terms. Thus 

(« ^ + 2/ 1^) =*/«' (o, b) + 7//„'(a, 6), 


and similarly for the other terms. Again, in the expression for 
•®n (*} y), the values a + 6x and b + 9x are to be substituted for x and y 
in the (7i + l)th order partial derivatives concerned. 
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We have now obtained an extended form of Taylor’s series and 

Sia+x,b+y)=na, 

provided that i2„(a;, i/)->0 as n-^co . 

This is the expansion oif{a + x, b+y) as a series in ascending powers 
of X and y, the coefficients being the values of the function and its 
partial derivatives at the point (a, b). The expansion holds only for 
those values of x and y which make R„(x,y)-^0 as n->co . It is to 
be noticed that the terms of the expansion are grouped so that each 
contains all powers and products of x and y of a certain degree, the 
first term being linear in x and y, the second term quadratic and 
so on. Successive terms are variations of higher and higher 
orders. 

The use of Taylor’s series in expanding and finding approximate - 
values of given functions is exactly as before. If x and y are small, 
then f{a + x, b+y) can be replaced approximately by a quadratic 
or cubic expression in x and y by retaining only the first few terms 
of the series and the complex later terms are not needed. 


Ex. AU the partial derivatives of e®+»' are equal to e^+i'. 

Fixing the point (0, 0) and applying Taylor’s series, 

e==+v = 1 + (x + 2/) + -i (a ;2 + 2x1/ + y"^) + i (x^ + Sxhj + dxif + 1/=^) + . . . , 

Li Li 

provided that w) as n->oo . 

\n + 1 


The condition holds for all values of x and y (as in 17.3, Ex. 2). So 
e^+v = l+(x + i/)+l(x+i/) 2 +.i(x + i/)3 + ... , 

Li Li 

which agrees vdth the ordinary exponential expansion on substituting 
{x+y) for the index. 


Taylor s series can be extended to cases where more than two 
variables appear. As the number of the variables increases, each 
term of the series involves more and more powers and products. 
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In general, if /(a^, ... x„) is a function of n variables and if 

(flj, ••• ®n) is a fixed point, then 

y((ll + a^, 02't^2> ®n'ta^n) 


=/K. «2, — «n) + («1 ^ + »2 ^ + . . . 4- a;„ 




dxi 

92/ 




'9rc / 

‘'•''n/ (iifl, ... a„ 


2 ‘ 9® 2 


+ — +*n“^ + 2a:ia;2 


dxi 6X2 


dH dH \ 

+ 2 a\ Xs + . • • + 2 x„_i x„ 

Bx^ BXq 1 a 


' I ■ • • • j 

^ fll Oj ... Cyj 

subject to conditions similar to those already given. Our results are 
thus perfectly general and the only difficulty is the labour involved 
in writing the appropriate series. 


17.5 A complete criterion for maximum and minimum values. 

In addition to its practical use in the expansion of functions, 
Taylor’s series is a powerful theoretical tool of service in such 
"■problems as that of maximum and minimmn values. We can, first, 
complete the tests for extreme values of a function of one variable 
(8.2, 8.3 and 8.6 above) and then, in a later chapter, use similar 
methods to develop tests for functions of several variables. 

A convenient form of the definition of extreme values is : 


The function f{x) has a maximum (minimum) value at x=ai£ 
f{a+x) -f{a) is negative (positive) for all small values of x. 


¥ 


It is again assumed that the function has finite and continuous 
derivatives up to any desired order at x=:a. Taylor’s series gives 

f{a + x) -fia)=f'{a)x+na) ... +/(")(«) j^+/(n+i)(a + fe) 

for any fixed positive integral value of n. This form of the series 
is clearly of direct application to our problem. 


(1) Suppose /'(a) 9^:0. 

By the continuity of the derivative, f'(a + Ox) has the same sign 
as /'(a) for a certain -range of small (positive and negative) values 
of X. Now 


f(a+x)-f{a)=f'{a + 0 x)x (71=0) 
and so f{a+x)-f{a) must change sign as x changes sign. The 
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point x=a cannot, therefore, give an extreme value of / {x). Hence, 
if a;=a gives an extreme value off{x), we must have /'(a) = 0. 

(2) Suppose /'(o) = 0, f''(a)^0. 

As before, f"{a + 6x) has the sign of f" (or) for a certain range of 
positive and negative values of x. But 

f{a + x) ~f{a) = f'ia) x+f"(a + ex)^=^f''ia + Bx) x^ {n = l), 

i.e. f{a + x) -f{a) has the sign of /"(or + Bx), i.e. of f"{a). Hence, 

If /'(a) = 0 and/"(a)<0, x=a gives a maximum value off{x). 
If/'(a) = 0 and/"(a)>0, x=a gives a minimum value oif{x). 


(3) Suppose /'(or) = /"(a) = 0, /"'(or) ^ 0. 

Again f'"{a + Bx) has the sign of f'"{a) for sufficiently small 
positive and negative values of x. So 


2 3 

S[a+x) - /(a) =f'{a)x+f"{a) ^ +/'"(cr + Bx) ^ 


=^f"'{a + Bx)x^ (71=2) 

shows that /(a + a;) -f{a) changes sign as x changes sign. The point 
x—a, which is a stationary point, is thus a point of inflexion and 
does not give an extreme value of/(.r). 


(4) Suppose/'(a)=/"(a) (or) = 0, /(")(a) 9 ^ 0 . 

Taylor’s series can now be written 

/(<i + a:) -/{n) =/<”> (a + to) ^ . 

\n 

Of the two terms on the right-hand side, the derivative has a constant 
sign, that of /^"^(a), for sufficiently small (positive or negative) 

values of x. The other term changes sign with a; if 77 is an odd 

integer and is always positive if 77 is an even integer. In the former 
case, /(a -fa;) -f{a) changes sign as x changes sign and a;=a. must be 
a point of mflexion. In the latter case, f[a+x) —f{a) has a constant 
sign and a;=cr gives a maximum or minimum value of/ (a;) according 
as/(">(cr) is negative or positive. Hence, 


COMPLETE CRITERION FOR MAXIMUM AMD ArTNUMIlM VALUES 
(1) If /(a;) has an extreme value a,tx=a, then/'(cr)=0. 
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(2) If /'(«)= /"(a) = ...=/'"-^>(a) = 0, f^”\a)^0, then f{x) 
has a stationary value at a:=a which is an inflexional value if 
n is odd, a maximum value if % is even and /^"^(a)<0 and a 
minimuTri value if 71 is even and/(”>(a)>0. 


Subject to the condition that the derivatives involved are finite 
and continuous, the criterion is complete and so both necessary and 
sufficient. There is no case of failure ; unless the function is a 
constant (and so without maxima or minima) there must always be 
some derivative which is not zero. The order and sign of this 
derivative determines the nature of the point considered. The 
practical method of finding maximum and minimum values (8.4 
above) is scarcely affected ; a few doubtful cases (such as that of the 
following example) are cleared up and that is aU. 

Ex. y = (x-l)K 

So |-4(.-l)=, g-24- 

There is only one stationary value, y =0, occurring at a: = 1. At this point, 
the first three derivatives are zero and the fourth derivative is positive. 
Hence, y=0 is a minimum value of the function. This can be checked 
since y is positive for all values of x except that it is zero when a; = 1. A 
graph of the function shows a curve very similar in shape to the parabola 
and with vertex at (1, 0) on the axis Ox. 


17.6 Second and higher order differentials. 

The differential of a function of several variables describes the 
“ first-order ” variation of the function. But, just as derivatives 
of various orders are needed to describe completely the variation of 
a function of one variable, so something more than the ordinary 
differential is required in the case of a function of two or more 
variables. The need is met by the definition of differentials of the 
second and higher orders. In the following, the definitions and 
results are given only for a function, z=f{x, y), of two variables, but 
they are easily extended to more general fimctions. 

The function z=f{x, y) is assumed to have finite and continuous 
partial derivatives of all orders required. The first-order variation 
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02 

is described hy dz=—dx + —dy whether the variables x and y are 
dx ay 

independent or not. It is very important, however, to distinguish 
carefully between the two cases. If x and y are independent, then 

— and — are functions of these variables but dx and dy are arbitrary 
dx dy 

and constant increments in the variables. But, if x and y are de- 

02 02 

pendent on other variables, then — and — are also functions of the 

genuine independent variables and dx and dy are expressed in terms 
of the same variables plus their arbitrary and constant increments. 
In either case, dz involves functions of the independent variables 
(whether they are x and y or others) and certain constants, the 
arbitrary increments in the independent variables. The differential 
of dz, as a function of certain independent variables, can now be 
defined in the ordinary way and is called the second dijferential : 

d^z=d{dz). 

The process can be extended and, in general, the nth differential of 
z is defined as the differential of the {n - l)th differential : 

d’'z=d{d"-^z). 

As in the case of derivatives, however, it is seldom that we need 
differentials of higher order than the second. 

Our problem now is to express higher order differentials in terms 
of successive partial derivatives of the function. The importance of 
distinguishing the independent variables becomes evident here. 
Unlike the expression for dz, which is the same in aU cases, our 
results for the higher order differentials are different and simpler 
when X and y are the independent variables than they are in other 
cases. The reason for this is not far to seek. In differentiating dz 
to obtain d% we must know how to treat the dx and dy appearing 
in dz. If a; and y are independent variables, dx and dy are constants 
and do not worry us. In other cases, this is not so and due accoimt 
must be taken of the variation of dx and dy in the differentiation 
process. Before beginning to differentiate, therefore, it is essential 
to know whether x and y are independent or dependent 
variables. 
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17.7 Differentials of a function of two independent variables. 

Differentiating the first differential of a function of two inde 
pendent variables, we have 


(1''*+!'*!') ='* (S (I) 

f d /dz\ . S /dz] 1 , f d f dz\ d ( dz\ , 1 , 

[dx \dx/ dy \dxj j [3a: \dy/ oy \ay/ J 


i.e. 


JO S-z , „ „ d‘Z , , 

d-z^-dx-+i-^^ixdy+^,dr. 


'dx^ 


The essential point is that dx and dy are treated throughout as 
constant increments ; otherwise the ordinary rules of differentiation 
(13.3 above) are used. It appears, therefore, that is a quadratic 
expression in dx and dy, the coefficients being given by the second- 
order partial derivatives of z at the point (x, y) in question. 

In finding second differentials in practice, we can either evaluate 
tlie second-order partial derivatives and use the above result, or we 
can differentiate twice by rule in the particular case considered. 
The latter method usually involves less labour and is adopted in 
the following examples. In each case, however, the results can be 
checked by means of the partial derivatives. 


Ex. 1. z=x^ -^-ixy -y"^. 

Here dz^2{x+y)dx + 2{x-y)dy 

and dh = 2d (a: + y) dx + 2d(x -y)dy=2 {(dx + dy} dx + (dx - dy) dy} 

- 2 (dx® + 2dx dy - dy ^) . 

Ex. 2. 2 = — 

x~y + l 

Here dz = -2y + 2)dx+x®dy 

(X-2/ + 1)® 

{d{x^-2xy+2x)dx+d{x?)dtj) (x -y 4- 1)® 

dh — -{(x®-2xy-f2x)dx + x®dy}d(x- y -h 1)® 

(x-y -1-1)4 

_ 2 (x - y -t- 1 )® dx® - 2 {(x® - 2xy 2x) dx -f X® dy} (dx - dy) 
{x-y + lf 

_o {(y-I)dx-xdy}® 

(x-y-t-l)® 


and 
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Ex. 3. 2=log(a:2+?/2). 

Here 


and 


d(x dx +ydy) ( x^ +y^)-d {x^ + {xdx+y dy) 
dz-2 (a;2 +1/2)2 

„ (dx^ + dy^) [x? +y'^) - 2{xdx+y dyy^ 

(a:2+ 1/2)2 

„ (a:® - y^) dx^ + 4,xy dx dy - (a:^ - y"^) dy^ 

= ■2 (a:2+jr2)2 

The process of differentiation can be repeated to give 


d^z = d 


022 322 922 

— dx^ + 2-~dxdy + 


dx^ 
Bh 


dx By 


By^ 


dy^^ 


B^z 


4 


3^z 


i.e. + 

Bx^ dx^ By 


dx^dy + Z 


Bh 




This is a cubic expression in dx and dy with coefficients given by the 
third-order partial derivatives of z. Higher order differentials are 
obtained in exactly the same way and it is to be noticed that the 
numerical coefficients of successive terms follow the “ binomial ” 
law (17, 3, Ex. 1, above). 

We can note here a connection between successive differentials of 
a function of independent variables and the corresponding terms of 
the Taylor expansion of the function. Assuming that Taylor’s series 
is valid, it can now be written in the form 

Az=f{x+h, y + k) -f{x, y)=^dz+-y- + -j- + ... , 

\l l £ 

where the differentials of z are to be taken at {x, y) and with respect 
to arbitrary increments dx=h and dy=k in the variables. Hence, 
the increment Zlz in the function for increments Ji and k in the 
variables from {x, y) is compounded of the successive differentials, 
dz, dH, dH, ... , of the function at {x, y). The complete variation of 
the function is described only by using differentials of aU orders. But, 
the successive differentials involve higher powers of the increments 
h and k, i.e. they are of higher order of “ smaUness ” if A and k are 
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small. For approximate results, only a few differentials (i.e. a few 
terms of Taylor’s series) are needed to describe the variation of the 
function. As a first approximation Az=:dz ; as a second approxi- 
mation Az=dz + \d^ ; and so on. 

The higher order differentials of a function of a single variable, 
y—f{x), appear as a special case of the general process of diSeren- 
tiation described above : 


dy=^f{x)dx, dhj^f"{x)dx\ dhj=f"'{x)dx\ .... 

In general, cZ"y=/<">(.r)<fa;". 

The first derivative, as we have seen, can be interpreted as the 
ratio of the differential dy to the differential dx. This result now 
extends. The second derivative is the ratio of d^ to dx^, i.e. the 
ratio of the second differential of the dependent variable y to the 
square of the differential (or arbitrary increment) of the independent 


variable x. The notation for the second derivative is thus 

dx^ 

justiSed. Similar results hold for higher order derivatives. 


17.8 Differentials of a function of two dependent variables. 

In the function z—f{x, y), the variables x and y are dependent on 
a set of independent variables u,v,w, ... . The process of obtaining 
the second differential dh now proceeds : 


d^=d (|fe+|<*») =d (|ix) +i 

(a?) *+S'*<*> (I) W 


8y 

dz 


dx + ^d(dx) +d 
ox 


4 


d~z dh 
dx + 


dx^ dx dy 




dx 

dy) 
dz 


da; + ^d^ + 
dx 


dz 

{ d^z ^ d^z 
\dxdy ^^dy'‘‘ 


dt}jdy 


dZj 


I.e. 


dh-- 


dh 

''dx^ 


TO o 9^2 j , 9^2; dz j dz 


The expression for d^z now includes two additional terms, the terms 
in the second differentials of x and y as functions of the independent 
variables u,v,w, ... . If a; and y happen to be independent variables, 
these terms are zero (since dx and dy are constants) and the expres- 
sion for dH reduces to that previously obtained. In general, however, 
d^x and d^ must be retained and interpreted in the light of the 
particular problem considered, 

M.A. 

Q 
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Two simple appK cations of the result can be noted. If z =/ [x, y) 
where x and y are functions of a single variable t, the partial deriva- 
tives and derivatives of the functions being knovm, then from 


dz=^dx 

ox 


dz 

Sy 


dy, we derive (13.4 above) : 

dz dzdx _ dzdy 
dt dx dt ' dy di 


^ dxdy + ^,dy^^^d^x+^dhj, 
dxdy oy- ox oy 


d^z d 

From d-z = :^d.r--f 2 - 
ox~ a. 

we derive 

d-z _d-z Idx^ dxdy ^ d-z (^^dyV- ^ dzdh: dzd-y 

W~~^-\dt) ‘ “ dxdy dt dt ‘ dy-\dtJ ' dx dt^ dy dt~ 

The ratio of d~z to dt- is to be interpreted as the second derivative 
of z as a function of t (defined by means of x and y). We have thus 
a simple formula for this derivative in terms of the partial derivatives 
of z and the derivatives of x and y. The same result is obtained by 

t alcin g ^ as a function of t and by finding its derivative directly. . 

In particular, if z=f{x, y) where y is a function of x, 

dz _dz dzdy 
dx dx dy dx 
d-z dy _ d-z {dy\- ^ dzd-y 


and 




dx- dx- ' dxdy dx ' dy- \dxj ‘ dydx- 


In this case, d-x does not appear in d^ since x is the independent 
variable. 

If y is an implicit function of a; defined by the relation /(x, y) = 0, 
we have seen (13.5 above) that 

/,(/x-f/ydy=0, 

J P 

which gives the derivative = • Differentiating again, 

Jy 

d(/^dx-f/yc/y) = 0, 

i.e. dx^ + dx dy dy- -i-/^ d-y = 0, 

noting that d^y, but not d^, appears since y is taken as a function 

of X. Dividing through by dx^. 




dx 


y-/-"=o 


i.e. 


fv dx \dx 
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This gives the second derivative of as a function of x. If the value 
of ^ previously obtained is substituted, the result already written 
(13.5 above) is again obtained. 

If the same relation is regarded as giving a; as a function of y, 

dx f 

then f~dx + Ldy—0 gives the first derivative from 

HfJx+f,iy)=O.Jsmi 

dx^ + dx dy dy^ +/„ d^x = 0, 

which gives the second derivative, 
d^x 


dy^ 




dx 

dy' 


This can be expanded, as before, on substituting the value of 

d^ dx 

It is to be noted that, though the first derivatives ~ and — are 

reciprocal, the same relation does not hold between the second 
derivatives. 

In practice, the derivatives of implicit functions are best obtained 
by differentiating the relation between the variables as it stands, 
always remembering which of the variables is dependent i 

Ex. 1. * 2 +^ 2 ^ 16 , 

Taking y as a double-valued function of x, we have 


i.e. 


Differentiating again, 


X 

V 


2 + 2 { 


i.e. 


dx‘‘ 


y ( \dxJ J y y^ 


16 


But, taking a: as a double-valued function of y, 

o da: „ - . dx 

2x^-\-2y =0, i.e. - 
dy ^ dy 

dh^ d^x „ ^ 

+2*^, +2=0, 


1 

X 


and 


I.e. 


<: 


d'^x 

dy'^ 


^ /l 4. - 1 *2 -f-y® _ 

~'x\ '^\dy)') X x^ ~ 


16 
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Ex. 2. Zxy =0. 

Regarding y as a triple-valued function of x, 


3x2+S!/»|-3(*|+1/)-0. 


So 




x^-y 




Differentiating agaiu, 

giving g- -§+='} 

^ “ {y^-xf ~ - a) -1- a; (1/2 - k) 2 } 


2x1/ 


(a;3+^3-3xi/ + l) = 


2 X 1 / 


(l/2-x)3^-^ (1/2 -X)3 

Similarly, if x is regarded as a function of y, we find 
dx 1/2 -X , d 2 x 2 X 1 / 


dy x^-y dy^ {x^-yf 

Returning to the general case where z~f{x, y) and x and y are 
functions of certain independent variables, the third differential 
dH can be obtained by differentiating the second differential d'^z i 

=<1 (S + 2 5^ 'Isi + P <1Si' + 1 +1 ^■‘v) 

® (Sp + P 




dz „ dz „ 

+ ^d^x+—d^y 
ox dy 

on reduction. The expression of the differential has now become 
very cumbersome. Higher order differentials are obtained by further 
differentiation and are exceedingly involved. 

As a particular case of the above results, let y=f{x) where x is 
dependent on other variables. Then 

dy=f'{x)dx, d’^=f"{x)dx^+f'{x}d% .... 
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For example, if a: is a function of a single variable t, 
dt ^ ^ ’ dt ’ di^ ^ ’ Xdt) ^ ’ dt^ ’ 


This is the ordinary function of a function rule for functions of one 
variable, extended to the second and higher order derivatives. 


EXAMPLES XVn 
Infinite series 

/I w ^ 

1. Write down the sequence of numbers with nth member ( - ■; ) 

v2 n+1/ 

and obtain the infinite series of which the sum of n terms is given by this 
expression. Show that the series is convergent to f . 

2. Find the infinite series with sum of n terms given by (a) n*(n+ 1) and 
(b) ^(n+ l)(2n+ 1). Show that neither series is convergent. 


3. Write the series with sum of n terms and show that it is convergent, 

4. It is known that -tt is the sum to infinity of the series 

4(1— i' + f' — + 

Find the value of ir to five decimal places. 

5. Show that s/2 is the sum to infinity of the binomial series 

+ ...}, (cf. 17, 3, Ex. 1.) 

and deduce the value of ^2 correct to four decimal places. 

6. Express the recurring decimals 0-13 and 0-27 as fractions. 

7. Write down the sum to infinity of each of the convergent series 


1 - 


1 1 
2’*'4 


1 J_ 

s'^ie 



2+V2+l + ^ + i + ^ + ..., 


Illustrate the approximation to the sum to infinity by finding the sinn of ten 
terms in each case. 


8. A ball is dropped from height h feet on a hard floor, bounces, falls, 
boimces again, and so on. Each bovmce is to height e times the previous faU, 
e being a positive fraction. Show that the distance travelled by the ball 
before coming to rest can be represented as the sum to infini ty of an infinite 
geometric series. If the distance is 2h, show that e=§. 

9. An income stream, starting with £a next year, is such that each year’s 
income is half that of the previous year. Adding interest yearly at lOOr per 
cent, per year, find the present value of the stream flowing for n years, and of 
the stream flowing for ever. 

10. An income stream starts next year with £a and flows for ever so that 
each year’s income is a fixed percentage (100s per cent.) less than the previous 
year’s income. Find the present value of the stream, adding interest yearly 
at lOOr per cent, per year. 
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Expansions 

11, If 9 is some positive fraction, use Taylor’s series (n = 0) to show that 
cc 

log(l +x) = ^ — ^ and deduce that 
® ' ' l + 6x 


1 + x 


<log{l + a:)<a; 


Then, from Taylor’s series (n= 1), show that 


-< cc - log(l + a:)< 


(a; > 0). 


(x > 0). 


2(l + a:2) 

12, For values of x numerically less than one, show that 

1 


(1-x) 


,= 1 + 2a;+ 3a;^ + 4a;^ + ... . 


13, Write «y6 = -|v25-A and use a binomial series to calculate its value 
correct to five decimal places. 

14. Find a quadratic expression which approximates to when x is 

vl +a; 

small. Put x = -a6 and find »y6 correct to four decimal places. 


15. If £c< 1 numerically, write expansions for ‘Jl + x, >J\~x and v'l - a:*. 
By algebraic multiplication of infinite series, verify that the expansion of a 
function which is the product of two parts is the product of the expansions of 
the separate parts. 


16. Form an infinite series each term of which is the integral of the corre- 
sponding term of the expansion of (1 +a;)~^ in ascending powers of x. YHiat 
is the series? Show that its sum to infinity is the integral of (1 -fa;)"^. What 
general rule does this result suggest? 

17. By taldng sufficient terms of the appropriate series, find the values of 
sje and - correct to four decimal places. 

18. Showthat log(n-H) = log i j -^- 1 - ...). 

\n 2 3 4 J 

Given log 2 = 0-6931, find values of the natural logarithms of 3, 4 and 6 
correct to three decimal places. {Note : log 4 can be found without using 
the infinite series.) 


19. If interest at lOOr per cent, compoimded yearly is equivalent to interest 
at 100s per cent, compoimded n times a year (cf. Examples IX, 26), show that 

^ ^ 1 

r exceeds s by approximately s®. 

2n 


20. If interest at lOOr per cent, compounded yearly and at lOOp per cent, 
compounded continuously are equivalent, show that r — p = approximately 
when r is small (cf. Examples IX, 26). 

21. Find the amotmt of £1 after n years at lOOr per cent, interest which is 
(o) simple, (6) compounded yearly, and (c) compmmded continuously. If 
(rn)® is small enough to be neglected, show that the last amount exceeds the 
first by |■(m)^ and the second by approximately. 
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22. A man’s income is £x and his (measurable) utility is then rf>(x) where 
<f> (x) increases at a decreasing rate as x increases. The man makes a fair bet 
on an event with chance p, laying £pa against £(1 —j))a that the event happens. 
Show that his expectation of utility is now £{p(f>(x+ 1 - pa) + (1 —p)<j>{x-pa)}. 
If the bet is small, use Taylor’s series to show that the expectation gives less 
utility than the original income £x. (See Marshall, Principles of Economics, 
8th Ed. 1927, p. 843.) 

83. By evaluating derivatives and using Taylor’s series, show that 
log i ( 1 + e®) = xfen* + ... , 

assuming that the series is convergent. 


24. Expand, by Taylor’s series for a function of two variables, the ex- 
pression ss a series in ascending powers of x and y. Deduce linear 

and quadratic approximations to this expression when x and y are both small. 
(Of. Examples XIII, 7.) 


Higher order differentials 

25. Show that neither y={x- 1)^ nor y=(x- 1)‘ heis a maximum or mini- 
mum value and that each has an inflexional point at (1, 0). 


26. Find the partial derivatives, and hence the flrst two differentials, of 

each of z—x*d-2xy -y^, z = and z—log[x^ + y^). 

X — y + L 


87. Find the second differential of each of z=x^ + y^-3xy, z= "Jx^ + y^, 

•C 

2 = 6®“*' and z=log where x and y are independent variables. 

* + 2 / 

28. If X, y and z are independent variables, find the second differential of 
«=:(«» + 2xy - y’)e*. 

29. If 2 = — — where a; = e* and y = 6“*, evaluate ~ • 

x + y 


30. Given that + y’ - 2xy = 0, use the derivatives of y as a frmction of 
X and of * as a function of y to show that y has a single maximum value 
for variation of x and conversely. Illustrate diagrammatically. (See Example 

Xin, 22.) 


31. The relation /(*, j/, z) = 0 gives z as a function of x and y. Differentiate 
the relation and obtain the first and second order partial derivatives of z in 
terms of those of /. Illustrate by taking the relation x^ + y^ + z^-3xy=0. 
(See Examples XHI, 23.) 


32. If z=f{x, y) where x and y are given functions of the independent 
variables u and v, show that 

3®z_0*z/9a;Y 2 3^ 8x 8y d’z /dy'^ 0z d-x 3z d^y 
du^ dx^\8uJ dxdy du 8u^ dy^XduJ ^ Bx Bu-^ By 3 m ’ 
and similar results for the other two partial derivatives of the second order. 


33. From the results of the previous example, find the second-order partial 
derivatives of z=log(x-y) where and t/—~' Express z explicitly in 
terms of u and v and find the partial derivatives directly. 



CHAPTER XVm 


DETERTHHANTS, LIi\T5AR. EQUATIONS AND 
QUADRATIC EORiMS 

18.1 Tiie general notion of a determinant. 

Despite its somewhat terrifying name, a “ determinant ” is a 
mathematical tool of a very ordinary land and involves no new 
ideas of any description. Briefly, a determinant is a notation that is 
found convenient in handh'ng certam involved, but essentially com- 
monplace, algebraic processes. Certain erpressions of a common 
form appear in algebraic problems such as that of the solution of 
liuear equations, expressions consisting of sums or differences of a 
number of terms each of which is the product of a number of quan- 
tities. The expressions [ab-h-) and {abc - af~ - bg- - ch" -h2fgh) are 
cases in point. Quite apart from other considerations, the labour of 
writing out the more complicated of these expressions is severe and 
there is every reason to welcome a compact and general notation 
for them. The determinant notation is justified on these grounds 
alone. 

There is, however, more in the determinant notation than this. 
Once the notation is introduced, the expressions denoted by deter- 
minants are seen to obey quite simple rules and the algebraic pro- 
cesses in which they appear become simpler and more maiform than 
before. As a consequence, results can be established which would 
almost certainly be missed were it not for the new notation. It is 
for such reasons that determinants have become of general use ; no 
notation can be retained unless it saves labour and enables us to 
carry out processes more easily and with greater generality than 
before. 

The foundation of a determinant is a square “ block ” of quantities 
written down in rows and columns in “ crossword ” form. There is 
no restriction on the quantities except that each must be capable of 
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taking a single numerical value ; they can be numbers, constants, 
variables, functions, derivatives of functions, and so on. The number 
of the quantities must be a perfect square ; four quantities can be 
■written down in a square form of two rows and two colurons, nine 
quantities in a square form of three rows and three columns, and 
so on. Examples are pro-vided by the folio-wing arrangements : 

du du xy xz 

dx dy , 

0 3 ’ 3 ? ^ 

dx dy xz yz z^ 

A determinant of two rows and columns is called a determinant of 
the second order, of three rows and columns a determinant of the 
third order, and so on. In general, a determinant of the nth order 
has n® quantities arranged in n rows and n columns. The quantities 
themselves are called the elements of the determinant and we can 
speak of the elements of the first row or column, of the second row 
or column, and so on. Each element is allotted, of course, to one row 
and to one column. 

A general method of denoting the block of quantities making up 
a determinant is required. From the point of -vdew of stressing the 
arrangement in rows and columns, the best notation is 

Qjj <h2 ®ln 

O22 O23 ••• ®2n 

®«1 ®n2 ®n3 •” ®nn 

where the integer n denotes the order of the determinant. The two 
suffixes of an element denote the row and the column into which the 
element is to be placed. Thus, 053 is the element to be inserted in 
the “ cell ” at the intersection of the fifth row and third column. It 
must be noted, however, that the notation is designed for dealing 
■with determinants in general ; in any particular case the elements 
appear as actual numbers or quantities of one kind or another. 

18.2 The definition of determinants of various orders. 

A good working definition of determinants can be given in suc- 
cessive stages as follows.* A determinant of the second order is 

• For a more strict and general definition, see Netto, Die Determinanten 
(2nd Ed. 1926), pp. 8-13. 
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defined as talcing its value from the “ cross multiplication ” of the 
four elements which compose it and we write 




a. 


21 


0^2 

®22 


:Cljjtt22 — 0^2^21* 


The determinant on the left is simply another way of writing the 
algebraic expression on the right. 


Ex. 1. 
Ex. 2. 
Ex. 3. 
Ex. 4. 


= 2 x3 -( -1) x0 = 6. 

= 0- X 6 - X /{. =ab - h^. 

=x^ y.y^ — 2xy x 2xy — - Zx-y^. 


2 -1 
0 3 

a h 
h b 

x^ 2xy 
2xy 7/2 

du du 
dx dy 
dv dv 
dx dy 

where u and v are two given functions of x and y. This determinant, 


du 0a du dv 
dx dy dy dx ’ 


which is often written 


0(7/, t;) 


d(x, y)’ 

is termed the Jacobian of u and v with respect to x and y. 


A determinant of the third order is defined in terms of those of the 
second order by the rule : 


®12 %3 

— 'Hi 

®22 %3 

I ®12 

^'21 ^23 ^ 

I +®13 j 

1 ^21 ^22 

^21 ®22 <^23 


<^32 ®33 


^31 ®33 


®31 ®32 

®31 ®32 *^33 








®11 (^ 22^33 — ^ 23 ^ 31 ’) ~ ®12 (^ 21^'33 “ ® 23 ® 3l ) 
+ Q-J3 (®21®32 “ ®22^3l) 

<Li® 22^33 “t ®12®23^31 ®13®21^32 


— 0x1^23*32 ~ %2^21*^33 ~ *h3^22®31' 

The second-order determinant multiplying is derived from the 
original determinant by omitting the first row and the first column 
(the row and column intersecting in Oyf), and similarly for the other 
determinants. The third-order determinant is thus seen to be a 
short way of waiting an algebraic sum of six terms, each term being 
the product of three elements of the determinant so chosen that one 
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element comes from each row and one from each column. Eurther, 
half the terms are added and half subtracted to form the algebraic 
sum. 


Ex. 1. 

1 

3 

-2 

= 

0 

3 

-3 

-1 3 

-2 

-1 0 


-1 

0 

3 


-2 

1 


0 1 


0 -2 


0 

-2 

1 









= (0+.6)-3(-1-0)-2(2-0) = 6 + 3-4=5. 


Ex. 2. 

0 « jS 

~ —oc 

a ]i 

+P 

a a 

= 2hciP - boi^ - ap^, 


a a h 

1 

P b 1 


p h 



p h b 







Ex. 3. 

\ a h g 

=a 

b f 

-h 

h f 

+9 

h b 


h b f 


f c 


9 c 


9 f 


9 f 








= abc ~ap - bg^ - cJfi + 2fgh. 


8u 

du 

dv. 

du 

dv 

dw 

du 

dv 

dw 

du 

dv 

dw 

dx 

dy 

dz 

dx 

% 

dz dy 

dz 

dx 

dz 

dx 


dv 

dv 

dv 

du 

dv 

dw 

du 

dv 

dw 

du 

dv 

dw 

dx 

dy 

dT 1 

dx 

dz 

dy 

dy 

dx 

dz 

dz 

dy 

dx 

dw 

dw 

dw 










dx 

dy 

dz 











This is the Jacobian, , of u, v and w as functions of x, y and z. 

d{x, y,z) ’ 

A determinant of the fourth order is then defined : 



®12 

(ha 

®14 

— hi 

<*22 

<*23 

<*24 

■'<*1.2 

<*21 

<*23 

<*24 

Cl 21 

®22 

®23 

®24 


<*32 

<*33 

<*34 


<*31 

<*33 

<*34 

*^'31 

®3 a 

®33 

®34 


<*42 

<*43 

<*44 


<*41 

<*43 

<*44 

da 

®42 

®43 

®44 

+ ®13 

<*21 

<*22 

<*24 

-<*14 

<*21 

<*22 

<*23 






<*31 

<*32 

<*34 


<*31 

<*32 

<*33 






<*41 

<*42 

<*44 


<*41 

<*42 

<*43 


This is an obvious extension of the rule for third-order determinants 
and it remains to evaluate each of the determinants shown on the 
right-hand side and coUect terms. It is then foimd that the deter- 
minant denotes the algebraic sum of 24 terms, each term consisting 
of four of the total of sixteen elements so chosen that one comes from 
each row and one from each column. Again, half the terms are 
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positive and half negative in the same kind of way as before. The 
determinant notation represents more and more lengthy expressions, 
and so becomes more and more convenient, as we proceed. 

In general, a determinant of the nth order is written down in terms 
of determinants of the {n - l)th order by the rule i 


a^i 

®12 

(ha 

®23 

. . . 

. . . a^n 

— (hi 

®22 

®23 ••• ®2n 

~ (hz 

®21 

^23 • • • ®2n 

“'21 

^22 







®nl 

^n2 

®n3 

. . . 








+ ... • 


The signs of the successive entries on the right-hand side are alter- 
natively positive and negative until all the n elements of the first 
row are taken. The {n - l)th order determinant multiplying is 
obtained from the original determinant by the omission of the first 
row and rth column. The determinant is now to be evaluated by 
going, step by step, back to determinants of the second order and 
so to the elements themselves. It is then found that we have the 
algebraic sum of terms each of which is the product of n of the n^ 
elements selected so that one element comes from each row and one 
from each column. Half the terms have a positive and half a 
negative sign. The number of terms in the sum is 

]^=n{n-l){n-2) ...3.2.1, 

which is very large when the order of the determinant is high. 

The determinant notation eis written above can be sometimes 
abbreviated to 

I a,, I (r and 5 = 1, 2, 3, ... n), 

where is a typical element (in the ?'th row and sth column). 

A determinant, therefore, is a notation expressing an algebraic 
sum of terms which are products of the elements of the determinant 
and its value is of the same nature (e.g. nmnerical or a function of 
certain variables) as the elements which compose it. The practical 
way of finding the value of a given determinant is indicated by 
the defimtion, i.e. by successive reduction to determinants of lower 
and lower order until second-order determinants are obtained and 
evaluated by cross multiplication. 
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18.3 Properties of determinants. 

The following are simple properties of the determinant notation : 

(1) A determinant is unchanged in value if its rows and columns 
are transposed : 




Ctr^2 ••• 

Oln 

= 

Oji 

®21 

®31 

• • • 


d'22 

d*i2 • • ■ 

®2n 


012 

®22 

®32 

... a„2 

®nl 

®n2 

®n3 ••• 



®ln 

®2n 

®3n 

••• ^nn 


(2) The value of a determinant is unaltered numerically but 
changed in sign if two rows (or two columns) are interchanged : 


e.g. 

®12 

On 

®13 

. . . Oin 

= - 


®12 

C^3 ••• 

®ln 


d>22 

^21 

®23 

• « « ^2ti 


Ojl 

®22 

®23 • • • 

®2n 


®n2 


®fl3 

• • » ®nfi 


®nl 

0„2 

®n3 • ' • 



(3) The value of a determinant is increased A:-fold when each 
element in one row (or column) is increased in this way ; 


I'Ou 




=k 

(hi 

%2 

^3 • • • 

«ln 

®21 

©22 

Q’23 • • • 

®2n 


®21 

®22 

••• 

®2n 

®nl 


®n3 • ' • 

^'nn 


®nl 

®n2 

0„3 . . . 

^nn 


(4) A determinant has zero value if the elements of one row (or 
of one column) are equal or proportional to the corresponding 
elements of a second row (or of a second column). 

(6) If the elements of one row (or of one column) of a determinant 
appear each as the sum of two parts, then an additive rule apphes : 


e.g. 

Ou+Ou^ Ul2+fll2^ ••• ®ln+Oi„' 

= 

®11 ®12 ••• (hn 


CJ21 ^^22 ••• 


®21 ®22 ••• ^2n 


®f>l *^2n ••• ((fin 


®nl ®n2 *^nn 


, r / n * 

“T dll ®12 ••• 

^21 ^22 *** ^2n 


I ®n2 ••• I 

(6) The value of a determinant is unchanged when a multiple of 
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the elements of one row (or of one column) is added to the corre- 
sponding elements of a second row (or of a second column) : 


e.g. 

^21 

^^22 

<^22 

• • • ^^71 ^^273 

••• ^2n 


Ojl 

®21 

^2 • • • 

C122 ••• 

Oln 

® 2 n 


«nl 

® n 2 

• • • ^nn 


anl 

U „2 • • • 



To make clear the meaning of these properties, it is a useful 
exercise to verify that they hold in the particular cases of second 
and third-order determinants. It is also a relatively easy matter 
to give general proofs, using properties of the values and signs of the 
terms in the expanded form of a determinant (18.2 above).* The 
practical evaluation of determinants is often simplified by using the 
above properties, e.g. a combination of (6) and (4) sometimes shows 
that a determinant has zero value. The following examples illustrate : 
Ex. 1. Show that 1 2 3 =0. 

4 5 6 

7 8 9 

Take the elements of the first row from those of the second and third 
rows, using property (6) with A;= -1. Then 

1 2 3 = 1 2 3=0 by property (4). 

4 5 0 3 3 3 

7 8 9 6 6 6 

The same result holds if the elements bf ’fhe determinant (reading by 
rows from left to right) form any set of integers in Arithmetic Progression. 
Ex. 2. Express 1 a in factorial form. 

1 b 

O 1 c c® 

If o = 6, the first two rows of the determinant become identical and it has 
zero value. Hence, {a - b) must be a factor of the value of the determinant. 
Similarly, (6 - c) and (c - a) are factors. Since the value of the determinant 
is of the third degree in a, 6 and c, it must be a numerical multiple of these 
factors. The leading term in the expanded value is 1 x 6 x (from the 
“ diagonal ” of the determinant) and the multiple can only be unity. The 
value of the determinant is thus {a -b)(b- c) (c - a). 

18.4 Minors and co-factors of determinants. 

Selecting an element of a given determinant, we delete the row 
and column intersecting in the element and obtain a determinant of 

* See Netto, op. cit., pp. 13-9, and Courant, Differential and Integral Cal- 
culus, Vol. II (English Ed. 1936), pp. 20-3. 
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order one less than that of the original determinant. The derived 
determinant is called the minor of the selected element in the given 
determinant. There are minors of a determinant of the nth order 
and each is a determinant of the (n - l)th order. In 
■^ = 1 1 kf S’lid 5 = 1, 2, 3, ... n) 

the minor of the typical element is denoted by J,.,, as obtained 
from A by omitting the rth row and 5th column. 

The co-factor of a selected element in a given determinant is the 
minor of the element with a sign attached. The rule of signs is 
quite simple. If the numbers of the row and column containing the 
element add to an even nmnber, then a phis sign is given to the co- 
factor ; if they add to an odd number, then a minus sign is allotted. 
The co-factor of a^s in J is denoted by where 
Ar,=Arg if (r+5) is even 
= -Af, if (r+5) is odd. 

It is important to distinguish between the closely related concepts 
of mmors and co-factors. The minors of various elements in 


Oji fljj (hs 
a 21 ®22 ®23 

^31 ^32 O33 


are = 

^22 

O23 

; Ai2 — 

®21 

®23 

1 > ^21 — 

^12 

0'l3 


^32 

®33 


®31 

®33 


®32 

^33 


On the other hand, the co-factors of the elements are 


M 

II 

^22 

®23 

j Ain — — 

®21 

®23 

1 

II 

CO 


®32 

^33 


®31 

<*33 


1 ^32 ^33 1 


Our definition of determinants can be re-framed in terms of 
minors or co-factors. We have 

^ = 1 I i^xi ~ ®12 ■^12 ^13 -^13 — ... + ( — Ai„, 

or =aijAji +ai2.4i2 + ai3-4i3 + ... -i-ai„Aj„, 
i.e. the value of A equals the sum of the elements of the first row 
each multiplied by the corresponding co-factor. A similar result 
can be shown, by property (2) of 18.3, to hold for the elements of 
any row. Eor example, taking the second row, we have 

^21'^21 't^22'^22 'i”a^23-^23 "b 

— ~ (®'21'^21 ”^22^22+^234! 23 ~ ••• ia2„^2n). 
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The bracket on the right-hand side is, by the definition, the value 
of the determinant obtained by interchanging the first two rows of A . 
The bracket thus equals (-41) and so 

/I — ^22"^ 22 "h ®23"^23 "h • • • "f ®2n'^2n' 

Again, take the sum of the elements of one row of the determinant 
each multiplied, not by the corresponding co-factors, but by the 
co-factors of the elements of another row, e.g, 

^21-^U +<*22-^12 + ^23-^13 + ••• +®2n-4l„. 

This sum must, by the definition, equal A except that the first row 
in 4l is replaced by the row of elements (a^i, a 22 , ^ 23 , ••• <^ 2 n)> i-e- 
sum represents a determinant with the first two rows consisting of 
identical elements. By property (4) of 18.3, the sum is zero. 

The following results are now established : 

The sum of the elements of any row of 4l = | | each multi- 

plied by the corresponding co-factor is equal to the value of the 
determinant. The sum of the elements each multiplied by the 
co-factor of the corresponding element of another row is zero. 
In symbols, for xmequal values of r and s, 

+ ®r2-‘^T2. + + ••• + 

ttfi A. ji -f- ci',.2 A. j 2 -I- (r,.g A^3 -j- • • . -}- A — 0 ^ 

The first result, an extension of the definition, is often called the 
expansion rule and its use in evaluating determinants is evident. By 
property (1) of 18.3, the results are true also for the elements of any 
column of the determinant. 

Minors of higher order than those discussed above can also be 
defined. Selecting two elements not in one row or column and 
omitting the two rows and two columns containing them, a second- 
order minor is derived as a determinant of order two less than that 
of the original determinant. The process can be continued by 
selecting more and more elements and omitting the relevant rows 
and columns. In particular, the principal minors of A = | a,.s | are 
the minors of various orders obtained by selecting the last, the last 
two, ... elements of the “ principal diagonal ” (a^j, Ugg. « 33 » ••• <*nn) 
and then carrying out the deletion process indicated. 
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18.5 Linear and homogeneous functions of several variahles. 

The determinant notation serves to express precisely the pro- 
perties of linear and homogeneous functions of more than two 
variables. Let y=f{Xj^, Xg, ... x„) be a linear and homogeneous 
function with continuous partial derivatives of the first two orders : 
dv d^v 


Then, Euler’s Theorem (12.8 above) can be extended to give : 


ici/i +^2/2 +2:3/3 + — +a^n/n=^ (1) 

at any point {Xi, ajg, x^, ... x„). Since the result is identically true, it 
can be differentiated with respect to any variable x ^ : 

fr + 2 i/lr + 2:2/2r '^^afsT + ••• + 2 ^n/rn — /r> 
i-e. Xifir+X2f2r + X3f3r + -‘+Xnfrn = 0, (2) 

(r = l, 2, 3, ... n). 

The n relations (2) are extensions of the results (4) of 12.8 and give 
each direct second-order partial derivative in terms of the cross- 
partial derivatives. 

We denote by F the determinant of the (w-f l)th order formed 
from the block of second-order partial derivatives of/, “ bordered ” 
with the first-order partial derivatives : 


F = 


0 

fi 

/a 


A 

fn 

fl2 


/a 

/la 

/aa 


/a 

fl3 

/as 


/n 

fin 

fzn 


fn fin fzn fsn ••• fn 

Let Fq denote the co-factor of the element 0 in E and F^^s the co- 
factor of the element /rs in Fq {r and s = l, 2, 3, ... n). Then 

(3) 

x^. 


and 


Fors=- 




’■F. 


( 4 ) 


The proofs of (3) and (4) are interesting exercises in the manipu- 
lation of determinants : 

Multiply the relation (2) by Eoir(»'=lj 2, 3, ... to) and add together 
the TO equations obtained. Then 

2a ifllF on +/t2-^ 012 + • • • + flnFgin) 

+ ^z{fa.F ou+Zaa-^ oi2 + **' +/an-^’ om) + ••• = 0- 
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By the results of 18.4, the coefficient of is Fq and the coefficients 
of X 2 , X 3 , ... Xn are all zero. Hence, 

for any value of i.e. Fo = 0. This proves (3). 

The determinant F can be evaluated as follows : 


F = 


0 /i fz fa 

^/i ^1/11 ^1/12 ^i/is 

fz fiz faz fza 



by 18.3, (3) 


by 18.3, (G) 


fn fin fzn fan ••• fn 

adding x^ times the elements of the third row, .^3 times the elements 
of the fomth row, ... to the elements of the second row and using 
(1) and (2) above. Expan chng in terms of the elements of the second 
row and applying a similar manipulative process all over again (vdth 
columns instead of rows), we find 


y 

fl 

fa fa 

... 

fn 

y 


hfi 

fz 

fa 

*.• fn 


fiz 

fzz fza 

... 

fzn 


r 

hfiz 

fzz 

fza 

••• fzn 


fin 

f2n fsn 


fnn 



hfln 

fzn 

fan 

••• fnn 


= 

to 1 

y 

0 

fz 

fzz 

fa 

fza 

— fn 

fzn 

= - 

yi JP 

X^ 

DU* 





0 

fzn 

fan 

••• fnn 






cc ~ 

Hence, Fq^=--^F, which is one of the results (4). The other 

y 

resffits follow by similar reductions of F. 


18.6 The solution of linear equations. 

The determinant notation is of particular use in solving linear 
equations, operating with quadratic forms and making hnear sub- 
stitutions. We propose to give here some accomit of the use of the 
notation in the first two problems.* 

* For applications of the determinant notation to linear substitutions, see 
Netto, op. cit., pp. 77 et seq. and pp. 100 et seq. 
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As we have seen (11.6 above), a system of exactly n equations 
in n variables is sufficient to determine the values of the variables 
provided that the equations are consistent and independent. But 
this tells us nothing about the actual values obtained in the solution, 
or even whether one or more alternative solutions exist. These points 
can be cleared up at least in the simple case where aU the equations 
are of linear form. The solution of the pair of hnear equations 

a]X-\-bjy=Cy and + 

in two variables is (by the method of 2.9 above) given by 


and 


y= 


6^62 “ ^^ 2^1 


Using the determinant notation, the solution can be written 
X y 1 


Cl ii 


oq Cl 


oq bi 

C2 62 


C2 


62 


The solution is unique and appears in terms of second-order deter- 
minants involving the coefficients of the equations. 

To generalise the result, consider a system of n linear equations 
in n variables, x^, x^, ... x„: 


duXy ® 13^3 + • • • + 

0^21^1 "f® 22^2 ■f®23^3 "f ••• "f ®2n^n~®2 


®nl®l "f ®n2®2 "f ®n3®3 ■!*•••+ ®nn^n — 

The given coefficients in the equations form a square block of ele- 
ments giving the determinant A=\a,.,\ {r and 5 = 1, 2, ... n). Here, 
Urs is the coefficient of the 5th variable (a;,) in the rth equation. 
The constant terms (cq, Oj, ... o„) on the right-hand sides of the 
equations are kept separate. Assuming that A ^0, the equations are 
solved by the following device. Multiply the equations respectively 
by Au, A 21 , ... A„i, the co-factors of the elements of the first column 
of A, and add. Then 

■b®21-'^21 + ••• + "f (®12-‘^U + ®22-^21 + •.• +®n2-^nl)®2 

+ ... + {ai„Aj^ + a^„A2i + ... -f «„„.4„i)a;„= cq .4 jj-f 02 . 421 -f ... +a„A„i. 

By the results of 18.3, the coefficient of aq here is A and the 
coefficients of the other variables are all zero. Emther, let A^ 
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denote the value of A when the first column of elements is replaced 
by the column {a^, ... cin), so that 

= 22 02-^21 "f • • ' ® n nl" 

The equation then becomes Ax^=A-^, i.e. 



Similar processes give the values of the other variables and so : 

The solution of the n linear equations written above is unique 
and can be expressed in the form 

X 2 .T3 x„ 1 

A'rX^jr^-A^-A ’ 

where A is the ?ith order determinant 1 0^, 1 and ^2 j ... A„ are 
the determinants obtained by substituting the column (02, a 2 , ... a„) 
for the first, second, third, ... and wth columns of A respectively. 


The result for two variables given above can be verified as a 
particular case of this general solution.* 


Ex. 1. The equations 

Zz+y -%z = 0, -a; + 3y+4z = 5, a:-fy + 2z = 4 

give 



/*• 

z 




y 




z 



1 



0 

1 

-6 


3 

0 

-6 


3 

1 

0 


3 

1 

-6 


0 

3 

4 


-1 

0 

4 


-1 

3 

0 


-1 

3 

4 


4 

1 

2 


1 

4 

2 


1 

I 

4 


1 

1 

2 


X _ y _ z _ 1 
48 “ 36 ~ 30 ^^’ 

i.e. y = l> 

Ex. 2. In considering the variation of demand for factors of production 
(14.8 above), we had to solve the equations 

r. O-Pn 

T]U+PaV+pj,w-0, au -v-i-pi,w = ~a, au+p^v — 

O/ p^ 0 

for the three variables 


u=x 




- db 
and w =-= — • 
SPa 


* We can now see, at least roughly, why zl = 0 is a case of failure of our 
result. If A = 0 and A^, A^, ... A^^O, only infinite values of the variables 
can satisfy the equations, and the latter are thus inconsistent for aU finite 
values of the variables. K some of A,, A^, ... A„ are also zero, then at least 
one variable becomes indeterminate (zero divided by zero) and the equations 
are not independent. 
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The solution can be written in determinant form 
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u 


0 

Pa 

Pb 


V 

0 

Pb 

xp 
— a 
Pa 

a 

Pb 


G 

xp 
— or 
Pa 

Pb 

0 

Pa 

O'Pa 

b 

! 

G 

0 

aPa 

b 


w 




1 



V 

Pa 

0 


V 

Pa 

Pb 


G 

a 

xp 
~ a 
Pa 


G 

a 

Pb 


a 

Pa 

0 


G 

Pa 

aPa 

b 


f I I 

The first three determinants are easily expanded since one column in 
each case contains two zeros. The other determinant, expanding in terms 
of the fiirst column, equals 


V iPaPb -PaPb) - (T ( - ^ -PaPb) + {poPb + 
since xp = ap^ +^Pb' Hence, 




U 


w 


1 


i.e. 


and 


bPa 
(v = ) 

(w = ) 


^cr{ap^+bpi) -^<7(ap„T] + bpia) 


I 7J .) ff 

Pa\xp xp 


da 
Wa 

db ab , . 

a — = 

dpa xp^' 


') 


18.7 Quadratic forms in two and tiiree variables. 

An expression which is the sum of a number of terms each of 
the same (given) degree in certain variables can be termed a form. 
Classifying forms according to the degree of the terms, we distinguish 
linear forms, quadratic forms, cubic forms, and so on. The following 
analysis is concerned with forms no more complicated than the 
quadratic and makes their nature clearer than any general remarks 
we can offer. 

The general expression of a linear form is (ax + by), (ax + by+cz ), ... 
when there are two, three, ... variables. Here a, b,c , ... are constant 
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coefficients. It is clear that linear forms present no algebraic diffi- 
culties and no special theory need be developed. 

The general quadratic form is 

{ax'^ + by^ + 2hxy), {ax^-\-bif + cz^ + 2fyz + 2gxz-\-2'hxy), ... 
according to the number of variables. There is now more algebraic 
difficulty in dealing with such forms and the main problem that 
presents itself is to determine whether a given form has the same 
sign (i.e. positive always or negative always) for values of the 
variables which are not all zero. The solution of many problems in 
mathematical analj^sis depends on the exact conditions imder which 
tliis property holds. 

With two variables, we can write the quadratic form 


T-, , , 7 , [ h\^ab-h^ 

F {x, y) =ax^ + by^ + 2lixy=a I ^ “ 2/ J + — ^ 


adopting a process (familiar in elementary algebra) lmo^vn as “ com- 
pleting the square ” in the variable x. It follows that F [x, y) is only 
positive for aU values of x and y not both zero, if the two squares in 
the above expression have positive coefficients, i.e. if a and {ab - h^) 
are both positive. Similarly, F{x, y) is negative xmder the same 
conditions only if the coefficients are negative, i.e. only if a is nega- 
tive and {ab - h^) positive. These conditions are easily seen to be 
both necessary and sufficient. Writing the expression {ab - h^) in 
determinant form, we have the result : 


The quadratic form {ax^ + by^ + 2hxy) is positive for aU values 
of X and y (other than a; = ?/ = 0) if, and only if, 

a>0 and a A >0 
h b 

and negative for all values of x and y (other than x=y = 0) if, 
and only if, the same expressions are negative and positive 
respectively. 

It may be objected that the condition written is unsymmetrical 
in the sense that the coefficient of x^, rather than that of y^, is 
selected for determination of sign. In fact, if we complete the 
square in y instead of in x, we find that F {x, y) is always positive if 
b and {ab — h^) are both positive and always negative if 6 is negative 
and {ab — h^) positive. The essential point, however, is that these 
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second conditions are equivalent to the first since {ab - h^) is only 
positive if is positive, i.e. if a and b have the same sign. Our con- 
dition is thus quite symmetrical. It may be objected also that the 
determinant notation is not necessary here. This is true but the 
notation is introduced to facilitate the generahsation of the result 
to cases of more than two variables. It is to be noticed that the 
determinant used is most easily written from the coefficients of the 
quadratic form when arranged : 

F{x, y)=ax^ +7ixy 
-bhxy + by^. 

The determinant is called the discriminant of the quadratic form. 

In the case of tluee variables, we write 
F(x, y, z)=ax^ + by- + cz^ + 2fyz + 2gxz + 2hxy 


=a 

=a 


( h g \“ ab-h- „ ac-g- „ -gi^ 

[x + -y + -z] + y- + -Z- + 2- — ~ yz 

\ a a / a a a 

( h g ab-h^ ( af -gli 


, abc - ap - bg^ - ch- + 2fgh , 
ab-h^ 

where we have “ completed the square ” twice in succession. Now, 
F {x, y, z) is positive for any values of the variables not all zero 
if, and only if, the coefficients of the three squares in the above 
expression are all positive, i.e. if 

a, [ab-li-) and {abc-af" -bg~ -ch" + 2fgli) 
are positive. Similarly, F{x, y, z) is negative for any values of the 
variables not all zero if, and only if, the same coefficients are all 
negative, i.e. if the tluee expressions written above are negative, 
positive and negative respectively. The determinant notation is 
again applicable and we have the result : 


The quadratic form [ax" -F by" + cz" + 2fyz + 2gxz + 2hxy) is positive 
for aU values of x, y and z (other than x=y=z = 0) if, and only if, 


a>0, 

a h 

>0 and 

a h g 


h b 


h b f 




9 f c 


and negative for all values of .r, y and z (other than x=y=z=0) if, 
and only if, these expressions are negative, positive and negative 
respectively. 
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It can be shown, as before, that the conditions set out here are 
symmetrical and can be written in two equivalent ways by selecting 
the coefficient 6 or c instead of a. The third-order determinant 
written is called the discriminant of the quadratic form and is most 
easily derived when the form is arranged : 

F{x, y, z)=ax^+Jixy+gxz 
+hxy + by^+fyz 
+gxz+fyz +cz^. 

A more restricted problem of the same nature is that of finding 
the conditions under which a quadratic form preserves a given sign, 
not for all values of the variables but for values satisfying a given 
linear relation in the variables. The general method of solving this 
problem is quite simple. The linear relation gives one variable in 
terms of the others and the quadratic form is then reduced to a form 
in one less than the original number of variables. The previous 
results apply at once. Suppose that the two variables of the quad- 
ratic form (ax^ + by^ + 2hxy) are related ccx+^y = 0, where a and ^ 

are constants as well as a, b and c. Then y= - ^x and the quadratic 
form becomes : ^ 

2 /v2 

aa:2 + b^x^-2h~ x^ = {boc^ + aB^ - 2hocB) % , 

P P P^ 

which is positive (negative) for all values of x (and for the corre- 
sponding values of y given by the relation) if, and only if, the ex- 
pression [bcc^+a^^ -2ha^) is positive (negative) From an example 
given above (18.2), the condition can be written in determinant 
form : 


The quadratic form {ax"^ + by^ 2hxy) is positive for all values of x 
and y (other than x=y = 0) which satisfy ocx+Py = 0 if, and only if. 


0 a 
a a 


i8 

h 


<0 


h b\ 

and negative under the same conditions if, and only if, the deter- 
minant is positive. 


Notice that the third-order determinant is obtained from the dis - 
cr imin ant of the original quadratic form by “ bordering ” with the 
coefficients a and ^ from the linear relation. 
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In the three variables case, the variables in the quadratic form 
{ax~ + bi/'^ + cz^ + 2fyz + 2gxz + 2Jixy) are related «x+§y+yz=0. Eli- 
minating X— --{^y+yz), the form becomes 
cc 

+ yz)^ + by- +cz^ + 2fyz -—{^y+yz)z-~{^y + yz)y 
cr a. a. 

=Ay^ +Bz^ + 2Hyz, 

where A=^(b(x^ + a^^-2ha^), B=^{cK^ + ay^-2ga.y) 

and H=^(a^y-gocP-hay+fcA). 

The form is positive for all values of y and z {x being given by the 
linear relation) if J, > 0 and AB i.e. if 

bot'^+a^^ — 2ha^ > 0 

and (be -/")«* + {ab + {ab - h,^)y^ 

- 2 (af- gh)^y - 2 {bg -fh) «y- 2 {ch -fg) (xj8 > 0, 

The form is negative imder the same conditions if the two expres- 
sions given above are negative and positive respectively. It is 
easily verified that the expressions are simple determinants and so : 

The quadratic form {ax^+by^+cz^-\-2Jyz + 2gxz + 2'hxy) is positive 
for all values of x, y and z (other than x~y—z = 0) which satisfy 
otz+^y+yz—O if, and only if. 


0 

a 

(3 

<0 and 

0 

a 

i5 

7 

a 

a 

h 


a 

a 

h 

g 


h 

b 



h 

b 

f 





Y 

g 

f 

c 


and negative under the same conditions if, and only if, the two 
determinants are positive and negative respectively, 

18.8 Examples of quadratic forms. 

The following examples illustrate our results : 

Ex. 1. [x^ ■>r2y^ +yz +2xy) is positive for aU values of x, y and z 
which are not all zero ; for 

1>0, 1 1 =1>0 and 

1 2 


1 1 0 
1 2 I 
0 \ 1 


=f>0. 



490 ]yiATHEJ\IATICAL ANALYSIS FOE ECONOMISTS 
Ex. 2. {x^-y'^-lz^+xy) is negative for all values of x, y and z 


subject to the relation a: + 1/ + 2z — 0 since 


0 

1 

1 

= 1>0 and 

0 

1 

1 

2 

1 

1 

}. 


1 

1 

1 

2 

0 

1 

1 

2 

-i 


1 

1 

2 

-1 

0 





2 

0 

0 

-7 


= -KO. 


Or, eliminate z = - i (a; + y) and write the quadratic form 

a;2 _2/2 -\[x+y)^ +xy= -\[Zx^ + \Q)xy + ll?/^). 
But (3a;^ + \ 0 xy + H?/^) is positive for aU values of x and y since 


3>0 and 


6 

11 


= 8>0. 


The original quadratic form is thus negative for aU values of x and y 
and for z = -\{x + y). 

Ex. 3. y^, 2/2 and 2/3 are given functions of three variables x^, x^ and 3:3 
such that 

djk^dy^ 

3a,-2 dx-^ ’ dx^ dxn dx^ dx^ 

It is required to find the conditions under which 

+ dx^ dx„ + dxn^ + ^ dx^ dx^ 

^ OOCn 


dxi 


dxn 


+ dxi dxy + ^ dxo dxs + dx^^ 

C/Xtt 


dxi 


dXn 


is negative for all values of dxj, dx^ and dx^."’" The conditions are 




9x’i 9.r2 


djh 

dX], 


^Jh 

dxo 


>0 and 


dxi 


9^1 

dxz 

di /2 


dxi dx2 

dx^ 8x2 


9x3 

^2 

9.3:3 

^3 

9x, 


< 0 , 


i.e 


the Jacobians ^ ^nd are negative, positive 

9 .T 1 d{x^,X 2 ) d{Xi,X2yX2) ^ 

and negative respectively. 

* See Ramsey, A Contribution to the Theory of Taxation, Economic Journal, 
1927, p. 60. 
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18.9 Two general results for quadratic forms. 

The problems considered above can now be generalised. The 
general quadratic form in n variables .Tj, ... x„ is 

F {X^, JBg, ... + 022^2^ "b •• • 

4" 2(3^2^i*r2 4~ -t* , , , -f- -I- . . . j 

which can be written more symmetrically as 

F {Xi, Xo, Xg, ... x„) =cij;iXj^ +a^ 2 XiX 2 -h ... +a^„x^x„ 

+ a21-'*^l-'?^2 + 022‘'^2^ + • • • + C2n^2^^n 

+ 

+ a„iXiX„ + a„ 2 X 2 X„ + . . . + a„„x„^ 

where the ot’s denote given coefficients such that the order of the 
suffixes is immaterial {a 2 i=®i 2 > •••)• The determinant zl=|a„j, 
written down from coefficients of the quadratic form, is called the 
discriminant of the form. We also need the “ bordered ” determi- 
nant 


A' = 

0 

«1 

*2 — 

oc„ 



Ojl 

%2 ••• 

Chn 


«2 

®21 

®22 ••• 

<^2n 


an 


®n2 • • • 

®7m 


where a^, tx.^, ... a„ are some constants. 

The quadratic form F{x^, x^, Xg, ... x„) is said to be positive 
definite if it takes only positive values for aU permissible values of 
the variables which are not all zero. Similarly, the form is negative 
definite if it takes only negative values. Two general results can 
now be stated : 

(1) The quadratic form is positive definite if, and only if, 
A and aU its principal minors are positive, i.e. 


<*11 > 0, 

Oji 

®21 

Oj •«» 

®22 

Oji 

®21 

••• 

CI22 ••• 

OlT. 

® 2 n 



i 

®nl 

••• 

®nn 


and the form is negative definite if, and only if, the above 
expressions are alternatively negative and positive. 

(2) The quadratic form is positive definite subject to the 
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relation ociXi + a 2 ,X 2 + ... +cx„x„=0 between the variables if, and 
only if, A' and aU its principal minors are negative, i.e. 


0 

“l 

aa 

< 0 , ... 

0 

«! 

“2 

• • • CC^i 

«! 


®12 



Oil 


... Oin 

“2 

®21 

®22 


ag 

®21 

®22 

. . . Ugn 







®n2 

. . . 


and the form is negative definite under the same conditions if, 
and only if, the above expressions are alternatively positive and 
negative. 

The proofs of these general results follow lines similar to those 
indicated in the particular cases already established and no further 
details need be given here. The proof of (1) depends on the 
reduction of the quadratic form to the sum of n squares, all the 
coefficients of which must be positive (or all negative). The proof 
of (2) is obtained when the quadratic form is reduced from one in 
n variables to one in (w - 1) variables by means of the given relation. 

EXAMPLES 

Determinants 


1. 

Show that 1 

1 

1 

— 1 and 1 + a 

1 1 1 =^bc + ab + ca + be. 


1 

2 

3 

1 

1 + 6 1 


1 

3 

6 

1 

1 1 + c 

2. 

Evaluate 0 

a 

P 

y 



a 

a 

h 

g 



(3 

h 

b 

f 



\ V 9 f cl 

3. Use property (6) of 18.3 to show that 


a 

b-a 

c + b 

= 

a 

6 

c 

and 

0 

1 

1 

= 

0 

1 

1 

b 

c-b 

a + c 


6 

c 

a 


1 

a + 6 

6 


1 

a 

0 

c 

a — c 

6 + 0 


c 

a 

6 


1 

u a + 6 


1 

0 

6 


Hence evaluate the determinants. 

4. Show that 6 + c a a = 4a6c y 

b c + a b 

c c a + b 

by noticing that the determinant vanishes if (e.g.) o=0. 

5. Show that x a a ={x- ay 1 0 a (18.3, (3) and (6)). 

a X a Ola 

a a X '' -1-1 X 

Deduce that the determinant equated to zero gives a cubic equation in x 
with two roots x=a and a third root «= - 2a. 
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6. Prove that 0 

o» 

o>-l 

= (a6c-l) 1 

a 

0 ® (18.3, (2) and (5)), 

h 

b> 

b’-l 

1 

b 

5= 

0 

c‘ 

c»-l 

1 

c 

c> 


and hence evaluate the determinant. 


7. Factorise 

1 


Oy* ... 

a,"-» 1 


1 


Oj* ... 

o,"-» 


1 

Of, 

a„* ... 

o„«-» 


8 . Write dovrn the co-factors of the elements of the second and third rows 
of the second determinant of Example 1 above and verify the results of 18.4 
in this case : 

( 1 -t- A j 5 A.j 3=0 and (1 + 0 )^, 3 +A.jj-fA 33 =: 0 . 

9. Show that u—ax^^zy (whore a + j 8 + y— l)isa linear and homogeneous 
function for which 

du_aU 0 *!t_a{a- l)tt d^U __apll 

8z x’ dx‘ X* ’ ’ dxBy xy 

Verify the determinant properties of 18.6. 

Linear equations 

10. Solve 2 a)-j/ = 2 , 3y-h2z = 16 and 3z-f-6a:=21. 

11. If a, 6 and c are given constants, find the solution of 

-x + y-hz — a, x~y + z—h and x-^y-z^c. 

12. Use the determinant of 18.3, Ex. 2, to solve the equations 

x-^y + z=l, ax + by-^-cz-d, a‘h; + b"y + c^z~d\ 
where o, 6 and c are constants. 

13. From the result of 18.6 verify that the equations 

a^x -t- b^y + CjC -hdi = 0, 
a^x + b^y -j- C.2 -i- dj = 0, 
ajaj + bjy-hCjS + dj^O, 

have a unique solution which can be written 

X __y _z __1_ 

At’ 

where J,, dj, d, and d, are the co-factors of Aj, Aj, A, and A, in 

Aj Aj Aj A 4 

Gj by Cy dj 

«t c, d, 

Oj by Cj dy , 

Generalise this form of the solution of linear equations. 
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14. Show that the solution of the three equations of the previous example 

satisfies a fourth equation + b^y + c^z + 1^4 = 0 provided that 

Oj 6j C4 dj = 0. 

bi ^2 
O3 K C3 da 

U4 &4 C4 d4 

This is the condition that foixr linear equations in three variables are con- 
sistent. Generalise it. 

Quadratic forms 

15. Show that {4:xy - 2x^ - 3y~) is negative definite and {x^ + y^ + z^- yz) 
positive definite for all values of the variables (not all zero). 

16. If X and y take any values subject to 2x + y = 0, show that (x- + + 3xy) 

is negative definite. Is tliis quadratic form also negative definite for any 
values of the variables ? 

17. Show that (xy + yz + xz-x^-y^- z^) is negative definite for values of 
the variables wliich are such that x + y + z=:0. 

18. If a, b, h, a. and )3 have positive values, show that the quadratic form 
{ax"^ + by^ + 2hxy) is always positive definite subject to ax- py = 0. 

19. u=f(x, y, z) is a function of three independent variables, Obtam the 
second differential dhi and find the conditions that it is positive definite for 
values of dx, dy and dz, (a) without restriction and (b) subject to 

du =/j. dx +/j, dy +f^ dz = 0. 

20. Write the condition that {ax^-\-by^-\-21ucy) is positive definite subject 
to cex + Py = 0. Show that the quadratic form is positive definite for any values 
of a and p rmder conditions identical with those required for the form to 
be positive definite for unrestricted variation of x and y. Generalise and 
indicate the relation of the conditions for relative definite quadratic fonns 
to those for unrestricted definite quadratic forms. 




CHAPTER XIX 


FURTHER PROBLEMS OF MAXBHJM AXD MINIMUM 

VALUES 


19.1 Majdnmm and mmimiim values of a function of several variables. 
Tiie definition of extreme values of a function of any number of 
variables can be put most precisely in the form (see 17.5 above) : 

The function y=f{xi, x,, ■■.x„) of n independent variables has 
a maximum (minimum) value at x^—Oj, x^ — a^, ... x„~a„ if 
® 2 +a: 2 i ••• ®n+^n)~/{®ii ® 2 ) ••• ®n) negative (positive) 
for aU small values of x«, ... x„. 


The analysis which follows is set out, for convenience, in terms of 
functions of two variables. It is, hoAvever, quite general in form. 

It is assmned that the function z=f(x, y) has continuous partial 
derivatives up to any desired order at the point (o, b). Then Taylor’s 
Theorem gives, for any integral value of n, 


f{a+x,b+y)-f{a, b)- 


■-df+^d^f+^d=f+...+^d''f+B„{x, y), 

where the successive differentials of the function are taken at the 
point (a, b) and with arbitrary increments dx—x and dy~y, and 
where 

-F„ (», y) = Y ^ at the point [a + dx,b + By). 

1 72> i 


As before, B denotes some positive inaction. 

(1) Suppose that for some variations in the variables from 
the point (a, b). Then by the continuity of the partial derivatives 
of the function, d/#0 also for some variations from the point 
(o + 0a:, b + By), provided only that x and y are sufficiently small. 
dz dz 

Further, if ^ happens to be positive for certain values 

ox oy 
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of X and y, then it must be negative for values of x and y which are 
numerically equal but opposite in sign. Hence, df must take both 
positive and negative values for different variations from the point 
(a + dx, b + dy). Taylor’s Theorem (n = 0) gives 

f{a + x,b + y) -f{a, b) =df at {a + 6x, b + 6y), 
i.e. f{a + x,b + y)-f{a,b) is sometimes positive and sometimes 
negative according to the values allotted to x and y. It follows, from 
our definition, that /(a, b) cannot be an extreme (maximum or 
minimum) value of the function. If z =f{x, y) has an extreme value 
at (a, b), then df must be zero for all variations from {a, b). 


(2) Suppose that df=0 for all variations while d^f^O for some 
variations in the variables from the point {a, b). By continuity again, 
we can take d^f^Q also for some variations from (a + 6x, b + 6y), 
provided that x and y are sufficiently small. Taylor’s Theorem, 
with w = l, now gives 


f{a + x, b+y) -f{a, b) = 



at (a + 6x, b + By) 


and, using the definition of extreme values, we can distinguish three 
cases * : 

(а) If dP-f < 0 for all variations from the point (a, 6), then z =f{x, y) 
has a maximum value at this point. 

(б) If d^f> 0 for all variations from the point {a, b), then z=f{x, y) 
has a minimum value at this point. 

(c) If d^f is positive for some variations and negative for others, 
then z =f{x, y) has a stationary, but not an extreme, value at the 
point (a, b), i.e. the point corresponds to a “ saddle point ” of the 
function. 


(3) If df=d^f=0 for all variations from the point (a, b), it is 
necessary to proceed to the terms in the Taylor series which involve 
the third and higher order differentials. The analysis, though 
possible, becomes complex and, as the cases considered are not 
often met with in practice, we need not examine them. 

Collecting our results and extending them to the general case of a 
function of any number of variables, we have 

* It is possible that d’‘f< 0 (or d“/>0) for all variations except some which 
make d“/=0. This is not included in the three cases here distinguished and 
further treatment is necessary to allow for such possibilities. 
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GENERAL CRITERION FOR MAXIMUM AND MINIMUM VALUES 

(1) If y=f{Xx,X 2 ,...x„) has an extreme value at x^=a^, 
* 2 =(* 2 , ... Xn=a„, then dy=Q for aU variations of the variables 
from these values. 

(2) If cZ 2 / = 0 for aU variations and d^y ^0 for some variations 
of the variables from the values {a^, a^, ... a„), then y has a 
stationary value at this point which is a maximum value if 
d^y<0 for aU variations, a minimum value if d^y>0 for aU 
variations and a “ saddle ” valne if d^ takes positive and 
negative values for different variations. 


The conditions given are respectively necessary and sufficient for 
extreme values. But the criterion is not complete, i.e. not necessary 
and sufficient, since no allowance is made for cases where d^y = 0 for 
aU variations from the values {a^, a^, ... a„). 

The differential form of the criterion can be expanded to give 
conditions relating to the partial derivatives of the fimction. The 
necessary condition (dy = 0) simply implies that ah the partial 
derivatives of y must vanish at an extreme value (see 14.2 above). 
The sufficient conditions relate to the second differential 


=Ux, +/«, A dxs + ... 

+fx,x, dahdxz +f:^^ dx^^ + . . . 

+ ... , 


aU the partial derivatives being evaluated at the point (Oj, Uz, ... a,„). 
A maximum (minimum) value of y is obtained if this quadratic form 
is negative (positive) definite for aU variations dx^, dx^, ... dx„. The 
conditions for either case are given in 18.9 above. 

In the case of two independent variables, a point where /ji,=/„ = 0 
gives a maximum value of z=f{x, y) if 


d^ =fax dx^ +fxv dx dy 
+fx,idx dy+f^^dy^ 

is negative definite, i.e. if 


fxx<0 and 


fxx fxv 
fxv fvv 


> 0 . 


The point gives a Tninimum value of z if the first inequality is 

M.A. 

R 
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reversed. The second inequality, wliich is the same in both cases 
of extreme values, is 


fxxfvv> ifxvY 


The conditions are those previously given (14.2 above). 

If there are three mdependent variables, then a point where 
f^=zf^=zf, — 0 gives a maximum value of u=f{x, y, z) if 
d^u dx^ +f^y dx dy +f^, dx dz 

+f^y dx dy +fyy dy"^ +fy^ dy dz 

dx dz +fy^dy dz +/„ dz^ 


is negative definite, i.e. if 


f XX 

fxv 

> 0 and 

fxx 

fxv 

fxz 

fxv 

fvv 


fxv 

fvv 

fvz 




fxz 

fvz 

fzz 


The point gives a minimum value of to if the first and third inequal- 
ities are reversed. 


19.2 Relative maximum and minimum values. 

The advantage of the differential form of the criterion for extreme 
values is that it apphes, vdth suitable restrictions, even when the 
variables are not independent. A function y =f (Xj, Xg, ... x„) has 
an extreme value relative to a number of given side relations, 
^1 (.Xi, Xg, . , . x„) = 0, ^2 ^n) = 0, . . . , if the conditions previously 

written are satisfied, provided that the differentials of y are expressed 
in terms of the independent variables only, the other variables being 
eliminated by the side relations. 

With a single side relation, we seek the extreme values of 
y —f • • • ^n) relative to ^(xj, Xg, ... x„) = 0. The necessary 

condition is that 


dy =/x, dxi dxz +/a;, dxg + . . . +/^„ dx„ = 0 

for aU increments which satisfy 

<t>x, dxi + dxg + dxg + . . . + dx„ = 0. 

Taldng x^ as the dependent variable given by the side relation, we 
can ehminate dxi and obtain 


J.. ( £ f ^Xt') ( f f 




^ i\» I I 


f £ £ 



PROBLEMS OF MAXBIUM AND LUNIMmi VALUES 499 


for all increments in z^, ... z„. Hence, 

i/Itj ^ X , __ Sx , __ ^ 

4>xn 

These are the necessary conditions (see 14.6 above). To obtain 
sufficient conditions, we vTite 


=/x, d-z^ dz^" +/*,,, dz„^ + . . . + 2/,,,, (fa^i cixo + . . . , 

where dz^ + dz^ + . . . + (f>x„ dz„ ~ 0 

and (Z‘.Ti + ^ 1 , 1 , dxi" + ^r,i, dz„- + . . . + dx^ dxn + ... = 0. 
Ehininating d-Zj^ by means of the last relation, we have 

d~y= (fxizt ~ ^ dz^~ + ^ dz^ dz2 + . . . 

+ i^fxtzt ~ ^ dzi dzn + (^fx^z, ~ ^ dz^^ + . . . 


• • • j 

where ifj^^dzj^ + ^sr^dz^-h .•- + 4>x„dz„=0. 

A point which satisfies the necessary conditions gives a relative 
maximum (minimum) value of y if d-y is a negative (positive) 
definite quadratic form for aU increments dz^, dz^, ... dz„ subject to 
the relation vnitten above. The conditions for either case, given in 
18.9 above, indicate the appropriate signs for the principal minors 
of the determinant formed from the coefficients in d'^y, “ bordered ” 
with the partial derivatives ... ^x„. 

In the case of two variables, a point satisfying the necessary con- 
ditions <i){z, y)=0 and fy-=fy- gives a maximum value of z=f{z, y) 

Yx Yv 

relative to ^(a;, y) = 0 if 

d‘z = (/„ -^Jxx) dz‘ + (/x„ - i>x,) dx dy 

+ {jxv ~ ^ dx dy + (^fvv — ^ dy^ 
is negative definite subject to <f)xdx + (f>„dy = 0, i.e, if 


0 

(f>y 


4>x 

fxx-^f<f>xx 

9x 

fx.-~r<f>xv 

9x 


k 


fxv-¥<i>xv 


/vv~ J ^vv 
9x 


> 0 . 
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Expanding the determinant, the condition is 

i.e. 

^x{fxx4*v^ ~ ^fxv^xi>v '^fvy4‘x^) ~ fx{<j>xx^v^ ~ ^^xy^x4’v + ^vi/^x^) <0. 
This agrees with the result previously obtained (14.6 above) when 
f f 

we remember that ^ = ^ by the necessary conditions. 

<Px 9i/ 

19.3 Examples of maxunum and minimum values. 

The results of the previous two sections are illustrated by the 
following examples : 

Ex. 1. If «=a;2+^2+22 is a function of three independent variables, 
then du = 2{x dx +y dy +z dz) and dhi = 2 {dx^ + dy^ +dz“). 

Extreme values of u occur only where dtt = 0 for aU variations, i.e. where 
a; = 2 / = 2 = 0. Since d^u^f) for aU variations from any point, these values 
must give a minimum value of u. Hence, u has a single minimum value, 
w = 0, which occurs where x=y =z=0. This is also clear since u is positive 
except when x, y and z are all zero. 

Ex, 2. If «, y and z are independent variables and 
u=x-\-2z + yz-x^ -y^ -z^, 

then dtt = (l -2x)dx -\-{z-2y)dy + {2 +y -2z)dz 

and dhi = - 2 {dx^ + dy^ + d^) + 2dy dz. 

Extreme values of u can occur where 

1 -2*=z-2y=2+y-2z = 0, 
i-e. x = l, y = |, 2 = 1 , giving 

But d^u is negative definite at aU points since 


u = 


10 

12 * 


2<0, 

-2 0 

=4>0 and 

-2 

0 

0 


0 -2 


0 

-2 

1 




0 

1 

-2 


= -6<0. 


Hence, u has a single maximum value 

Ex. 3. To find the shortest distance of the origin of co-ordinates from 
the plane with equation ax + by +cz=d'. 

Let u he the square of the distance from the origin to the point with 
co-ordinates {x, y, z) on the plane. Then 

-l-y 2 ax + by ■\-cz = d. 
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The relative maximum of u is required. The necessary condition is 
du = 2(x dx +y dy+z dz) =0, 
subject to adx+bdy+cdz=0. 


So 


x_y_z 
a b c 


Since ax+by +cz=d, these equations give 

ad bd cd 

and the corresponding value of u is 

d^ 

^ a^+6*+c^ 

Taking the equation of the plane as giving a: as a function of y and z, then 
d^z=0, and 

dhi = 2x d^x + 2 (dx^ + dy^ + dz^) = 2 [dx"^ + dy^ + dz^) > 0 
for variations from any point. The positions obtained is thus one of 
relative minimum. The shortest distance required is the square root of 
the minim um value of u, i.e. it is 

d 


Ex. 4. To find the rectangular block of maximum volume we can cut 
from a sphere of radius a (14,7, Ex. 2), we require the maximum value of 
F ’^^xyz relative to x^-\-y‘^+z^=a^. The necessary condition is 
dV -8{yzdx-\-xzdy+xydz)^0 subject to 2(xdx+y dy +zdz)=0. 


Hence, 


yz _xz jxy ^ 

X y z 

8 ^ 

Using x"^ +z® -a”, we find x-y=Z’=-j^ , giving F • 

Now, d!^^ =‘8yz d^x + 16(z dx dy +x dy dz+y dz dz), 

where xdx+ydy+zdz=0 

and xd^x+dz^+dy^+dz^=0, 

where the given relation determines a; as a function of y and z. On 
e limin ating d^x, wa have 

#F =8{2z dx dy+2x dy dz +2y dx dz -—{dx^ +dy^ +dz^}}, 


where 


x dx +y dy +z dz~0. 


At the point where x=y=z==~ 


subject to 


Ow 

F = -75 {2dx dy + 2dy dz + 2dz dz - dx^ - dy^ - dz®), 

s/o 

dx+dy+dz’=0. 
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For a relative maximum of V, the quadratic form 

- dx^ +dxdy + dx dz 
+ dx dy- dy^ + dy dz 
+ dx dz+ dy dz - dz^ 

must be negative definite subject to dx + dy +dz=0. The conditions for 
this are satisfied since 


0 

1 

1 

= 4>0 and 

0 

1 

1 

1 

1 

-1 

1 


1 


1 

1 

1 

1 

-1 


1 

1 

-1 

1 





1 

1 

1 

-1 


Hence, V — 


8a^ 

373 


is the relative maximum value of 


V. 


- 12 < 0 . 


19.4 The stability of demand for factors of production. 

The demands of a firm or industry for two factors of production 
(14.8 above) are stable if the constant product curves, obtained from 
the given production function, are convex to the origin at all relevant 
points. The conditions for equib’briuru and stability of production ., 
can now be examined in more general cases. 

A good X is produced with n variable factors A^, Aq, A 3 , ... A„ 
according to the production function x—f{a^, a^, ag, ... o„), which 
is assumed to have continuous partial derivatives of the first two 
orders : 

(’•“<15=1, 2 , 3 , 

Our first problem is, given the market prices p^, p^, Ps, ... p„ of the 
factors, to find the grouping which produces a given output x at mini- 
mum cost. We have to minimise n=za^pj^-\-a 3 P 3 + a 3 p 3 + ... +a„p„ 
relative to/(ai, a^, ffg, ... a„}=x. The necessary condition is 
dll =pi doj +P 3 dxz +P 3 dag + . . . +y)„ da„ = 0, 
subject to doi - 1-/2 da^ -t/g dug + . . . +/„ da„ = 0, 

fl U ~U /n ' 

There are (?i — 1) equations which, with the given side relation, 
determine the equilibrium employments of the factors in terms of 
the given output and the given prices of the factors. We thus have 
the demand for each factor and we can write 

Ply Pzy Psf ••• Pn) (^ = 1 > 2 , 3 , ... 7l). 
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Taldng the side relation as giving Oj as a function of a^, a^, ... a„, 
then, differentiating twice, we have 

/i +/u +fiz do 2® + ...+ 2/12 cZoi doa + ...= 0. 

But d’-n ~d{'Pi doj +P2 da2 + ... +^)„ da„) d-a^ 

T) 

~ ~~r (/ii dOrj^ +/22 da," + ... + 2/^2 da^ dct^ + 

h 

For a minimum value of U, we have d^U > 0 and 

/u doi^ +/^2 da^ da^ +/13 do^ dOa + . . . +/i„ da^ da„ 

+/12 doi dffla ■t/22 doa^ "t /23 da2 d(i^ + . . . +/2n doa da„ 

+ 

+/in do^ da„ +/2„ doa do„ +/3„ do^ da„ + . . , +/„„ da„a 

is a negative definite quadratic form subject to 

/i doi +/2 dfla +/3 dog + ...+/„ da„ = 0. 

From 18.9, (2), a sufficient condition is 


0 

A 

A 

>0, 

0 

A 

A 

A 

A 

fu 

As 


/i 

Ai 

As 

As 

/a 

As 

fss 


fs 

As 

As 

As 





A 

As 

As 

fss 


Suppose that/i, /a, /a, ... /„ are all positive and that the inequalities 
above are satisfied for all combinations of factors within a relevant 
range. Then, for any set of outputs and prices of the factors (within 
a certain range), equilibriiun is possible and the position determined 
is stable. We have the stability conditions for the demand for 
factors of production, conditions which are given as limitations on 
the form of the production function. For a production function 
satisfying the conditions, the demand functions (^,.) for the factors 
are uniquely determined and stable. If there are only three factors, 
it is easily shown that the stability conditions imply simply that 
the constant product surfaces in factor space are downward sloping 
and convex to the origin at all points, at least within a certain range. 

19.5 Partial elasticities of substitution. 

We require the following notations which represent certain 
features of the production function x=f{ai, a^, a^, ... o„). For any 
combination of the factors, define 
^ ^rfr 

'' ®l/l+®2/a + ***+®n/n 


(r = l, 2, 3, ... to). 
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Hence, /Ci + /C2 + k'3 + ... +/<:„ = 1 . 

At an equilibrium position, /i, /g, /g, ... /„ are proportional to the 
prices pz, Ps, ... Pn of ffie factors. Hence, 


*■ a^pj^-{-a^p^ + ...+a„p„ U ’ 

i.e. Kr is the proportion of total cost (77) which is spent on the 
factor Af. 


Let 

F = 

0 

A 

A 

A 

••• fn 



A 

Ai 

Ai 

Aa 

• • • An 



A 

Aa 

fa 

As 

• • • An 



A 

An 

An 

fan 

••• An 


and let Ff^ denote the co-factor oif^s in F {r and s = 1, 2, 3, ... n). 
Write (rands = l, 2, 3,...?i). 

CtfCL a Jj 


For any miequal values of r and s, the value of is called the 
partial elasticity of substitution of the pair of factors and A* (as 
against all other factors). Its value depends on, and varies with, 
the grouping of factors employed. The interpretation of the partial 
elasticities of substitution will appear in the following section and it 
can be shown that they are related to the ordinary elasticity of 
substitution between two factors as defined in 13.7 above (cf. 
Examples XIX, 9). 

A number of relations exist between the values of for various 
values of r and s. If each element of the first row of F is multiphed 
by the co-factor of the corresponding element of another row, then 
the stun of the products is zero (18.4 above). Sn 

/l-^rl+/2-Z^r2+/3-^r3 + -+/n7^rn = 0 (r = I., 2, 3, ... n). 

From the definitions above, we have 


/Cl 0-^1 — 


fiFn 
a^ ’ 


U2<^r2 — 



So + /^20’r2 + Xa^rS + • • • + = 0 

We can write this relation in the form 



(r = l, 2, 3, ... n). 


Xi^rl + -{- . . . -f -f /C^.+iO'rr+i -f . . . -f /c„cr,.„ = — 

The last two inequahties of the stability conditions (19.4) imply that 
F and F „„ are of opposite sign. The same is true of F and F„ for 
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any value of r.* But a„ is proportional to the ratio of to F 
and so 

tr„<0 (r=l, 2, 3, ... 7i). 

Hence, for a production function satisfying the stability conditions, 

/fjO-rt + K20-r2 + • . • + Kr-^arr-i + Kr+l«^rr+l + • • • + K„Or„ > 0 

for any value of r (r = 1, 2, 3, . . . m). In any case, there are n relations 
limiting the values that can he taken by the partial elasticities of 
substitution for any grouping of the factors.f 
The values of the partial elasticities of substitution can be positive 
or negative. But the limitations above show that the positive values 
must be more numerous or important than the negative values. In 
particular, the («■-!) partial elasticities of substitution between any 
one factor and the others cannot all be negative. If there are only 
three factors (A^, and ^3), then 

^3®i3 ^ ^1*^12 ^3*^23^® and + #f2(T23 ^ 

It follows eilker that aU three partial elasticities of substitution 
(ctj 2, o-jg and CT23) a-re positive or that one of the partial elasticities is 
negative and the other two positive. 

19.6 Variation of demand for factors of production. 

It is now assumed that there are constant returns to scale in the 
production of the good X, the production function a; =/(% a^, 03, . . . a„) 
being linear and homogeneous with the properties set out in 18.5 
above. Given the output (x) and the prices (pi, p^, Ps, ... p„) of the 
factors, the demands for the factors are determined by 

fi~h /a Sr, ’ 
and ®2> ®3> 

The average cost of the output x is 
n _ a-iPi'\-a2P2 + ••• +(lnPn 

X~ X X ’ 

since Ojfi + O2/2 + “s/s + • • • + “n/n = * by Euler’s Theorem. Further, 

* The order in which the factors are enumerated is immaterial ; we can 
take the factor last just as well as the factor A„. 

f The other conditions of stability give rise to further limitations on the 
partial elasticities of substitution. 
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if the output varies while the prices of the factors remain fixed, the 
marginal cost at the output x is 


dll dOr, dtto da^ da„ 



since ^ + ••• +fn ^ ^ ^om the production func- 
tion. Average cost and marginal cost are equal and, therefore, 
constant for all outputs. 

Extending the problem of 14.8 above, it is assumed that X is sold 
on a competitive market at a price p equal to the constant average 


cost. Then the common equilibrium value of^,^,^,...— i 


equal to p, i.e. 


fi A 


Pr^pfr (r=l, 2, 3, ... ?l). 


which is the law of “ marginal productivity ”. Let the demand of 

the market for X be given by x = (f,{p) with elasticity 7 j= — . 

Then the position of competitive equilibrium is described by ^ 


y((q, (i2) CI5} ... a„) — ^{p)} 


fi U h' 


Pn 


These equations determine the values of or^, a^, ••• fiiid p in 

terms of the given prices of the factors. The output .t = (f> (p) and 
the total cost n=xp=aiPi + a 2 P 2 + asP 3 + ... +a„p„ are also given 
in similar terms. 


The demands of the competitive market for the factors are deter- 
mined, by the equihbrium conditions, as functions of the prices of 
the factors. Let one of these prices {p^ vary while all the other 
prices remain fixed. The resulting variations in the demands for 
the factors are then to be found by differentiating the equilibrium 
equations (which hold for any prices of the factors) with respect 
to pi. Erom/(ai, a^, a^, ... a„) = <f>{p), 


» ^ aa-a da„ x dp 

^Pi ^Pi dpi p dpi 
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From pfi pf„ =p„, ,..pf„ =p„, 

t . f r J- 3(7', , da„\ 

^ ^ ^ ~ 

3;) f T Soi t 3a, . 3a.\ „ 

V^= ^ =®’ 


, 3i) /r 3ai , 3a„ . 30.^ „ 


Hence 


JClj 


^ + f, +f —" = 0 

\;j 3;)J ^ dpj^ “ 32)1 ’ ^Pi ’ 

/• ?^4-f +f ^-1 

Ip 3pi; 3pi 3p/ - 3pi -p ’ 

il ^ !■" = 

\pcpil opi api dp I 

f i^^4.f ^Jh + f ^4. 4.f ^-0 

i?’ stands for tlie determinant already written (19.5 above) and 
Fq is tlie co-factor of the element 0 in F. Furtlier, F^, and F^rs 
denote the co-factors of the element f^, in F and Fq respectively 
(r and s = l, 2, 3, ... n). Then, by 18.5 and 19.5, 


J’o = 0 , F„=y^FK,a„='^-fFK,a, 

Jr 

iity oi 

Or/r 


Fn =-^-^F 

0 T 8 — ^.o 9 


// - .r.= 

where ct^, is the partial elasticity of substitution of .4^ and A, and 


Kr = - 


ttrPr 


®l/l +”:/: + •" +®n/n ^P 

is the proportion of total cost ( = totnI receipts) spent on A,., 

Using the determinant notation (18.G above) to solve the linear 


eq^uations above for 

da^ 

Wi’ 

WO find 

3a 1 

xrj 

0 

fi 

... fn 

dpi~ 

fi 

1 

p 

fii 

... fin 


h 

0 

fa 

... fin 


fn 

0 

fin 

... fnn 


— 

X7J 

fl fi 

... fn 


fl 

fn fii 

. . . fin 


fi 

fii fii 

... fin 


fn 

fin fin 

••• fnn 
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With the aid of 18.3, (5), the numerator can be written 

I fz ••• fn _2; f ^ fz ••• fn "h fz ••• fn 

P fz fzz ••• fzn P'fz fzz ••• fzn ^ fzz ••• Szn f 

fn fzn ••• fnn fn fzn ••• fnn ^ fzn ••• fnn 

=|(J'n+^^’on)=^ 


since pf^ =p^ and /cj . The denominator equals 


l/n /in fzn — /, 

Hence, \ 


fn + 

Xr] 

fl 

fz 

fn 

fin 

0 

fn 

fiz • * • 

fin 

fzn 

0 

fiz 

fzz 

fzn 

fnn 

0 

fin 

fzn 

fnn 


5ai Ui 




=/fi{o'u -'>?)• 


Eprc^dpi 

Proceeding in exactly the same way, we find 

Epi a^dpj^ 

and similar results for the demands for other factors. 


The results, though expressed in terms of variations in the price 
Pi, are clearly quite general. We can, in fact, write one formula to 
express the effect of a change in the price of any factor on the demand 
for any factor : 

Ea^ p^da, , 

— {r and 5 = 1, 2, 3, ... n). 

These expressions for the partial elasticities of demand for the 
factors are of the same form as those obtained in the case of two 
factors (14.8 above). Their interpretation proceeds as before but 
some new conclusions are now reached. If the market price of one 
factor Af rises, then the demand for this or any other factor is affected 
in two ways. Firstly, the cost of production is now higher and the 
product dearer. For a decreasing demand law (tj > 0), the amount of 
the product sold is less and there is an all-round and proportional 
decrease in the demand for the factors. This effect is shown by the 
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negative term {-K/q) which appears in each of the elasticities of 
demand mth respect to the price of A^. Abstracting from this effect, 
the factor A, is now relatively more expensive than other factors 
and it paj’s to substitute other factors for A, in production. The 
demand for A , thus decreases on account of substitution, as shown 


b 3 ' tlie negative term in 



(By 19.5 above, is negative 


for stable demands.) The effect on the demand for one of the other 


factors is more complex but the net result (on the demand for A,) 


is shouTi bj* the term 



There are two cases : 


(1) If tT,.,>0, then the demand for A, increases on account of 
substitution ; the factor A, takes part in the replacement of A^ in 
production. In this case, the factor A, is said to be competitive 
with tlic factor A, at the grouping of factors considered. 


(2) If ff„<0, tlicn substitution results in n decrease in the demand 
for A, ; the factor A„ lilio the factor A^, has been parti}' replaced 
bj’ other factors in production. Hero, the factors A^ and A, are 
said to be coviplcmoilarij at the grouping considered. 

The sign of <7,„ therefore, indicates whether A^ end A, are com- 
petitive or complcmentar}’ factors. From the limitations described 
in 19.6, wo ECO that competition between factors is, on the whole, 
more general than complementarity. One factor, in any case, cannot 
bo complementary with all other factors. Where there are only 
three factors, for example, either all factors are competitive with 
each other or one pair of the factors is complementary while the 
other two pairs are competitive. 


19.7 The demand for consumers' goods (integrability case). 

Wo have considered (14.9 above) the demands of a consumer with 
a pven income when there are two goods obtainable on a market at 
given prices. The demands are stable if the indifference curves of 
the consumer are dovmward sloping and convex to the origin at all 
relevant points. In extending the anal 3 'sis to the general case where 
there are more than two goods available, we assume first that the 
scale of preferences of the consumer can bo represented by an in- 
difference map and a utility function. Complications relating to 
“ integrability ” are deliberately avoided in this first approach. 
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If there are n goods X^, X3, ... X„, let one form of the utility 
function of the consumer be 

U — (j) (jTjj ^3} • • • ^n) 

with continuous partial derivatives of the first two orders : 

and (rand»=l,2,3,...a). 

The consumer has a given income /x. and can purchase the goods at 
given market prices, Pi, p^, Pz, •••Pn- Se makes his purchases so 
that u has a maximum value subject to the condition expressing the 
fact that he must balance his budget i 

cCiPi + ccapa + 3^3353 + — + ^nPn = P- 

Since each utility function increases and decreases with any other, 
a maximum of u corresponds to a maximum of any form of the 
utility fimction and our results are thus independent of the fact that 
utihty is not a measurable concept. The necessary condition for the 
maximum value of u we seek is 

du = dx^ + (^2 + ^3 dx^ + . . . + ^„ dXj^ = 0, 

subject to px dxi + p^ dx^ +^3 dx^ + . . . dx„ — 0, 

ie . 

Pi P 3 Ps *" Pn’ 

These (w- 1) equations, with the given side relation, determine the 
equilibrium purchases of the consumer in terms of his given income 
and the given prices, i.e. the consumer’s demands as functions of 
Pli Psi Pzi ••• Pn' 

The condition of “ budget balance ” gives x^ as a linear function 
of the other purchases and so d^x^ = 0 . It follows that a sufficient 
condition for maximum u is that 

dH ~ dx^ + ^12 dx^ dxz + 9^13 dxi^dx^ + ... + dx^ dx^ 

+ ^12 dx^ + ^22 dx^ + ^23 dx 2 dajg + . . . + dx^ dx^ 

+ 

+ dxj^ dx„ + (f)2n dxz dx„ + ^3„ dx^ dx„ + . . . + dx^^ 

is a negative definite quadratic form subject to 

yji dxi+Pz dxz + 3?3 dajg + . . . + dx^ = 0, 

dxj^ + 9^2 dx^ + 9^3 daig + . . . + ^„ dXn = 0, 

(using the necessary conditions). 


i.e. to 
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Hence, by 18.9, (2), 

0 <(>1 (f>2 >0, 0 (f>i (f)2 <f>3 < 0 , .... 

4‘ll 4‘12 9^1 9^12 9^13 

^2 ^12 ’ ^22 ^2 ^12 ^22 ^23 

^3 ^13 ^23 ^33 

The equilibrium position and the demand functions are stable for 
any income and market prices if ^ 2 , ^ 3 . ••• 4>n are positive and if 
the determinant inequalities above are satisfied for all purchases cf 
the consumer, at least within a relevant range. These stabfiity 
conditions, it should be noticed, are limitations on the form of the 
utility function. When there are only three goods, the conditions 
imply that the indifference surfaces of the consumer are downward 
sloping and convex to the origin at aU points, i.e. the “ normal ” 
form of the indifference map is sufficient for stabfiity of demand. 

The stabihty conditions appear in a form which involves a parti- 
cular utility function <j>, and it is not clear that they are independent 
of the non-measurable character of utihty. We can, however, trans- 
late the conditions so that they involve only the marginal rates of 
substitution between the goods (16.8 above). The ratios 

^ <h in 

it’ it it 

express the marginal rates of substitution of for Xj, X 3 , ... X„ 
respectively. The necessary conditions for equihbrium show that 
these ratios are equal to the corresponding ratios of market prices, 
i.e. the equilibrium purchases of the consumer are such that each 
marginal rate of substitution equals the ratio of the prices of the 
goods concerned. Now 

^ ( i^\ — it2.it ~ itti2 ^ f i2\ _ iait ~ itziz 
dxi 1^1/ ii^ ’ 9 x 2 1^1/ ii^ > • • > 

and similarly for the partial derivatives of the other marginal rates 
of substitution. The determinant inequahties of the stabihty con- 


ditions, using these results, can be reduced to 



^ (i^) ^(il] ^ 

dx^ \iJ 9x2 ^iJ ^*3 
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The stability conditions thus involve only the marginal rates of 
substitution and are independent of the actual form chosen for the 
utihty function. 

Exactly as in 19.6 above, we define 

^ + . . . + 0r, 

’’ a:i^i + a;2^2 + *" ^ 


(r and s = l, 2, 3, ... n), 

where 0^, is the co-factor of ^rs the determinant 

^=0 ^3 ^3 ... 

^11 ^12 *^13 ••• ^In 

9^2 9^12 ^22 9^23 ••• 9 ^ 2(1 

1 4’ti 4‘ln 4^2n ^3n ••• 4’nn 

At the equihbrium position, /<•,. represents the proportion of total 
expenditure (ix=Xi P 1 + X 2 P 2 + p„) which is spent on the good 
Xr. The value of a^s is defined as the partial elasticity of substitution 
of the pair of goods Xf and X^ in consumption. 

The demand of the consumer for each good is defined as a function 
of Fj Pv Pzi Pzi Pn by the conditions 


Pi Pi Pz Pn 
^1 + X2P2 + x^Pz + ...+ x„p„ =IJ,. 

The parameter A (dependent only on fi, p^, p^, p^, ... Pn) is introduced 
for convenience and often described as the ” margmal utihty of 
money . Eohowing the method of 19.6 above, these equations can 
be differentiated with respect to /a or to one of the prices to give the 
variations of demand for any good ; 

Ex,_iidx, Ex, p^dx, , 

Efi X, dn ^ Epf^xjpr 
It is found (see Examples XIX, 17 and 18) that 
Ex, I Exs\ 

(r and 5 = 1, 2, 3, ...w). 


It foUows that the demand for each good is affected in two ways 
by an increase in the price of any one good (X,.). Since the money 
income of the consumer is fixed, the increase in the price results in a 
lower real income and causes a change (usuaUy a decrease) in the 
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purchase of each good. This is shown by the term {-k^ in the 

Ex ' 

expression for ^ . Further, the good Z, is now relatively more 

expensive than other goods and the consumer proceeds to substitute 
other goods for in consumption. The demand for is thus 
decreased, as shown by the negative term (/CfO-rr) in flie expression 

fiJo*, 

for . (The value of a„ is negative by the stability conditions.) 

The effect of substitution on the demand for one of the other goods 

Eoc 

(X,) is represented by the term (/Crcr,,) in -=r ^ . The consumption of 

X, increases or decreases on account of substitution according as 
this term is positive or negative. Hence, X^ and X, are competitive 
in consumption if and complementary if arj<0. As in the 

production problem, the stabihty conditions impose limitations on 
the values of o-,., (r and 5 = 1, 2, 3, ... %) which imply that the com- 
petitive relations between the goods outweigh, on the whole, the 
complementary relations.* 


19.8 Demands for three consumers’ goods (general case). 

In generah'sing the results of the previous section, we must assume 
that the preference scale of the consumer is defined, not by a utility 
function and a complete indifference map, but only by the marginal 
rates of substitution between the various goods at different levels of 
consumption. To simplify the exposition, we take the case where 
there are three goods X, Y and Z and make use of the notation and 
results of 16.8 above. Each possible set of purchases of the con- 
sumer is represented by a point (x, y, z) in space referred to axes 


* We have given here definitions of competitive and complementary goods 
which are more strict than those previously suggested (12.6 above). On the 
, , .... Six, , Ex. , . , 

old definition, and X, are competitive goods if and are both 

we see that the new definition (cr„ > 0) 
, , _ Ex, , Ex. , 

le or both of -zzr-^ and ■= — can be 

~Ex Ex ’ 

' -ppi or is positive and greater than cr^i, i.e. if the effect on 

Efi Efi _ . ft 4. 

demand via changes in real income is stronger than the substitution effect. 
Similarly, the two definitions of complementarity are roughly, but not exactly, 
in agreement. 


... Ex, f Ex,\ 

positive. From— 

usually implies the same thing. 

negative if 



614 MATHEMATICAL ANALYSIS FOR ECONOMISTS 

Ox, Oy and Oz. The preference scale of the consumer is then 
described by an indifference plane dx + R\dy + R 2 dz = 0 at any given 
point of space. Here, R^ and R^ are given functions of x, y and z 
(the purchases of the consumer) which express the marginal rates 
of substitution of X for 7 and Z respectively. The functions are 
assumed to have continuous partial derivatives. The differential 
equation of the indifference plane is not necessarily integrable and 
we are not at liberty to assume that a utility function or a complete 
system of indifference surfaces exists. 

With given market prices, and p,,, of the goods and a given 

income y, the purchases of the consumer must conform to the con- 
dition of “ budget balance ” {xpx'^yPv'^^Pz—p) variations 

in the purchases from an estabhshed set [x, y, z) must satisfy 

Px dx +py dy +p^ dz = 0. 

If the purchases of Y and Z are iucreased by dy and dz respectively, 
the necessary decrease in the purchase of X is 

{-dx)ij=:.'^dy + ^dz. 

The indifference equation shows that the compensating decrease is 

{-dx)c=Ridy ^-R^dz. 

If the necessary decrease is less than the compensating decrease, 
then the consruner tends to increase his purchases of 7 and Z as 
indicated. Conversely, if the necessary decrease is greater than the 
compensating decrease, the consumer will tend to decrease his pur- 
chases of 7 and Z. In fact, equilibrium of consumer’s choice is 
only possible if the necessary and compensating decreases are equal 
for aU values of dy and dz. Hence, the necessary conditions for 
equilibrimn are 

R^J^ and R 2 = '^ 

and the marginal rates of substitution, as before, are equal to ratios 
of the market prices. 

To examine the stability of demand, we suppose that increases 
dy and dz in the purchases of 7 and Z have been made from 
the equilibrium position, together with the necessary decrease 
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dy in the purchase of X. The new values of the marginal 

rates of substitution are approximately and {R^+dR^ 

where 

9i?,, 9J?i, 9 jRi, j , dR, 3i?, 

and 

Suppose, now, that an exactly similar change from the new purchases 
is contemplated. The necessary decrease m the purchase of X is 

{-dx)s=^dy+^dz, 

Vx Px 

but the compensating decrease in X is now 

( - d-x)a = (Ri + dRj) dy -f (i ?2 + dR^} dz. 

The original purchases are stable provided that th i s second change 
vnU not be made, i.e. provided that the compensating decrease in X 
is less than the necessary decrease : 


(i?i + dR-^ dy + {R2 + dR^dz<^dy-\-~dz=:iR^dy->rRidz, 

Px Px 

i.e, dRidy + dRndzKO, 

where the variations in purchases are related 

fad^+Pvdy+Pzdz — O or d«-vRidy +R„dz = 0, 
using the necessary conditions. Substituting for dR-^ and dR^, 
9i?i j „ dR„ , „ 92?, , , 92?o , , (dR^ j ? 


I.e. 


dy 

^ , 192?!,, , 19i?2 , , 




2 dx 
19J?„ 


+ 2ir'*“^* + 2 






dRo 92?' 


^'j dy dz 


dy^dz 


dRz j , 

■\-^dz'^ 

oz 


must be a negative definite quadratic form, subject to 

dx + i?i % + i?a dz = 0. 
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Hence, from 18.9, (2), 


D = 


0 


1 


0 


■^1 o a.v. 


1^1 
2 dx 


Ri 

13i?i 
2 9a; 

Sy 


> 0 , 


Zl = 




i?. 



IBRi 


19.^2 

u 

2 Bx 


2 Bx 

197?i 

BRi 

1 

/9i?2 97?, 

2 Bx 

By 

2 

\ 9y 9z 

IBR 2 

1 (BR^ BRA 


dRz 

2 Bx 

2\By^Bz) 


Bz 


<0. 


A o 


-^2 n 
^ 2 

The demands of the consumer, given by the necessary conditions, 
are stable for all prices and incomes if and are positive and if 
D>0 and zl < 0 for all purchases. These are the general stabihty 
conditions. Since an indifference map need not exist, the conditions 
cannot be interpreted as before. 

A certain simplification can be made : 

n=-\ 


1 

R, 

+ Ri 

1 

i?l 

I9i?i 

3Ri 


0 

197?i 

2 Bx 

By 


2 Bx 


__ BR, 1 dR, 1 dR,__ dR, BR, 

- - £rr + - 


By 


Further, write 


Bx 


Bx By 


A' = 


1 

R, 

Ro 

3Ri 

9i?i 

9i?i 

Bx 

By 

Bz 

3 R 2 

dRz 

to 

Bx 

By 

Bz 


Bx 


R, 

3_^ 

^y 


By manipulation or expansion of the determinants, it can be shown 


9i?o\ 


that 

A+A'=X^ 

where 

. Ijf^BR^ BRA (BR^ 


By } 
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The stability conditions (-D > 0 and ^ < 0) thus reduce to 
1 < 0 and 1 iZg > X\ 

dBi dRi dRi dRi 

dx dy dx dy dz 

dRz BRq dR^ 
dx dy dz 

These conditions are very similar to those of the integrability case 
but the tliird-order determinant shown must not only be positive but 
also greater than a certain positive amount A^. The conditions of 
the integrability case must still hold but they are oidy necessary, 
and not sufficient, for stability. Notice that the integrability con- 
dition (16.8 above) is simply A = 0 and that the general stability 
conditions then reduce to those previously written. 

The demand of the consumer for each of the three goods is deter- 
mined, as a fimction of fi, Px, Pv pg, by the conditions : 

Rj_=—, i? 2 =— and xpx+ypv+zpg=[i. 

Px Px 

This is true of all cases. In the special integrability case, the forms 
assumed by the marginal rates of substitution and by the stability 
conditions are simpler than in the general case. The results (19.7 
above) relating to the variations of demand and the partial elas- 
ticities of substitution hold only in the simpler case and need 
modification when we pass to the general case. In particular, the 
distinction between goods winch are competitive and goods which 
are complementary in consumption is found to be less clear-cut in 
the general than in the special case.* 

EXAMPLES XIX 

General maximum and minimum problems 

1. Show that M = a:* + 2 /‘“ + a“ + a:j/ has a mimmiim value at a; = 3 / = 2 = 0. 

2. Show that u=:x'‘-¥y^+xyz has minimum values at all points where 
*= 2 / = 0 and z< 2 numerically. 

3. 1£ u^x + y + xz-x^-y^ + z^, show that u has a single stationary value 
which corresponds to a saddle point. 

* An analysis of the competitive and complementary relations between 
goods and of the variations of demand in the general case are given by Hicks 
and Allen, A Reconsideration of the Theory of Value, Economioa, 1934. 
The stability conditions given in this article are not fully expressed eind the 
present development can be taken as replacing the earlier work. 
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4. Show that u = ^xyz, subject to a; + y + a=3a, has a maximum value 
{u — a) when x = y = z = a. Deduce that tlie geometric mean between three 
positive quantities is always less than the arithmetic mean except in the case 
where the quantities are equal. Generalise the result to apply to any nmnber 
of quantities. 

5. Find the shortest distance from the origin of co-ordinates to any point 
on the surface xyz = o in the positive quadrant. 

6. If o is a positive constant, show that the maximum value of 

u = a(a - x){a - y) (a ~ z) 

relative to x + y + z = 2a occurs whore x, y and z are each equal to fa. Inter- 
pret this result in the light of the fact that the area of a triangle with sides 
X, y and z is given by •^a(a-x){a- y) [a — z), where 2a is the perimeter. 


Economic maximum and minimum problems 

7. A monopolist produces three goods X,, X„ and X^. The total cost of 
outputs x^, x„ and x^ of the three goods is (ot^x^ -f a.„x„ -f oc-.Tj), where a,, and 
aj are constants. The monopolist charges prices Pj, p„ and Pj and the demands 
of his market are 


^1=^10 - (Pi - a,) - Oii(P2 - “ 2 ) - - “ 3 ). 

Xo — Xqq 0^2 (1^1 ^ 1 ) ^22 (T^S ^ 2 ) ^23 (2^3 ^ 3 )? 

^ 3~^30 ~ ~ “1) ~ ~ “2) ■” ^33(2^3 ~ “3)’ 

where x„^, and the a’s are given constants. Find the prices the mono- 
polist mu-t charge for maximmn joint revenue and show that the following 
conditions must be satisfied by the a’s : 




>0 and 


0,2 

^13 

®12 

^22 


^12 

0-2 

«23 




^13 

^23 

®33 


Extend the results of 14.4 above. 


8. Find the conditions under which the equilibriiun of the general problem 
of 14.5 above is stable, expressing them in terms of the partial derivatives of 
the production function x—f{a, b, t), 

9. A good X is produced with three variable factors according to the 
production fimction x=f(a^, a„, O3). Show that 0-23 (as defined in 19.5 above) 
is a negative multiple of the ratio 



where the differentials apply to a variation of the factors and (the 
factor A] being hold constant) so that product is rmchanged. Express this 
result in terms of an elasticity of substitution of the Idnd defined in 13.7 above. 


10. Three factors are obtainable at given prices, pj, p„ and p^. When 
amounts Oj, a, and O3 of the factors are employed, the output of a good X is 
x = A^a^a„a^. The good is sold at the competitive price p on a market with 
demand law x = Bp~‘‘, Find the amounts of the factors demanded in terms 
of P3, Pj and P3. By differentiation, show that 


Epi 


-3(« + 2), 


Ea„ _ Ettj 


= ^(l-«). 
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11. For the production function of the previous example, show that the 
demands for the factors are stable and verify that the partial elasticities of 
substitution are all equal to unity. Hence use the results of the previous 
example to check the formulae of 19.6. 


12._ A good X is produced with n factors of production, the production 
function, x=f(a^, a^, o,, ... a„), being of any given form. The equations 


f f f *** J ^ and /(Uj, cfjj ®s* ••• ®n) — ® 

give the demands for the factors in terms of the given output (x) and the given 
prices (Pi, Pj, Pj, ;••Pn) of factors. By differentiating these equations, 
show that the variations of the demands are given by 


dx F 


(a=l, 2, 3, ... n) 


when output varies (prices of the factors fixed), and by 


Ea,_pr8a,_ 

Ep, 


(r and s=l, 2, 3, ... n) 


when the price of one factor varies (output and prices of other factors fixed). 
Here, F, is the co-factor of /, in the determinant F and and have the 
meanings of 19.5. Interpret the second results in terms of the competitive 
and complementary relations between the factors. 


13. A monopolist sells a good X at a price p on a market with demand law 
*=^(p) and fixes output so that net revenue is a maximum (i.e. so that 
marginal revenue equals marginal cost). He uses n factors of production, 
obtainable at given priees (Pi, Pj, P 3 , ... p„), and his production function, 
®=/(o,, Oj, Cj, ... a„), is linear and homogeneous. Show that the pricepand 
the amounts of the factors employed are given by 

T=7^=^=”- = 7^=P ( 1 --) and 
Jl Ji J 3 Jn '■ V' 

where tj is the elasticity of the demand for the good. 


14. In the problem of the previous example, the price of the factor is 
varied while the prices of other factors are fixed. Differentiate the equilibrium 
equations and show that 


H^_Pi 

Ep^~ a^dp^' 


1 -f- 


P <^V 


(r=l, 2, 3, ... n) 


dp) 

where Kj and Uj,. have the meanings of 19.6. Deduce that, in the normal case 
where 17 > 1 and —> 0 , a fall in the price of Aj increases the demand for each 
factor less in this monopoly case than in the case of competition (19.6 above). 


15. A consumer has a given income (p) and can buy three goods at given 
prices (Pj.p. andp,). One form of his utility function is u=Xy‘^iX 2 ’^txf>, where 
a, and ttj are positive constants. Find the demand of the consumer for 
each good in terms of p, p^, pj and Pg, and show that 

Ep ’ Hpi ’ Xpj Ep^ ’ 

with similar results for the other two goods. 
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16. Show that the utiKty function of the previous example satisfies the 
stability conditions and gives partial elasticities of substitution which are all 
unity. Use the results of the previous example to verify, in this case, that the 
general formulae of 19.7 hold. 

17. The equilibrium equations of 19.7 give the demands of a consumer as 
functions of his income (/z) and of the prices {p^, Pj, Pj, ... p„) of the n goods 
obtainable. If income varies while prices remain fixed, differentiate the 
equations with respect to p and show that 

dx^ _ x^tl)i + x„<l )2 + + (r=l 2 3 ...n) 

Ep Xf dp Xf. 0 > > > 

where the utihty function and the notation of 19.7 is adopted. 


18. In the problem of the previous example, the price of the good Xj varies 
wliile income and the other prices remain given. By differentiating the 
equihbrimn equations with respect to p^, show that 


Ev, X, 0M. ^ V EiiJ ' 


Epi Xf. 8pi Epy 

where and ar^f. have the meanings defined in 19.7. 


19. The scale of preferences of a consumer for n goods is defined by the 
differential equation 

(Oj + a^jXi) dXj^ + drCa + . . . + (a„ + Onn^n) = 0 

where x^, x^, cCj, ... x„ represent any set of pmchases made by the consumer 
and where the o’s are constants. Show that a utility function exists and 
verify that the demands of the consumer are stable, provided that a^„, 
Ojj, . . . o„„ are all negative. Find the demand for each good as a function of 
the given income of the consumer and of the given market prices. Show that 
the demand depends linearly on the income (prices fixed) and is a ratio of 
quadratic expressions in the prices (income fixed). 


20. A firm with given resoiuces (labour, plant, raw materials, etc.) produces 
n goods and its outputs of the various goods are related by a transformation 
function F(x^, x^, x^, ... a:„) = 0. The goods are sold at given market prices, 
Pi, Pj, Pj, ... p„, and the firm fixes the outputs to maximise its revenue 
E = ajjPi + iCjPa + . . . + x„p„. Find equations giving the amount of each good 
supplied as a function of all the market prices. Under what conditions is the 
supply stable ? How can partial elasticities of substitution between the goods 
in production be defined and used to describe the variations of supply of 
different goods as the market price of one good changes ! 


21. Extend the analysis of the demand of an individual for loans (14.9 
above) to the case where fcCj, £x,, £x^, ... £x„ are incomes obtained in n 
successive years, related by a transformation fimction F{x^, Xj, x^, ... a;„) = 0. 
Assume that the individual has a utility function for incomes wliioh can be 
written w= ^(a;j, x^, Xg, ... x„) and that the rate of interest is lOOrj per cent, 
from the first to the second year, lOOrg per cent, from the second to the third 
year, and so on. 



CHAPTER XX 


SOillE PROBLEMS IN THE CALCULUS OF VARIATIONS 


20.1 The general theory of functionals. 

We liave been concerned so far ■ndth the theory of functions of a 
finite number of variables, vdth the variations of quantities depend- 
ing on one or more otlier quantities. There remains for brief con- 
sideration an extension of the anal 3 "sis, opening up many new fields 
of application, which takes a quantity as dependent not upon a 
finite set of other quantities but upon one or more variable functions. 
In the simplest case, a variable quantity u is defined as taking 
its value from the form assumed by a function x = (f>(t). To each 
function fi{i) there corresponds a definite value of u, and as the form 
of the function is changed so is the value of u. The dependence of u 
upon fi{i) is called afunctional and written u = F{(f)}. The functional 
symbol F is to be regarded in a manner analogous to the ordinary 
symbol for a function. It is essential, however, that the functional 
u—F{f}} should not bo confused with the function of a function 
u=F{f){t)}. The latter assumes that is a given function of t 
and hence that u is also a definite function of i. The former takes <f> 
as a variable function, the functional F associating one value of u 
with each whole function fi. The variable t does not itself appear 
in the determination of u in the functional relation.* 

In diagrammatic terms, the variable function x=f>[t) is shown 
by a variable curve G in the plane Oxl. As the form of the function 
changes (f>i, tf> 2 , ...), the curve G sliifts and takes up different 

positions and shapes [Gi, Co, C 3 , ...). If « is a functional of f), then 
its value depends on the particular position taken by the curve G, 


♦More cenerally, u may bo a functional of several vanaWe Motions 

x=4>(t), y=<p{t), s = xW We write u = F{<l>, i/-, x> •••}• _ l^rther, the 

functions ch, <!>, ... may be functions of several variables instead ot one 

variable t only. For the general theory of functionals, see Volterra, x neory oj 
Functionals (English Ed. 1931). 
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and to the series of positions (C^, Co, C^, ...) there corresponds a 
series of definite value of u (%, ^lo, t/g, ...)• For example, Fig. 103 
shows five positions of a curve limited to pass tlirough two fixed 
end-points A and B and there will be five corresponding values of u. 

An example of a functional can be taken from quite simple 
economic theory. Each member of a competitive group of firms 
producing a good X with known cost functions fixes that output {x) 
which makes marginal cost equal to the given market price (p) of 



the good. Further, the output fixed by the firm varies when 
different market prices are given. A supply fimclion, x=f {p), can 
thus be defined for each firm. But if the firm has monopoly control 
and fixes output and price subject only to certain demand conditions, 
then the output is such that marginal cost equals marginal revenue. 
K the marginal revenue curve is given (given demand conditions 
and given prices of all other goods), there corresponds one definite 
monopoly output z„. As tlie marginal revenue cmwe shifts in position 
(changing demand conditions or varying prices of other goods), the 
monopoly output is determined afresh and varies in value. The 
monopoly output depends on the form of the marginal revenue 
function ^{x) and we have the supply functional x,„=F{(f)}* 

The step from functions to functionals can be regarded as another 
mstance of the step from the finite to the infinite so characteristic 
* See Sclmeider, Theorie der Produkiion (1934), p. 74. 
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of mathematical analysis. If u=f{x^, x^, ... x„) is a function of a 
finite mnnber (n) of variables, we can increase n indefinitely by the 
introduction of more and more variables. The function u then tends 
to involve an infinite number of variables. But this is just wbat is 
implied by saying that u depends upon the form of a variable 
function x=^{t). The function, in fact, comprises an infinite 
number of particular values {x^, x^, and w depends, in 

the functional notion, on the whole of this infinite set of values. 
The functional u=F{^} impbes that u depends on the infinity of 
values making up the function x = ^{t). 

20.2 The calculus of variations. 

The most important and frequent case of a functional u=F{^) 
occurs when the form of F appears as an integral. Suppose that 
f{i) is a function changing in form as ^{t) changes. Write 



where and are certain limits of integration. Then the value 
of u depends on what particular form we take for (j> (i) and hence for 
f{t), i.e. M is a functional of the variable function (f>. The problem 
that usually arises is to determine that function ^ which makes u a 
maximum or a minimum. The analysis of this problem is termed 
the calculus of variations, one branch of the much wider theory of 
functionals.* Many problems of importance in the varied apphca- 
tions of mathematical analysis are found to relate to the calculus 
of variations. Two examples will illustrate this fact : 

Ex. 1. The 'problem of the surface of revolution of minimum area. 

A problem arising early in the development of the calculus of variations 
is that of determining that curve of all curves joining two fixed points 
A and B on the same side of a given line L which forms a surface of the 
smallest area when revolved about the line L. Axes Oxt are fixed in any 
way so that Ot lies along L and so that the fixed points have co-ordinates 
A(io, a^o) B[t^, xfj which are aU positive and If a; = ^(J) is any 

curve lying above Ot and joining A and B, then it can be shown that the 

* Most text-books on advanced mathematical analysis include an account 
of the calculus of variations. See, for example, Courant, Differential and 
Integral Calculus, Vol. II (English Ed. 1936), Chapter VII ; Osgood, Advanced 
Galcidua (1926), Chapter XVII ; de la Vallde Poussin, Gours d’analyse inflni- 
t&aimale, Vol. II (1926), Chapter X. 
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area of the surface formed by revolving the curve about Ot is propor- 
tional to 



Here « is a functional of the variable function ^ and we seek that function 
(subject to the limitations indicated) which makes u a minimum. 

Ex. 2. The brachistochrone problem of John Bernoulli. 

One of the first problems in the calculus of variations, posed by John 
Bernoulli in 1696, is to fix a curve joining two given points 0 and A so 

that the time taken by a particle to 
shde under gravity along the curve 
from 0 to ^ is least. Axes Oxt are 
chosen, as shown in Fig. 104, with 
origin at the given point 0 and with 
Ox drawn vertically downwards. Let 
A have co-ordinates which 

are both positive. If x = <f){t) is the 
equation of any curve joining 0 to 
A so that ^(0) =0 and =x^, then 
"" ' Fio. 104. it can be shown that the time taken 

by a particle to shde under gravity 

from 0 to A is proportional to 

Here, again, « is a functional dependent on the form assumed by the 
variable function ^ and we seek that form of ^ which corresponds to the 
minimum value of u. 

20.3 The method of the calculus of variations. 

Two important preliminary points must be considered in devising 
practical methods of solving problems in the calculus of variations. 
The first point concerns what can be called boundary conditions. 
The problem to be solved is usually framed so that only certain 
arcs of the variable curve x=(f>{t) in the plane Oxt are needed, 
definite conditions being imposed upon the points which mark the 
ends of the arcs. In the most frequent case, the conditions are that 
the arcs should start and finish at two fixed points A and B in the 
plane. The boundary conditions, in such a case, impose limitations 
on the field of possible variation of the curve x = <j>{t) and we have 
to consider, in fact, only those curves which can be drawn from 
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A to B. This is so in the two problems instanced above and it is 
illustrated by Eig. 103. In analytical terms, the function x=(j>{t) 
can only be selected provided that 

^{tg)=XQ and 4>{h)=^ 

where A {tg, Zg) and B (^, Zj) are the two fixed end-points. Other 
boundary conditions may be imposed in less usual cases. It may be 
given, for example, that the variable curve z=<f>{t) should join two 
points P and Q which lie one on each of two given curves in the 
plane Ozt. Here, we have the bormdary conditions '<l>{tg)=Xo where 
(io, Xg) are the co-ordinates of P and satisfy some given relation 
^o) = ^ I similarly for the co-ordinates a^) of Q. 

Even when the boundary conditions are taken into account, the 
field of possible variation of the function x = <^{t) is so large that 
analysis of the problem is practically impossible and it becomes 
essential to limit the field of variation by some further device. An 
obvious step is to take only those functions, satisfying the boundary 
conditions, which are continuous and possess continuous derivatives 
up to any desired order. Further, the field can be more severely 
limited by taking functions only of a particular type or curves of a 
particular class. We may take, for example, only functions of the 
quadratic type represented by parabolas with vertical axis. We 
know that a function type or curve class can be represented by a 
relation involving certain parameters a, 7 , ; the larger the 
number of the parameters the more general is the function type or 
curve class. The result of this hnutation on the field of the variable 
function is to replace the function x = ^{t) of variable form by 

a; = ^(e ; a, y, ...), 

where ^ is now of fixed form and the variation of the function is 
replaced by the variation of the parameters involved. 

It is important to appreciate the nature of the step now taken. 
We have given up the consideration of any comprehensive variation 
in the function x~<l>it) and have limited ourselves to a more re- 
stricted variation described by parameters in a function of fixed 
form. If the parameters are few in number, the restriction is very 
severe. For example, using only three parameters, we may write 

(l>{t)=«t^+pi+Y 

so that our variable curve is limited to the class of parabolas with 
their axes vertical (parallel to Oz) But, by taking more an more 
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parameters, we can make the field of variation of our function type 
more and more general. If a sufficiently large (but fimte) number 
of parameters is selected, the restricted field of variation can be 
made to differ in few important respects from the complete field ; we 
simply exclude from the latter the more unusual kinds of functions. 

The problem to be solved is now greatly simplified. We seek the 

ck 

extreme values of ^i= f{t)dt where /(i) depends on the variable 

function x = Limiting the latter in the way indicated, the 

expression to be integrated becomes /(i ; a, jS, y, ...) where a, y, ... 
are parameters and where the form of the function / is fixed. It 
foUowB that the value of the integral u depends only on the para- 
meters a, jS, y, ... and we require its maximum or minimum value 
for all variations in the parameters allowed by the boundary con- 
ditions. The problem of the calculus of variations is thus reduced 
to a problem of extreme values of an ordinary function of several 
variables a, y, ... . Functionals are changed back into functions 
and we proceed on familiar lines.* The extent to which the simplified 
problem approximates to the original one depends on the number of 
parameters we care to take. The most important thing about the 
analysis which follows is that it is quite independent of how many 
parameters there are, provided only that their number is finite. 
The solution we obtain is not perfectly general but it provides an 
approximation sufficient for all practical purposes. 

20.4 Solution of the simplest problem. 

The function f{t), which gives the variable w on integration, 
depends in some definite way upon the variable function x = 

The dependence usually includes, not only ^ itself, but also the 
various derivatives of j). Of the many possible cases, only the 
simplest will be analysed here, the case where f{t) depends on the 
variable t, on the function ^{t) and on the first derivative i 

* The step from functions to functionals is reversed. A functional can he 
regarded as a function of an indnity of variables. In solving problems of 
functionals, we approximate by taking a ftmction of a large number of variables 
(the parameters a, p, y, ...). This is in line with the methods always adopted 
for dealing with the infinite and the step made here is, after aU, not unusual. 
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This is a function of t given in the function of functions form. But, 
since the function ^ included is of variable form, the form of the 
function / to be integrated is also variable. We assume, further, that 
the boundary conditions are such that the variable curve x = ^{t) 
passes through two fixed points A {to, Xo) and B (ij, Xj). The problem 
to be solved is thus : 

ft 

The extreme values of the integral u=\ f 

for all possible variations in the function x — ^[t), such that 
<f>{to)=^o ff>{ti)=Xj^ where (ij, Xp) {fj, x^) are fixed points. 


X, dt are required 


The problems instanced in 20.2 above are both of this form. In the 
first problem of the surface of revolution, we have 

/(<.*, |)=»Vi+(s)’ 

and in the problem of John Bernoulli 



In solving the problem, we impose the limitations on the varia- 
tion of ^ {i) already described, taking this function in the form 

X — ^{t', a, y, ...) 

where ^ is a fixed function (with a continuous derivative) and 
where a, )5, y, ... are parameters. Allotting arbitrary differential 
increments Sx, S^, Sy, ... to the parameters, we derive first the 
corresponding variations Sa; and dx' in the function x and its 

derivative x' =^: 




and 8a='=8 (f ) =|; (g) 8« + | (a) 8^+|, h*- 


d [dx ^ Sx - _ 3x \ d 

^dt + + + 

It should be remarked that all the variations here are ordinary 
differentials and subject to the usual rules of differentiation. They 
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are denoted by the symbol " S ” in order to distinguish them from 
the other differentials, dx and dt, we obtain when we consider £C as a 
frmction of t, the values of the parameters being given. Hence, 
throughout our analysis here, “ d ” refers to variation in the variable 
t and “ S ” to variation in the parameters a, y, ... . 

The function f{t, x, x') and the integral u can now be considered 
as dependent on the parameters a, jS, y ... and the A'ariations in 
their values are obtained as 




dx 


dx 


dx' dt ' 


and 


S.=8{|V«. 

Now, using the result of 16.3 above, 
cUldx’'^ i\di\Sx'rj^‘I~dt\dx' l 


dt \dx' 


"dt W'J ~di{^') 


Hence, except for the addition of an arbitrary constant, 



The expression for the variation in u then becomes 


Su = 





Sx dt. 


Since, by the boundary conditions, the curve x = ^{t) always passes 
through two fixed points at and ^=<i, it follows that the varia- 
tion of X is zero, i.e. 8x=r0, at these points. Hence, 


and so 



8x dt. 


The integral m is to have an extreme value for variation in the 
function x = <f>{t) as obtained by varying the parameters a, jS, y, ... . 
The necessary condition for this is that 8u = 0 for all values of 
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8a, Sj6, Sy, ... , i.e. for all values of Sa;. Prom the above expression 
for Su, this is only true if 

dx di \dx'/ 


This result, known as Euler’s equation, determines that function 

x=<f>{t) which maximises or minimises the value of u. Since ^ and 
df 

^ are partial derivatives of /(<, x, x') and so fimctions of t, x and 
dec 

x' = ^ , the equation is a relation in a; as a function of t which involves 


the derivative of x with respect to t, i.e. it is a differential equation 
which must be solved to give the function x = <j>[t) we seek. Our 
problem in the calculus of variations is thus reduced to the relatively 
simple problem of integrating a differential equation. The methods 
for completing the solution are set out in Chapter XVI above. 
Euler’s equation, however, is only a necessary condition for extreme 
values of u. There remains the problem of distinguishing between the 
different extreme values. The number of variables (i.e. the para- 
meters a, jS, y, ...) is here very large and, as we have seen in the 
previous chapter, a general criterion for separating maximum from 
minimum values is not readily obtainable. We must content our- 
selves with the fact that, in simple practical cases, we can usually 
tell from general reasoning whether we have a maximum or a 
minimum value of u. 


20.5 Special cases of Euler’s equation. 

Two particularly simple cases of the problem of the previous 
section often arise in practice : 

(1) To find extreme values of u=j** / {t, di, where the function 

to be integrated does not involve x explicitly. 
dec 

Writing and noting that =^ = 0, Euler’s equation becomes 

0/t ox 


di \dx'/ ’ 


gi’P^ng «')=a, 

where a is some constant. This is a differential equation involving 


s 
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only the first derivative x', i.e. a simple differential equation of the 
first order which can be solved, in most cases, without difficulty. 


/ ^x\ 

(2) To find extreme values of m=J / I a:, ^ 1 dt, where the function 
to be integrated does not contain i exphcitly. 

Writing x' =:-^ , differentiating f{x,x') as a function of two vari- 
ables each depending on i, and using Euler’s equation ^ 


df 9/ dx 9/ dx' _ , d (df\ 9/ dx' _ d (, 9/ \ ^ 

dt dx dt dx' dt ^ dt \dx') ^ dx' dt dt \ dx') 

rif 

Hence, / and x' ^ , having equal derivatives with respect to t, can 
only differ by an arbitrary constant, i.e. 


fix, x')=x'^J{x, x')+a 

where a is some constant. Again we have a differential equation of 
the first order, involving only x and its derivative x'. The solution, 
giving the function x = ^{t) wo require, proceeds with little difficulty. 
It is to be noticed that the two problems of 20.2 above are both of 
this special form. 


20.6 Examples of solution by Euler’s equation. 

The methods of solution developed here can be illustrated by the 
follo^ving tffiee examples : 

Ex. 1. To find extreme values of «=J dt subject to the 

boundary conditions that the curve x = <f){t) passes through two fixed 
points A (tg, Xg) and B(t^, arj. 

We have the special case (1) of 20.5 with 

fit,x')-tx'^ and ^,f{t,x')=2tx'. 


Hence, 


2tx' = constant. 


i.e. 


dx a 

jr~t 


where a is some constant. The integral is obtained at once as 

a; =J ° di + constant, i.e. x = alogt + b 

where 6 is a second constant. The extreme value of u is thus given by a 
logarithmic curve. 
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The appropriate values of the constants a and b are to be foxmd by using 
the boundary conditions. Since the curve must pass through the fixed 
points A and R, •we have 

a;o=oIogfoH-6 and a^=alog^i+6. 

On Bol'ving these linear equations, the constants are given as 

o=r-r^“-T and 6=»?»i2giLZ^]£ii2. 
log <1 - log ifl log <1 - log <0 

In this way we fix that particular logarithmic curve which passes through 
A and B. The use of the boundary conditions in determining the relevant 
values of the constants of the solution is to be noticed. 

Finally, the extreme value of u determined is 

It is not possible to indicate here whether this is a maximum or a minimum 
value. 

Ex. 2. To find the minimum value of ^ where 

the curve x = is subject to the usual boundary conditions. 

We have here the special case (2) of 20.5 ivith 

/(«, a:')=Wl+a;'2 and 

and Euler’s equation is 

On multiplying up, squaring and collecting terms, we find 

,, . dx >Jx^ -d? 

xa= i.e, — . 

at a 


Hence, 


f dx f d< 


dt , . t~b 

— + constant = 

a a 


where both a and b are constants. It is easily verified that 
d r, x+'Jx^ -a?\ 1 


L x+vx^-a^l 1 


and the solution of our differential equation becomes 

x + Jx^-a^ t-b . i-z 1 

log , i.e. x+*«/x*-a^ = 


M.A. 
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X 




{x-Jx^ -a^){x-\-Jx'^ ~a^) x^-{x^-a'^) 


a 


x-^Jx^-a^ 

\ = {a\e° +e ° ) 


I — 

X + va;^ - ce “ 


2 t— 6 

= ae “ • 


Adding, X 

which is the function giving the minimum value of u. The boundary con- 
ditions provide the values of a and b in terms of (tg, Xg) and (t^, x-J : 


( 

to—'h ^o“6\ 


= V 

e “ +e “ ) 

and x^ — \a\e’^ +e 


The minimised value of u is then given by 


u 


(dx\^ „ , dx Jx'^-ar 


l+{-~]dt where ^ = 

at 


i.e. 


C- a:2 1 ^ 

u=\ — dt = ~ a \ \c “ 

4 J,/ 


a 


-b) 2(l-b) 

+ e ° 


+ 2 


} dt. 


are 


This integral can be evaluated fairly easily. 

/ ^ t-b\ 

The curves corresponding to the function type a: = ^a^e“ +e “ ) 
called “ catenaries The curve which gives the minimum value of u 

is thus that catenary which passes 
through the two fixed points A and B 
given by the boundary conditions. 
The shape of this curve is shown in 
Fig. 105, The solution of the problem 
of 20.2, Ex. 1, is now obtained ; the 
catenary is the curve which gives 
a surface of revolution of smallest 
area. It is to be noticed that the 
nature of this geometrical interpreta- 
tion of the problem shows that the 
value of u we have found is a 

minimum and not a maximum. 



Ex. 3. To find the minimum value of'ii=f | subject 

to the usual boundary conditions. J o 1. J 

This is again the special case (2) of 20.6 with 

f, /l +x' 

and Euler’s equation is 

V — — ^ +«• 


and 


1 +a; 


'2 


/a 


® ‘Jxil+x'^) 
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We find, on multiplying up, squaring and collecting terms, 


a :'2 


1 -a®x . dx 1 jl-a^x 
a^z dt a ' z 
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The integral of this differential equation is 

JVdk*- 

where both a and b are arbitrary constants. It is now only a matter of 
evaluating the integral shown. This can be done only with the aid of 
“ trigonometric ” functions and we cannot proceed further here.* It can 
be stated, however, that the relation between z and t obtained on com- 
pleting the integration is represented by a curve of a well-known class, 
the class of “ cycloids ”. The solution of our problem, taking account as 
before of the boundary conditions, is given by that cycloid which passes 
through the two fixed points 0 and A. It is this curve which gives the 
minimum time of descent from 0 to A (see the brachistochrone problem 
of 20.2 above). 


I 


dt 4. j. 

— h constant 

a a 


20.7 A dynamic problem of monopoly. 

A monopolist sells a good X on a market consisting of a com- 
petitive group of consumers. If he produces an output x per unit of 
time, the cost of production is given by 11 (x) and remains unchanged 
throughout the period from t=io to t=ti which we consider. It is 
assumed that the market price of X varies continuously over the 
period and is represented by some function p {t). The demand of the 
competitive group of consumers is assumed to involve a “ specu- 
lative ” element and to be described by the demand law given in 

16.7 above : 

z = <f>{p(t), 

The market demand thus varies over the given period according to 
the course taken by the price of X. The monopolist’s profit per unit 
of time when he produces an output x per umt of tune and sells it 
at the price p (i) is given by 

xp(f) -I7(x). 

This is the rate of profit at any time t and depends on the price and 

* The solution of the problem can be written : 

t = b + a' {9 -sin 6), z=a'(l -cos 9), 

where a' is an arbitrary constant obtained from a. The required relation 
between z and i is obtained by eliminating the parameter 0. The expressions 
sin 9 and cos 9 are trigonometric ratios of the angle 9 radians. 
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the rate of change of the price at this time. The total profit in the 
given period from t=to to i=ii \s, obtained by the addition of the 
profits in successive units of tune. Since the variation of price and 
output is assumed to be continuous, the addition can be represented 
by an integral, i.e. total profit is 

u = {xp - n{x)) dt. 

For a given course of price over time, the demand x of the market is 
determined at each moment and there is a definite value of u corre- 
sponding. Different values of u are obtained for different courses of 
price. Hence, the monopolist’s total profit depends on the form 
of the price function over time, on the course taken b}’’ price. It is 
assumed, finally, that the ruling price at the initial moment t=to is 
given as pg and that the subsequent course of price is fixed by the 
monopolist so as to maximise his total profit in the whole period 
from t=tg to t = ii. It is required to determine the course of price, 
i.e. the form of the price function p (t), actually fixed by the mono- 
poh'st. The corresponding output at successive moments is then 
derived from the given demand law.* 

As a first problem, it is taken that the choice of the monopolist 
is restricted by the fact that the final price at t = t-j) is given in 
addition to the initial price. (This artificial assumption will be 
dropped when it has served its purpose.) We have then a problem 
in the calculus of variations ; to find the function p (t) which 

maximises the value of w = [ {xp-TIix)] di, where x = (l>{p, p') and 

where the boundary conditions give p=pg when t = tQ and p=Px 
when t — This is the special case (2) of 20.5 with 

f{P>P')=^P-n{x) where x = <j>[p,p') 
as the function to be integrated to give u, 

* The problem is based on the work of Roos and Evans, see Evans, Mathe- 
matical Introduction to Economics (1930), pp. 143 et seq. Notice that, if prices 
do not change continuously but are at definite intem’’als, then the mono- 
polist’s total profit is a fimction of a finite number of prices (one for each of 
the intervals in which prices are fixed). Tlie problem of maximising total 
profit is then relatively simple, a problem of the maximum value of a function 
of several variables. It appears that here, as in many problems of capital 
theory, the discontinuous form is both more realistic and more simple from 
the mathematical point of view. 


3p'f^P’P^~Psp' dxdp’ 
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Hence, 

dll dx ( dlT\ dx 

and Euler’s equation gives 

xp - n{x} =p' (^p - ^ + constant. 

This is a first-order differential equation in the function p{t), 

remembering that x~j>{p, p') is a given function of p and p'=^. 

The solution of the equation gives the function p {t) required except 
that it involves two arbitrary constants (the constant above and a 
constant of integration). The appropriate values of the constants 
are given by the two boundary conditions fixing the initial and final 
prices. The problem is thus theoretically determinate and the 
following particular case shows how an actual solution can be 
obtained when we know the forms of the demand and cost functions. 

Suppose that the demand function is hnear, x=ap + b + cp', and 
the cost function quadratic, n=ocx~+^x + y, where the six co- 
efficients are all constants. The equation for p {t) is now 

p (ap +b + cp') - n=cp' i^p - + constant, 


i.e. 


c ^ " + ap^ + bp-n= constant. 
dx dt 


Differentiating with respect to t and collecting terms, 
„dmd-p d^-ndp / , dm . 


dx~ dt 

But, T- ^ 

The differential equation for p {i) then reduces to 


^ = 2<xx + P = 2ca^ + 2aap + {2bcc+^) and ^^ = 2a. 


d"-p 


i.e. 


where 


2c^a. - 2a{a« - l)p + {b - 2aba. - a^) = 0, 

(JLv 

_ b-2aboc-aB , a(oa-l) 

p= > 2 

^ 2a(oa-l) c®a 


(A* is positive if the constants have the signs appropriate to the 
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normal case, i.e. a <0 and a> 0). Tlie solution of this simple second- 
order differential equation is known to be 

<p=p+ Ae^* + Be~^* 

where A and B are constants of integration. The solution can be 
checked by differentiation. The constants p and A are given in 
terms of the coefScients of the demand and cost laws. The constants 
A and B are to be found in terms of the initial and final prices by 
substituting p=Po when 1 = 1^ and p=Pi when 1=1^. The problem is 
solved and the course of prices over time, as determined by the 
monopohst, is given uniquely. 

Returning to the general case, given the final priee Pi, we have 
shown that the price function p (t) and the maximised value of total 
profits u can be obtained. The total profits (as maximised) must 
be a function of pi, say u=F{pi). To complete the problem, the 
monopohst has only to fix that final price (of all possible final prices) 
which maximises w as a function of p^, i.e, which gives the largest 
total profits of ah. For this, we put 

du ^ 1 • i. .L d~u 

- 7 — = 0 subject to 
dpi dp^- 

and determine p^ from the resulting equation. 


20.8 Other problems in the calculus of variations. 

The simple problem in the calculus of variations treated above is 
capable of generahsation in a number of directions,* For example, 
the function in the integral u may involve second and higher order 
derivatives of the variable function <j), or the variable function may 
depend, not on one variable t, but on several variables U, tz, ••• • 
Further, the extreme value of u may be required subject to a number 
of given side relations in the variable function, the problem of 
relative maximum and minimum values. But perhaps the most 
useful extension of the problem arises when the integral u depends 
on several variable functions instead of on only one such function. 
This extension can be illustrated by the case where there are two 
variable functions, x = ^{t) and y = tp{i), and where the integral to 


* See Courant, op. cit., pp. 607-20. 
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be maximised or minimised is of the simple form (analogous to that 
of 20.4 above) : 



dx dy\ 
' dt’ dt) 


dt 


subject to the boundary conditions that x and y both assume fixed 
values when 1=1^ and t=t^. 

It can be shown (following the argument of 20.4) that, when the 
parameters of the variable functions are changed so that Sx and Sy 
are the resulting increments in the functions themselves, then the 
variation of u is 



Sy 


dt 


where x'= ^ and y'= ^ . The necessary condition for an extreme 
value of tt is that 8tt = 0 for all variations hx and Sy. Hence, 


K-ilM.) and 

lx dlWI ly~dl\Sy'r 

i.e. there are two differential equations (each similar to Euler’s 
equation above) to be solved for the functions x = (j>{t) and y = ^{t). 

An economic example of the present problem can be taken from 
a theory of saving developed by Ramsey.* There are two variable 
factors of production in a community, i.e. labour B and capital O, 
each of which is taken as homogeneous in natme. If amounts b and c 
of the factors are used, the total product (or income) of the com- 
munity is given by the production function : product =/ (6, c). The 
variations of labour and capital over time are assumed to be con- 
tinuous and represented by the functions b{t) and c(t). The rate of 

dc 

growth of capital, or the saving of the commumty, is s-ny tune. 


The consumption (or expenditure) of the community is then 

a(t)^f{b, c)-^ (1) 


It is assumed that the utility of the community’s consumption is 
measurable and dependent only on the amount of the consumption, 
u = (j){a). Similarly, the disutiLity (assumed measurable) of labour 

* See Ramsey, A Mathematical Theory of Saving, Economic Journal, 1928. 
A modified version of this theory is given here. 



638 MATHELIATICAL ANALYSIS FOR ECONOMSTS 

is taken as v = ift{b). Over a period of time {i^, i^), the total net 
utility of the community is 

U=^\^{a)-rlj{b)}dt 

where future utilities are not discounted. This quantity is a 
functional of the variable functions b{i) and c{t), representing the 
changes in the emplojrment of labour and capital over time. The 
function a{t) is expressed in terms of b{t) and c{i) by (1) above. It 
is assumed that the amount of labour and capital employed at the 
i-m' t i al time ii=io) are given and that the “ optimum ” amounts to 
be aimed at {t=ti) are also known. Subject to these boundary con- 
ditions, the community is taken as fixing the amount of work it does 
and the amount of saving it makes over time to maximise total 
utility. We have, therefore, to find the functions b{t) and c{t) 
which maximise the value of U, subject to the usual boundary 
conditions. 

dc 

Write c' = -=- and 
at 

F{b, c, c’)dt, 

where F (6, c, c') — (6) and a ~f {b, c) - c'. 

The conditions for the maximum of U are 


dF_d 

db~dt \w)~^ 


and 


dF 

dc 



The first condition gives 

= f (6) = 0, 

i B 

96 <f>'{a) 

The second condition gives 


( 2 ) 


,,..9/ dF d fdF\ d, „ , 

*^^“^90 dc dt\dc’)~dt^ 


3/ Id. 



The functions a{t), b{t) and c{t) are to be found from the differential 
equations (1), (2) and (3), the boundary conditions being used to 
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evaluate the arbitrary constants that appear on integration. The 
solution of the problem is determinate in general. 

The partial derivatives ^ and ^ of the production function 

measure the marginal products of labour and capital at any time and 
can thus be associated with wages and the rate of interest respec- 
tively. The rate of wages, by (2), equals the ratio of the marginal 
disutility of labour to the marginal utility of consumption. The rate 
of interest, by (3), is equal to the proportional rate of decrease of the 
marginal utility of consumption over time. Assuming that the rate 
of interest never becomes negative, the marginal utility of con- 
sumption falls over time either imtil it vanishes or until the rate of 
interest becomes zero. Further, if ^'(a) is a decreasing function of a 
(decreasing marginal utility), then consumption rises over time until 
its marginal utility or the rate of interest is zero. 

An expression for the rate of saving can be found as follows. 
Using the results (1), (2) and (3), we have 

= ^/(6, c) + f(b) ^ - 1 ma)}{f(b, c) - a} 

= r(a) p(b, c) + f(b) I - rW § {/(6, c) - a} 

= a|{f(a)} + f(6)|. 

So f (o)/(6, c)=ja^{f(o)}£ii + Jf(6)j^cfi + constant 

=a^’{a) - ^ dt + dt + constant * 

=a<f)'{a) - {a) -ipib)} + constant, 

i.e, 4>' (®) {/ c) - «} = constant -{4 {«)-'!' 

* Since {of (o)} = o|^ {f (o)} + f (a)^. have 

a^'{a) = [<l>'{a))dt + 1 f (o) ^ dt, 

i.e. jo |{f (o)}d«=of (a) - j^'(a) J dt. 
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Hence, using (1), we find 

dc A-{(f>{a)-ifjib)} 

dt~ <l>'{a) ’ ^ ' 

where is a constant. 

Since U is to be a maximum (as opposed to a minimum), the 
excess of utility over disutility, ^{a) - 0(6), must increase over time. 
Further, it can be taken that capital increases at a decreasing rate 
until it becomes stationary at the “ optimum ” sd,t = t^. So, from (4), 
the excess of utility over disutility increases and tends to its maxi- 
mum value A Then, from (4), the rate of saving multiphed 

by the marginal utility of consumption at any time equals the 
amount by which the excess of utility over disutility falls short of 
the optimum amount A. As time goes on, consumption increases, 
the marginal utility of consumption decreases and the rate of saving 
decreases until it becomes zero. 


EXAJMPLES XX 


Problems in the calculus of variations 


1. Find the curve x=^(t) which corresponds to an extreme value of 
^ dt and passes through two fixed points at t = and 




dt/ 

Generalise by considering u 
similar lines. 


.t) \dtJ 


) dt, where n is a fixed munber, on 


2. Show that u 


[ dx 

= — 
jto \dt 


fdx\ ^ 

] dt hsis an extreme value when the function 


x= <f>{t) is of the form x = a‘/t - b. How do the boundary conditions that the 
curve passes through fixed points at t = to and < = q determine the constants 
a and b ? 


3. Show that an exponential curve gives the maximum or minimum 
values of ^ conditions that the curve passes 

through fixed points at t = to and t = t^. 


4. 


If 



dt, where fixed values of x correspond to 


< = <0 and < = find the function x=^{t) which gives u its extreme values. 

Show that the corresponding curve is an arc of a parabola. 


5. Light, travelling in a plane Oxy, follows a path y= tf> (x) which is deter- 
mined (by Fermat’s principle) so that the time of transit is a minimum. This 

is equivalent to finding the fimction <4 which minimises u=\ - a/i + T— J dx, 

ixtv y \dx/ 


where u is a function of x and y denoting the velocity of light at various 
points. Assuming that a is a constant, show that the path of light between 
two fixed points is a straight line. 



SOME PROBLEMS IN THE CALCULUS OP VARIATIONS 641 

6. The velocity of light, in the problem of the previous example, increases 
in proportion to the height above the zero horizontal line Ox. Vntv='ky 
and show that the path of light between two fixed points is an arc of a circle. 

7. If /(*) is a given function and + where x has 

fixed values at t = tg and t = 1^, show that an extreme value of m is given by the 
function x=<l>{t) defined by 

[ dx 

J Va {/(*)}*-!“' 

whore a and b are constants to bo determined by the boundary conditions. 
Show that the previous tlneo examples are particular cases of this general 
result. 


8. A radio manufacturer (see Examples V, 16, and Examples Viii, 33) 
produces x sots per week at a total cost of £77, where 77= Jsa;’ + 3a:+ 100. 

• cfij 

The demand of the market is ® = 75 - 3p + 276 sets per week at any time 

when the price is £p per sot. The manufactiu-er is a monopolist fixing the 
course of price over time so that his total profit is a maximum. The initial 
price (t = 0) is £1G per sot and it is required to obtain a price of £20 per set 
after 100 weeks {<=100). Show that, at any time t weeks after the initial 
week, the price per sot is 

p = 15- 1 79 + 0- 17 Ic + 0-650e-»”><. 

Take all figures correct to three decimal places and logii,e = 0-4343. 

9. In the problem of the previous example, show that the price falls to a 
minimum after about 20 weeks. \Miat is tliis minimum? Draw a graph to 
illustrate the course of price over time, 

10. In the solution of the problem of 20.7, show that 
{po-p)c-^i 

cMO-W - ’ eMti-W - e-^Oi-W 


11. Under the conditions of the previous example, show that the price p 
falls in the period (<o, <j) from po to a minimum and then rises to p^. Verify 
that the minimum price occurs when 




B 

A’ 


12, In the problem in the theory of saving analysed in 20.8, the production 
function / (b, c) is linear and homogeneous. Show that 

6f{6) = a^'(a) + |{cf(a)} 


and interpret this result. Show, also, that 

1*_^ a^'(a) - (b) 
c dl~ dc c^'(a) 

What is the rate of interest at the optimum time {< = < 1 ) when capital ceases 
to accumulate? 
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206, 200, 331-0, 400-8 

Natural exponential and logarithmic 
functions, 234-7 
scales, 210, 227-8 

Nccessnrv and Kufllcient conditions, 
183,’ ISO, 103, 201-5, 355, 305-0, 
401, 497, 409 
Neighbourhood, 8 
Nonnnl curve of error, 2-10 
Number c, 230-1, 455-0 
Numbers, 3-7, 85-7 

Ordinate, 21 

Origin of co-ordinates, 20-1 
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Orthogonal curves nnd surfaces, 429- 
30 

Parabola, 33, 09-72, 70-8 
tangents to, 145 
Paraboloid, 272, 273, 308, 422 
Parametric constants, 43-6, 40-8, 76- 
80, 525-0 

Partial derivatives {sec derivatives) 
derived functions, 298 
differential equations, 433-4 
elasticities of functions, 300, 306, 
421 

Ftationarj* values, 351-2 
Pearson’.s cur\’o system, 240 
Pencil of lines, 07 
Plane, 272, 292, 305-7 
Planes, co-ortlinate, 22 
Plane sections of surfaces, 272-6 
Power function, 101-3, 211, 218-9, 
228 

series, 450 

Quadrants of a plane, 18 
Quoflratic etpintions, 6-6, 7, 30, 51 
fonns, 485-02 

functions, 42-3, 71-2, 70-7, 209-70 
homogeneous functions, 310 
Qualities, 10 
Quantities, 10-0 

Radius vector, 100, 101 
Rates of change, 48, 134-7, 142, 149- 
50, 170, 240, 251, 303, 305, 310, 
320 

Rational numbers, 4, 11-2, 80 
Real numbers, 0 

Rectangular hj’porbola, 33, 72-6, 70- 
9, 103 

Relative maximum and minimum 
values, 304-0, 408-500, 501-2 
Ridtre nnd trough lines, 288, 351-2, 
3-57-0 

Roots of an equation, 51 
Ruled surfaces, 315 

Saddle points, 353, 490 
Scatter diagram, 26, 30, 222-3, 220 
Semi-logarithmic graphs, 221, 223-6, 
228, 237, 240 

Sequences of numbers, 85-8, 440 
Shortest distance of point from lino 
nnd plane, 206, 3S0, 600-1 
Side relations, 304, 498 
Sigma notation, 385 
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INDEX 


Simpson’s rule for integration, 399 
Single-valued fimctions, 3S-41, 2G9 
Smootlaness of curves, 100, 147 
Space, location of points in, 16-23 
Speed, 15, 150-1, 152 
Sphere, 292 , 368, 422, 430, 501 
Standard deviation, 406-7 
Stationary values, 180, 194, 353 
Step-functions, 31, 34, 91, 102 
Straight line, 63-9, 76-7 
Surface classes and systems, 272, 416, 
423-30 

Surfaces and functions, 270-5 
of revolution, 292 , 523-4, 532 
Symmetrical functions, 41, 269 


Tangent planes to sm-faces, 307-9, 
340, 416, 423 

Tangents to curves, 143-8, 338-9, 413- 
4, 423, 427 

Taylor’s series, 179, 453, 458 
Time series, 36, 44, 221, 223-6, 382-3 
Total diSerential equation, 421-2 
Trapezoidal rule for integration, 398 

Units, change of, 13-4, 15-6, 139 

Variables, 8-9, 29-32, 43-5, 46-8, 98-9 
Velocity, 15, 150-1, 152 

Young’s Theorem, 301-2, 309 


ECONOmC APPLICATIONS 


Average cost, 120-1, 155-6, 261-3, 
401, 505-6 

product, 133 , 178 , 267 , 312-3, 321-2 
revenue, 117, 153-4, 257-60, 400-1 

Bilateral monopoly, 381 

/ Capital and interest, 234, 248-50, 
362-4, 403, 404-5 
and saving, 537-40 
values, 233, 401-3, 404-5 

Coefficient of relative cost of produc- 
tion and of relative efficiency of 
organisation, 261 

Competitive and complementary 
goods and factors, 282, 311, 361- 
2, 509, 513, 519 

Compmmd interest problems, 31, 
228-34, 235-7, 248-50, 362-4, 
376-8, 401-3, 404-5, 418, 419 

Conjectural variations, 203, 346-7 

Constant outlay curves, 256-7 

product curves, 285, 320, 341-3, 
370-1 

returns to scale, 320, 363, 371-2, 
505 

Consumers’ choice, theory of, 124-9, 
289-91, 374-8, 438-42, 509-17, 
520 

Cost functions, curves and surfaces, 
117-9, 155-6, 262, 283, 370-2, 
506, 533-5 

average and marginal, 120-1, 155-6, 
261-3, 371-2, 401, 444, 605-6, 622 


Cost functions, elasticity of, 260-3 
normal conditions of, 119, 261-3 
particular forms of, 120, 155-6, 199, 
262-3, 535 
shifting of, 118, 120 

Demand and offer curves, 121-2 
Demand functions, curves and sur- 
faces (for consiuners’ goods), 28- 
9, 108-10, 121, 281-3, 374-5, 434, 
509-17 

continuity of, 110-2 
djmamic foims of, 435-8, 533-6 
elasticity of, 117, 255-60, 266 , 310- 
2, 375, 512-3, 520 
normal conditions of, 112, 257-9 
particular forms of, 112-6, 117, 154, 
199, 259, 282, 311-2, 435-8, 535 
shifting of, 110, 115-6, 282, 283 
stability of, 375, 510-2, 514-7 
Demand functions (for factors of 
production), 369-74, 484-6, 502-9, 

519 

elasticities of, 373-4, 508-9, 519 
stability of, 370, 502-3 
Demand functions (for loans), 376-8, 

520 

stability of, 377 

Discoimt curves, 236-7, 250, 293 
Disutility of labour, 537-8 
Duopoly problems, 200-4, 345-7 
Durable capital goods, 404-5 

Elasticities of cost, 260-3 
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Elasticities of demand (consumers’ 
Roods), 117, 255-00, 266, 310-2, 
375, 512-3, 320 

of demand (factors of production), 
373-1, 608-9, 519 
of productivity, 203, 350 
of substitution, 311-3, 31-1-5, 372-4, 

501-5, 512-3, 520 
of supply, 267 

Factors of production, 203, 284-9, 
357-2, 537 

demand for, 309-7 1, 502-9, 510 
relative shares of, 301 

Increasing and decreasing returns, 
201, 203 

Indifference curves and surfaces (for 
consumers’ goods), 124-7, 150, 
289-91, 314, 375, 439, 141-2, 511 
(for income over time), 127-9, 157, 
291, 344, 377-8 

Indiflerenco direction, 439 
piano, 440, 513 

Investment, amount of, 228-32, 233, 
235-0, 402-3 
opportunity lino, 121 

Joint production, 350, 359-02, SIS 

Linear homogeneous production func- 
tion, 320-2, 343, 371-4, 434, 505- 
9, 511 

Loss leaders, 302 

Marginal cost, 155-0, 201-3, 401, 505- 
0. 522 

disutility of labour, 539 
increment of revenue, 153 
product, 775, 267, 312-3, 321-2, 539 
productivity law, 372, 331-2, 431, 
500 

rate of return over cost, 150, 159, 
231, 345, 370-8 

rate of substitution, 150, 230, 341- 
3, 314-5, 372-4, 439-41, 511-2, 
513-7 

rate of time preference, 157, 341, 
377-8 

revenue, 15, 153-1, 257-00, 400-1, 
522 

supply price, 155 
utility, 265, 314, 314, 537 
utility of money, 512 
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Mathematical methods in ccoisonuca. 
107-8 

Monopoly problems, 190-200, 359-64, 
381, SIS, 519, 622, 533-0 

National Savings Certificates, 230, 

210 

Pareto’s income law, 222, 228, 407-8 
Period of production, 262-4 
Preference directions, 442 
lines, 442 

scales, 124, 290, 438-42 
Present or discounted values, 232-4, 
236, 249-50, 302-6, 376, 401-3, 
404-5, 448-9 

Price, os average revenue, 117, 153 
03 a discontinuous variable, 9, 111, 
534 

variable over time, 434-8, 633-6 
Production, capital and interest, 362- 
4, 403 - 

Production functions and surfaces, 
133, 178, 263, 267, 284-9, 312-3, 
362, 637 

linear and homogeneous, 320-2, 
343, 371-4, 434, 505-9, 511 
normal conditions of, 286-9, 313, 
320-2 

particular forms of, 288-0, 313, 
322, 343, 303, 403 
Production indifference curve, 123 

Rate of interest os marginal product 
of capital, 539 

Reaction curves, 201-4, 345-7 
Revenue, total, average and mar- 
ginal, 15, 116-7, 153-4, 257-60, 
400-1, 622 

Saving, rate of, 540 
theory of, 537-40 

Spatial distribution of consumers, 
80-2 

Speculative demand and supply, 434- 
7, 633-0 

Stability of demand, 370, 375, 377, 

502- 3, 510-2, 514-7 

of price over time, 430 . 

of supply, 520 

Substitution, 340-5, 372-4, 439-41, 

503- 5, 509, 512-3, 517, 520 
Substitutional and limitutional fac- 
tors, 3S1-2 
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1 Transformation functions and curves, 
122-4, 16C, 234, 284, 34G, 37G-8, 
520 
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Supply functional, -622 
Supply functions and curves, 121; 

132, 209, 434 , 520, 622 
dynamic forms of, 436-8 
cliLsticity of, 207 
stability of, 520 


Taxation, 00, 20S 
Timo-lag in production, 43G-8 


Utility functions, 12G, 289-91, 302, 
313-4, 439, 441, 471, 637 
marginal, 205, 314, 344, 637 
particular forms of, 127, 291, 314 

Wages ns marginal product of labour, 
539 
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